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Btnde  ear  le  Triangle  st  sor  certame  points  de 
Qeom^tr  o  graphie. 

Pak   M.    EuiLE   Lbkoike. 

Cette  note  que  J'ai  I'houneur  de  presenter  it  la  Socii?te  Matlie- 
matique  d'Edinburgh,  par  I'eiitremise  aimable  de  M.  J.  S,  Uackay, 
contient,  ou  des  r^ultats  que  je  crois  nouveaux,  ou  des  d^tloppe- 
menU  eur  des  sujets  que  j'ai  dt;ja  souvent  abordes  dans  la  G^ometrie 
et  qui  concemeut :  la  trartafvrmalion  continue  dans  le  triangle  et 
duna  le  t^trafedre,  lei  furmuUt  enlre  les  ^limenU  dn  tTtangh,  et  la 
Geom^trographie.  Pour  abr6ger,  je  passerai  rapidement  sur  lea 
pointa  que  j'ai  dejid^velopp^sailleurs,  me  contentant  de  renvoyer,  si 
Ton  d&ire  plus  d'explicationa,  aux  tsemoires  oil  la  choae  a  il6  fait«. 

L'id^  de  la  transformation  continue  n'est  autre  qu'une  e?:plici- 
tation,  pour  le  triangle  et  pour  le  t^^traedre,  du  principe  de  continuite 
de  Carnot ;  elle  permet  de  transformer  les  tliik>reniea,  les  formules,  les 
equations  qui  di^teriuinent  les  ^lifments  de  ces  tigurea  ou  expriment 
leurs  propriety  de  fa^n  a  ce  que,  sous  le  iiouveau  vetement  quelle 
leur  fait  prendre,  on  obtient  dea  theoreiiies,  dea  Eoriiiuleg,  dea 
equations  nouvellea,  maia  qui  ne  sent,  au  fond,  que  dea  Eoi-uiea 
d'une  m6me  verity. 

Notatimu  pour  le  triangle  ABC  et  aes  eleruents. 

Noua  nommona  a,b,c;   A,  B,  C  ;  j),  p  -a,  p-  b,  p  -v ;  S  ;  R  ; 
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Si,  dans  une  Eormule  ou  dans  une  equation  se  rapportant  au 
triangle  ABC  et  contenant  les  elements  marques  dans  la  premiere 
colonne  de  ce  tableau  indiqu^e  par  le  mot ;  quantity,  je  remplace 
ces  elements  par  ceux  qui  leur  correspondent  dans  une  des  trois 
colonnes  suivantes,  j'aurai  op^r^  reapeetivement  la  trwuijormatioti 
continue  en  A,  en  B,  ou  en  C. 

Dans  une  transformation  cotUiiitie  : 

T.  La  droite  de  I'iiitini  se  transforuie  en  elle-meme ;  done,  deux 
droites  paiitlleles  restent  paralleles  dans  la  figure  transEoruiue. 

II.  Les  points  circulaires  de  I'infini  se  transforraent  I'un  duns 
I'autre. 

III.  Le  degre  et  la  classe  des  courlws  se  conservent  dans  les 
courbes  trausforniees. 

IV.  L'houiograpliie,  I'lioniologie,  et  I'ortliologie  ainsi  que  I'invo- 
lution,  se  conservent. 

V.  Deux  droites  ou  deux  courtws  qui  sont  oithogonales  restent 
orthogonales.  ^ 

VI.  Hi  les  longueurs  de  deux  droites  sont  dans  un  rapport 
nuiniirique  independant   dea   elements   du  triaiigli',  ce  riippoi-t   se 


h,    A  chacwne  dee  troin  transformations  correspond  tin  rtfsultat 
different, 

Exeniples :  Au  point  qui  a  pour  coordonu^es 
p -  a     p -h     p  - 


>  — -J —  » 

a  0 


(point  de  Nagel) 


correspondent  respect ivcment  les  trois  points  : 


J)      p  -c     p  -h  ^       p  -  c  p      p  —  a  ^ 

—  J    — -. —  > J J r~  »    } 

a  0  c  a  be 


,  ^-^ —  ,    -  -V  >    avec  des  propri^tes  analo^es  k  celles 

a  b  It 

du  point  de  Nagel. 

L'axe  anti-orthique  (droite  qui  passe  par  les  pieds  des  trois 
bissectrices  ext^rieures  et  a  pour  Equation  x  +  y  +  z  —  0) 
devient  par  transformation  continue  en  A,  la  droite  qui 
passe  par  les  pieds  des  bissectrices  interieures  partant  de 
B  et  de  C  et  par  le  pied  de  la  bissectrice  ext^rieure  partant 
de  A  ;  son  equation  est  -  a;  +  y  +  2;  =  0.  On  appelle 
sou  vent  cette  droite  Tinterbissectrice  relative  a  A.  B^- 
sultats  analogues  par  transformation  en  B  et  en  C. 


c.  line  des  transforrMUions  conserve  le  r4s\dtat  primitif  les  deux 
autres  le  changent  en  un  autre  rhultat^  mais  unique  pour 
ces  deux  transformations, 

ar  r 
Exemple  :  La  fornmle     S  =  >   ^  *'     se  reproduit  par  transfor- 


a 


ruation  en  A,  niais  transformde  soit  en  B,  soit  en  C,  elle 
donne 

g  ^         an;,  arr„ 


4R  -  r^  -  r^      r^-r 

d.  La  transformation  continue  faite  soit  en  A,  soit  en  B,  soit  en 
C  donne  un  meme  r^sultat  diff^ent  de  celui  qu^on  trans- 
forme. 


Example  :  La  conique  inscrite  qui  a,  pour  un  cle  sea  foyers  le 
point  d'oii  I'ou  voit  lea  troia  c6t^9  sous  le  m^me  angle 
(Conique  de  Simmons :  voir  J.  J.  Milne,  Companion  to  t/ii 
WenMy  Problem  Papert,  p.  163),  conique  qui  a  pour 
Aquation 

N/Min(A  +  60°)  +  x/yBin(B  +  tiO°)  +  ^/^n{C  +  G¥}  =  Q, 

se  transforme  soit  en  A,  soit  en  B,  soit  en  C,  en 

VCTin(A  -  60°)  +  ^/y8in(B  -  60°)  +  v'isin{C  -  tiO'')  =  0. 

Je  n'ai  paa  trouv^  de  cas  ou  Tune  des  transformations  reproduise 
In  formule  ct  oi'i  les  deux  autres  la  modifient  mais  chacune  d'une 
fa^on  diffi!  rente. 

La  transformation  continue  s'applique  au  t^traedre.  Nous  allons 
donner  seulement  le  tableau  que  permet  la  tranaforniation  dps 
elements  de  la  ligun^. 

JJoTAriosa. 

1°.  Je  de'iiiyne  par   A,  B,  C,  D   U*  noainv.U  du  l4trakdrf.. 

ABC,  BCD,  CDA,  DAB    »er6tU     F^  F„  F„  F„ 


2°.  Leg  fa 

IS  pOBfTOItS 


F-+I 


f  F,  +  F^^ 


3°,  AiM  angles  plans  de»  fa 


II  y  aura  done  les  douze  angles 

at,  <'^\,  «X,  "^F, 
6F.,  6F,,  b%,  l/b\ 
cF,,     cF.,     7f,,     c% 

6'.  Les  lianteurs  seront :  A„,  A^,  h^  h^. 

7".  Z^  rayons  et  lea  centres  de  la  sphere  inscrite  et  des  spheres 
ex-inscinies  de  pr£MIJ-:rr  ESPfccE  seront : 

r,  r„,  r^,  r„  r^  ;    o,  o„,  o^,  o^  o^. 

L««  rayons  et  I^  centres  des  spheres  ex-inscrites  de  srconde 
ESPi^CR,  ou  spheres  inscriies  dans  les  comhles  du  tdtraMre  seront 

r.:,  n',  <  ;    o/,  o/,  o/, 

r^'  et  o„' ;  r^  et  o^' ;  r^'  et  o/  appartenant  respectivenient  a  la  sphere 
inscrite  dans  Tun  des  combles  qui  ont  pour  ardtes  DA  ou  BC  ; 
DB  ou  CA  ;  DC  ou  AB. 

(On  sait  qu4l  n'y  a  qu'une  seule  spli^re  pour  deux  combles 
oppos^. ) 

Le  tetraedre  genial  possede  toujours  ces  huit  spheres  tangentes 
aux  quatre  faces ;  quand  une  sphere  ou  deux  spheres,  ou  les  trois 
spheres  inscrites  dans  les  combles  manquent,  ce  qui  pent  arriver,  car 
lorsque  la  somme  de  deux  faces  qui  ont  mSme  ar^te  est  ^gale  a  la 
somme  des  deux  autres,  la  sphere  des  combles  corre^pondant  a  ces 
ardtes  a  un  rayon  infini ;  ce  ne  sont  plus  alors  des  t^tra^dres 
g^nSraux  puisqu'  il  y  a  une  ou  plusieurs  relations  entre  les  faces,  et 
la  transformation  continue  n'est  plus  applicable,  au  moins  sans  dis- 
cussion prealable. 

8**.  Le  volume  du  tetraedre  et  le  rayon  de  la  sphere  circonscrite 
seront :  V  et  R. 

0  sera  le  centre  de  cette  sphere. 

9*.  Les  angles  de  DA  avec  BC ;  de  DB  et  de  AC  ;  de  DC 
et  de  BA  seront :    a,  jS,  y. 

10*.  Le^  longueurs  des  droites  qui  joignent  les  milieux  de  DA  et 
de  BC ;   de  Dh  et  de  AC     de  DC  et  de  BA  seront :    Z,  w,  n. 


De  raSme  que  Ik  IraiiH/urmalion  rnidinue  en  A,  duns  le  triangle, 
revient  a  changer  a,  b,  c  en  a,  -b,  -  c,  la  trant/omuUiim  eontinwt 
en    D,    dans   le   t^troedre,    revient  a  changer    a,  b,  c,  a',  b',  c'   en 
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V  et  R  se  changent  en  :  -  V  et  -  R  dans  les  quatre  transforma- 
tions. 

a,  ^,  y  deviennent :  ir-a,  ir-^,  ir-y  dans  les  quatre  trans- 
formations. 

I,  my  n  ne  changent  pas. 


Mou«  iivons  vu  par  le  tiiUeiiu  idatif  uu  ti'inngle  ({ua  un  point 
donn^  M(x,  y,  x)  d&ns  le  plan  du  triangle  peuvent  corr<>Epondrc 
troia  trana/nrm^  continiu  M„,  Mj,  M,  dont  les  coordonn^es  Bont 


en  sffectant  dea  indices  n,  h,  c  les  qunntit^^s  qui  representent  ce  que 
deviennent  les  coordonniiea  quand  on  les  transCoiaie  en  A,  en  B,  et 
en  C.  Par  rapport  nu  t^traedre  un  point  M(r,  y,  ;,  ()  pent  avoir 
sept  transform^s  continus  dont  les  coordonnees  sont 


r.  Quatre  transfonn^s  de  premiere  espisie 


2°.  Troia  tranaformea  de  seconde  esptee 

x^   d^ignant  ce  que  devient   x   par  Iraiuformalxon  continue  e 
Xj„  d^signant  ce  que  devient  x  si  Ton  fait  d'abord  la  trans/nr, 
continue  en    D   sur  lui,  ce  qui  donnn    x^  ;    puis  la  tran»/iirmatioit 
continue  en  A  sur  a:,,,  ce  qui  doiine  «,,„,  et<;. 

■  Pour  les  demonstrations  et  I'exposition  de  In  Irannformatinn 
conlittne  nous  reiivovons  aux  ni^moires  suivants  :  Annucialion  Frnn- 
raiic  jiour  Vavaneemft  den  Hciences,  Cotiffres  dt  3farsei/le    1891  ; 
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une  maniere  de  trailer  le  cJlebre  probleiue  d'ApoUonius,  iiianiere 
qui,  je  crois,  n*a  pas  encore  dt*$  consid^ree.  Pour  fixer  les  idees  nous 
supposons,  sur  la  figure  (Fig.  1)  qu'il  s'agit  de  chercher  le  rayon  p 
du  cercl©  de  centre  o  qui  a  les  trois  cercles  donn^  a  Text^rieur. 

Joignons  oA,  oB,  oG  que  nous  appelons  X,  Y,  Z  ;  pour  tout 
point  du  plan  on  a  la  relation 

2a«X*     2(6«  +  c«  -  a^)(a^X-^  +  Y'Z^)  +  a^6V  =  0 

entre  les  distmces  X,  Y,  Z  d'un  point  quelconque  aux  trois  soni- 
mets. 

D'ailleurs,  comme  on  a  : 

X  =  R„  +  p,  Y  =  R,  +  />,  Z=K,  +  p 
on  peut  tkirire 

3/eV  +  KY  -  W + ''^ + <^'){«'(p  +  KT  +  (p  +  KYip  +  KY)  +  «''^'^'  =  <^ 

Si  Ton  developpe  cette  (Equation  en  Tordonnant  par  rapport  a  />, 
on  voit  tres  facilement  que  les  coefficients  des  termes  en  p*  et  en  //' 
sent  nuls  identiqueraent  et  il  vient 

(1)  p^:£[6a2R„2-(i»^-hc^-a^)[a2  +  (H,  +  R,)^  +  2R,R,}] 
+  2p  2[2a«R«^  --  (h'-\-c^  -  a^){a'K  +  R.  R^  (R.  4-  R^)}] 
+  a«6V  +  2  {am J  -  (6^  +  c«  -  a')  (a^R„^  +  R^'^R,^)}  =  0 

Cette  ^uation  donnera  deux  valeurs  p  et  p"  correspondant  aux 
cercles  qui  touchent  les  trois  cercles  donnas  en  les  ayant  tous  les 
trois  a  Texterieur,  ou  tous  les  trois  a  I'intdrieur. 

Pour  revenir  au  probleme  que  je  me  proposais  de  r^soudre,  il  faut 
f aire  :  R«  =  a,  R^  =  6,  R^  =  c 

et  calculer  le  coefficient  de  p\  celui  de  p,  et  le  ternie  ind^pendant 
de  p.  Appelons  J>,  M,  N  ces  coefficients,  il  faut  ^valuer  main- 
tenant 

L  =  l[ea*  -  {P  +  c^  -  a«)  {a"  +  (6  +  cf  +  2bc}] 

M  =  l[2a'  -  (6^  +  c''  -  a^a^  +  bc{b  +  c)}] 

N  =  a«6V  +  2{a«  -  (6^^  +  c"  -  a^){a*  +  W)}. 


Ciik-ul  d,i  L.     On  peut  tVrire 
L  =  62<i'  -  i;(rt'  + 1»  +  r=  -  2a'){a-  +  A'  +  c'  +  4iH-),  ou 
L  =  6:i«'  -  ^a?  +  b'  +  cy  +  3SaV  +  ft'  +■  c")  -  426c(a'  +  6»  +  c^) 

+  82:a>6c,  ou 
L  =  C>^a*  -  3(«'  +  ft'  +  r=)'  +  2(a»  +  A'  +  c')Sa'  -  4(«»  +  ft'  +  f')^/«; 

+  3o7)ciia,   ou 
L  =  62<i'  -  2(fl'  +  ft"  +  c°)'  -  4(«'  +■  ft=  +  c'')26e  +  1  Sfiohc. 

Mnis  les  forniules  ilont  je  pnrlaia  tout  a  I'lieurp  (voir  Mnthenl 
1893,  loco  citato)  donnf^nt 

2a^  =  20r-)-S/-4S'},     aV'=  +  c'=  2(p= -rS) 


on  a  d'ailleurs,  ai<!  =  4RS  et  a=^r. 

Subatituant  et  eflVctuatit  les  calculs,  on  trouve  trt-a  fncilement 
L=lGi-={ff-4/-=) 
Calcul  de  M.     On  u  : 

M  =  2^'  -  l.(iP  +  c'  -  >i')a^  -  'ibcib  +  r){h-  +  rr'  -  <t=),  ou 


13 
Calcul  de  N.     On  a 

N=   a-6V+   :i:a«-2(a'  +  6-  +  r-2a-)(a*  +  i»V)    ou 

+  2:Sa'*6V    ou 
N  =  7a=6V  +  32a«  -  (or  +  6^  +  c^)2<t^  -  (a*-*  +  b^  +  c*)26V 

On  trouve  dans  nos  formules 

^6V  =  (f/  -  r8)'  +  4S- 

On  n'y  trouve  pas   ^*  mais  il  peut  se  calculer  aisement  en  partant 
de   ^*  et  de  ^a'**. 
On  a  en  effet 

(a*  +  6*  +  c^a"  +  6-  +  c«)  =  !!:««  +  :ui\b*  +  c^) 

=  ::i:a« + :^V(6^ + c«)  ou 

4  { ip'  -  rSf  -    48^ }  (p^  -  rS)  =  Sa«  +  i:^^V(a-  +  b-  +  0"  -  a") 

=  :^a''.-h'2{pl-rS)lb''c^-3a'b^c^-    ou 

-  48/KV 
d  oil  ^•^  =  2( /v^  -  rSy'  -  24/>V(;r  -  ra)  4-  48^^R-V^ 

Substituant  on  trouve 

N  =  G4y.V{(2R  +  r)--;;-} 

Remarquons,  en  passant,  que  Ton  a 

p^  -  (2R  +  rf  =  4R2cosAcosBcosC. 

L*equation  qui  determine  p  devient  alors 

'($'  -  4//)  +  4y>/;{3{2R  +  r)  -  2p^}  -  4p'{p'  -  (2R  +  rf}  =  0 


On  en  tire,  toutes  r^uctions  faites : 

.     2/)(2R+r-p)       ,._      2j)(2R  + 


La  forinule  (1)  lorsque  les  raciiies  sont  rtellea  donne  toujnurs  lea 
rayons  avec  <m  signe,  naturellement  ;  mais  il  faut  interpreter 
gikim^triquement  ce  sigiie.  Ainsi,  avec  les  deux  forniulee  pr^ciideiit^-e, 
ai  le  triangle  est  equilateral,  on  trouve 


J3 


Ji 


et  ce  sont  bien,'  maia  en  valeur  alieolue  seulement,  les  valeurs  des 
rayons  qui  conviennent  pour  ce  cas,  conime  la  geomtitrie  le  montre 
imm^iatement.     (Voir  la  note  additionntUe  a  la  tin  du  memoire.) 

Si  I'on  applique  la  Transformation  continue  en  A  aux  fonnules 
(2),  il  vieut 


2(„- 

-») 

J  -3R  +  I- 

.  +  ()•- 

«)i 

2(J>- 

-») 

2(f-a)- 
|-2R4-r 

.  +  (;'- 

■■): 
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Rbmarques. 
L'axe  de  similitude  exterue  des  trois  circonf^rences 

A(a),  B(6),  C(c)   est  la  droite   a^x  +  h^y  +  <?z  =  0. 

On  en  conclut,  par  trans/m'ination  caiUinue  en  A,  que  la  droite 
(coordonn^s  normales)  -  a^x  +  b^y -^  c^z  =  0  est  Taxe  de  similitude 
qui  passe  par  les  centres  de  similitude  interne  de  A(a)  et  B(&),  et 
de  A(a)  et  C(c).  Nous  designons  par  M(R)  un  cercle  de  rayon  R 
et  de  centre    M. 

Le  centre  radica]  de  ces  trois  circonf^rences  est  le  point  dont  les 
coordonnees  normales  sont : 

cosA  -  cosBcosC,  cosB  -  cosCcosA,  cosC  -  cosAcosB 

c'est  un  point  que  Ton  rencontre  assez  souvent  dans  la  G^m^trie  du 
triangle  et  qui  est  le  symetrique  de  Torthocentre  par  rapport  au 
centre  du  cercle  circonscrit. 

On  trouve  tres  simplement  les  coordonnees  de  ce  centre  radical  ; 
en  effet  (Association  fran^aise,  1888,  Congres  d'Oran,  p.  170  vi.)  il  a 
pour  coordonn^  normales 

ai^ccosA  -  a^  +  6*'cosC  +  c^cosB,  etc. 

Mais  6*cosC  +  c\*osB  -  a*'  =  4RS(cos  A  -  2cosBcosC) ; 

elles  deviennent  done 

4RScosA  +  4RS(cosA  -  2cosBcosC),  etc 
ou   cos  A  -  cosBcosC,    com  me  nous  Tavons  dit. 

La  remarque  permet  de  placer  tres  simplement  ce  point  dans  le 
triangle   ABC. 

Pour  cela  je  trace  les  trois  cercles  A(a),  B(6),  C(c)  op  :  (9Ci  +  SC^) 
et  comme  ces  cercles  se  rencontrent  deux  a  deux,  il  suffit  de  tracer 
deux  de  leurs  intersections  op  :  (4R,  +  2R^) 

qui  se  coupent  au  point  cherch^. 
En  tout  op  :  (4R,  +  2R,  +  90,  +  30,) 

Simplicite  18  ;  exactitude  13  ;  2  droites,  3  cercles. 
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Sans  entrer  dans  d'nutres  details  j'enoncerai  encore  les  applica- 
tions suivantfis  de  la  transforniation  continue  et  de  nos  forinQles. 

Lea  points     w,  <u'     qui   ont  pour  coordonn^es   normales  respec- 
tivement 


sont  des  points  qui  jouisEent  de  proprietea  remarquablea  ©t  quej'a 
souvent  rencontres,  ainsi  <jne  leurs  transfomics  continus  en  A:  (u„,  u, 


Ges  liuit  points     oi,  <u',  u,,,  u^',  etc.,     sont  t«s   centres  des   quatr« 
couples  de  cercles  tangents  savoir : 

10,  111'      aux    cercles      A(;)  -  a),  B{p  -  b),  C{p  -  c)    tangents  deux  a 

deux ; 

u)„,  iu„'     aux  cercles     A(p),  B(;j  -  c),  0(p  -  a) ; 
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On  a:  <7^=  ICS'.f  ,"^^'     ; 

et  par  tmnsforiiiation  continue  en  A 

Lea  coordonn^  cart^iennes  du  centre  O  du  cercle  inscrit  par 
rapport  a  HB  pris  pour  axe  des  a;  et  4  HA  pour  axe  des  y  sont, 
comme  il  est  facile  de  le  voir,  (H  ^tant  Torthocentre) 

ccosB  -  (p-h)  rsinC  -  (p  -  6)cosC 

sinC  sinC 

En  appliquant  la  traris/ormcUion  continue  en  A,  en  B,  en  C  a  ces 
expressions  de  coordonn^s  on  a  imm^diatement  les  coordonn^s,  par 
rapport  a  ces  mdmes  axes,  des  centres  0„,  O^,  O^  des  cercles  ex- 
inscrits. 

ccosB-(;?-c)  r^sinO  +  (/?-c)cosC 

smC  smC 

ccosB  —  p  r,,sinC  -  />cosC 


sinC  '     •"  sinC 

^  ccosB  +  (p  -  a)  r^sinC  +  ( ;^  -  a)cosC 

smC  sinC 


L'^uation,  en  coordonn^s  normales,  de  Tellipse  qui  a  pour  foyers 
deux  Bommets  du  triangle,  B  et  C  par  exemple,  et  passe  par  le 
troisi^me  en  A,  est 

p(p  -  a)(fcy  +  cV)  +  hcyz{f  +  (/?  -  af}  +  ahcx{h  +  c){y  + ;:)  =  0 

Si  on  la  transforme  en  A,  elle  se  reproduit,  mais  si  on  la  trans- 
forme  soit  en  B,  soit  en  C,  on  obtient  I'^uation  de  Thyperbole  qui 
a  pour  foyers  B  et  0  et  passe  en  A 

(j}-b)(p-  c){by  +  c'z')  -  bcyz{{p  -  hf  +  (p  -  cf)  +  ahcx{h  -  c)(y  -  s)  =  0 
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Je  vais  donner  quelques  explications  aur  U  fa^ou  dont  j'ai 
obtenu  lea  nombrenaea  formulea  auzquelles  Je  fais  souvent  allusion 
ici,  et  que  j'ai  employees,  sans  lea  demontrer  ;  ellea  d^rivent  des 
fonnules  connuea 


&=pr,  etc.,   r.  +  rj 
p(p-a)  =  nr^    (p-h)(p- 


=  4R  +  r, 


et  de  quelquea  autrea  que  j'ai  reocontr^es,  et  qui  ne  I'^taient  pas  ou 
du  moins  dont  od  n'Hvait  pas  remarqu^  la  f^condtt^.  Je  citerai  par 
exemple  lea  trois  suivantes 

,      2R  +  r-r„ 
™^^  =  — 2R— 
a'  +!,■'  +c'  =2(/-r8) 
io  +  <M  +  o4=    p'  +  rB 


La  premiere  peut  se  d^montrer  ainsi. 

Soient    x,y,z    les  perpendiculaires  abaias^  du  centre  do  cercle 
circonacrit  aur  les  trois  cdt^  on  a  : 


(1) 


3;  +  y  +  a-=R  + 


C'eat  un  th^r^me  de  Carnot  dont  M.  J.  8.  Mackay  a  donn^  de 
notnbreuses  ddmonstrations  dana  aon  int^ressant  m^raoire  Tkc 
Triangle  and  its  Six  Scribed  Cireltg  (Edinburgh  Mathematical 
Society,  1883). 
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et  ce  serait  a  d^sirer,  uiais  voioi  la  facoii  de  les  obtenir  ensemble. 
On  a 

^«  +  ^6  +  r^  =  4R  +  r   =    8 

,,  ,                               111  2S 

d  ou H + ^  — 

w  +  c-a      c-^a-b      a  +  b  -c        6 

puisque     S  =  r^(p-a),     etc. 
De  la  je  tire 

a'-(6-r)--H6'^-(c-a)'  +  c^-(a-fe)^  _  4S/> 

IGS'^  -    6 

d'oii  '2Uc  -  iV  =  45r 

Mais  on  a  identiquement 

d'oi!i  Ton  tire 

25c  =  ;>2  +  rS     et     2<t'  =  2(;>=  -  r8) 

Je  bornerai  la  ce  que  je  veux  dire  de  ces  forniules,  mais  puisque 
c'est  M.  J.  S.  Mackay  qui  me  fait  Thonneur  de  presenter  cette  note 
a  la  Soci^t^  Mathdmatique  d'Edinburgh,  je  veux  aussi  ajouter 
quelques  observations  relatives  a  la  Geometrographie  qu'il  vous  a 
fait  connaitre,  il  y  a  quelques  mois,  en  I'appliquant  devant  vous  k  la 
recherche  du  symbole,  de  la  simplicite  et  de  Inexactitude  des  con- 
structions donn^  dans  TEuclide,  employ^  presque  universellement, 
en  Angleterre,  pour  Tdtude  des  ^l^ments  de  Geometric. 

Nous  sommes  sur  le  sujet,  tout  k  fait  d^accord,  nous  ne  dififerons 
que  sur  des  details  tr^s  peu  importants  au  fond;  seulement  en  dehors 
de  I'avantage  s^rieux  d^avoir  partout  identiquement  les  memes  nota- 
tions, je  pense  que  celles  que  j'emploie,  sont  plus  dans  Tesprit  de  la 
m^hode  telle  que  je  Tai  con^ue,  et  je  vai^  essayer  brievement  de  le 
convaincre. 

Je  rappelle  que  I'essence  de  la  Geometrographie  est  speculative, 
elle  ne  s'applique  aux  constructions  a  efiectuer  que — si  parva  licet 
eamponere  magnia — corame  la  Mecanique  rationnelle  s^applique  a 
Tart  de  Tlng^nieur.     Voici  mes  notations 
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1.  Faire  passer  le  bord  d'une  rj-gle  par  tin  point  plac^ 

c'eat  Fopiroiion  (Ej) 

done,  gp^ulativement,  faire  passer  le  bord  d'une 

riigle  par  deux  points  places,  c'est  op :  (2R,) 

2.  Tracer  la  droite  qui  suit  le  bord  d'une  r^gle,  c'est      up  :  (  Bi) 

3.  Uettre  une  pointe  d'un  compas  en  un  point  plac^, 

c'est  op  :  {  C,) 

done,  npifcHlatviysment,  prendre  avec  le  compas  une 

longueur  placee,  c'eat  op  :  (2C,) 

4.  Mettre  une  pointe  en  un  point  ind^termine  d'une 

ligne  tracfe,  c'est  op :  (  C,) 

.').  Tracer  le  cercle,  c'est  op  ;  (  C,) 

Monsieur  Mackay  supprime  I'op^ration  C,  qu'il  asaimile  a  C„ 
parceque,  dit-it,  quand  on  met  la  pointe  en  un  point  iud^termin^ 
d'une  ligne  on  vise  d'abord  le  point  oil  Ton  veut  placer  la  point«, 
c'eat  a  dire  qu'on  la  met  r6ellement  en  un  point  d^termin^;  enfin  Ton 
u  niasi  I'avantage  d'avoir  plus  de  sym^trie  dans  les  symboles,  puisque, 
supprimant  mon  symbole  Cg  il  appelle  C,  ce  que  j'appelle  C,  et 
que  I'on  a  :  H,,  Rg  symboles  pour  la  droite,  C|,  Cg  symboles  pour 
le  cercle. 
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G^m^trographie,  celle  qui  6tudie  les  constructions  canoniques  de  la 
r^gle  et  du  compas,  elle  disparai trait  avec  radjonction  des  symboles 
nouveaux  qu'am^ne  Temploi  de  Tequerre,  ainsi  que  je  Tai  d^velopp^ 
dans  un  m^moire  pr^sent^  au  inois  d'Aodt  cette  annee  au  Congr^s 
de  rAssociation  Fran9ai3e,  a  Caen.  Ajoutons  que  la  question  reste, 
en  r^lit^,  presque  du  domaine  de  la  th^rie,  car  le  symbole  C,  se 
rencontre  assez  rarement  dans  les  constructions  et  gen^ralement  par 
faibles  unit^  dans  celles  oil  il  se  rencontre. 

Enfin  nous  avons  appr^i^  differemment  dans  un  cas — tres  peu 
important  ^galement — la  niani^re  de  compter  les  symboles. 

Pour  tracer  deux  droites  AB,  AC  passant  par  un  meme  point, 
je  ne  tiens  pas  compte  de  ce  qu'elles  passent  par  le  m^me  point  et 
j 'lvalue  le  trace  4R,  +  2R3  comme  s'il  s'agissait  de  deux  droites 
difil^rentes  AB,  CD.  Cela,  par  la  raison  qu'on  ne  peut  maintenir  la 
r^gle  en  A  (une  fois  qu'on  a  trac^  AB).  Pour  tracer  AC  on 
recommence  simplement  reparation  sans  que  la  nouvelle  operation 
profite  en  quoique  ce  soit  de  ce  qu'on  a  fait  pour  la  premiere. 
Monsieur  Mackay  compte  2Rj  +  R;  pour  la  premiere  et  seulement 
Ri  +  R3  pour  la  seconde,  comme  si  la  r^gle  avait  toum^  autour  de 
A.  Je  m'aperijois  tr^  bien  que  je  m'appuie  sur  deux  ordres  de 
raisons  qui  semblent  se  contredire ;  en  effet  pour  justifier  Temploi 
de  C^  je  m'appuie  sur  Tessence  speculative  de  la  Gdometrographie 
et,  pour  justifier  mon  Evaluation  du  tracE  successif  de  deux  droites 
qui  ont  un  point  commun,  j'invoque  la  manoeuvre  pratique  que  Ton 
ex^ute.  Cela  est  fort  naturel  cependant,  parceque,  quoique  specu- 
lative, la  GEometrographie  a  en  vue  I'application  possible  de  ses 
speculations,  elle  a  done  deux  faces  et,  si  elle  doit  rester  tout  a  fait 
sp^ulative  lorsque  cela  rHa  aucun  inconvenient, — c'est  ainsi  que  pour 
tracer  le  cercle  0(6)  immediatement  apres  avoir  trace  le  cercle 
0(a),  je  ne  compte  que  Cj,  si  je  n'ai  pas  eu  a  deplacer  la  pointe 
fixEe  en  O,  mais  seulement  a  ouvrir  ou  a  fermer  la  branche  du 
compas,  parceque  je  puis  operer  ainsi — il  me  semble  utile  de  con- 
descendre  k  la  pratique  dans  le  cas  ou  j'ai  k  tracer  deux  droites 
successives  ayant  un  point  commun  puisque  le  cantraire  anrait  un 
inconv^ierU  et  que  je  suis,  de  plus  pres,  la  manoeuvre  du  trace. 

Je  ne  m'etendrai  pas  sur  Temploi  que  j'ai  fait  de  Tdquerre  en 
appliquant  la  Geometrographie  a  la  Geometrie  descriptive,  je  renvoie 
pour  cela  k  mon  m^moire  dej^  cite,  prEsente  au  Congr^s  de  Caen. 
Je  vais  seulement  definir  les'  nouveaux  symboles  que  j'ai  adoptes  en 
les  ajoutant  aux  anciens. 
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J«  suppose  que  Ton  emploie  I'^uerre  seulement  pour  tracer  les 
panill^leB  et  jamaia  pour  tracer  lea  perpeDdicnlaires  ;  je  ne  buib  point 
habitu^  a  In  pratique  du  dessin,  mais  je  sais  que  cette  mani&re 
d'op^rer  est  proscrite  dans  tout«B  les  ^pures  exactes.  Par  example 
les  instructions  donates  aux  desainateors  des  services  de  U  Ville  de 
Pnris  recoraniandent  de  ne  jamais  tracer  de  perpendiculaires  aveo 
I'oijuerre  ;  si  Ton  a  plusieura  perpendiculaires  a  tracer  k  one  m@me 
direction,  on  d<^termine  la  premiere  avec  la  r^gle  et  le  compas  et  les 
autres  avec  I'equerre,  cotnme  ^tant  parallHes  a  celle-ci. 

Nous  admettoos  cependant  que  Ton  se  serve  d'un  t^  dont  la 
direction  donne  les  parallfelea  a  la  ligne  de  terre  sur  la  feuille  coll^ 
sur  la  planche,  et  alors,  que  Ton  puisse  mener,  4  I'^uerre,  les  lignea 
de  rappel  relatives  i  cette  Hgne  de  teiTe,  apr^s  avoir  v^rifi^  I'exacti- 
tude  du  tract!  une  fois  pour  toutes. 

On  n'a  done,  pour  I'usage  de  I'lkiuerre,  que  les  operations  nouvolleB 
Buivaiites  (sans  compter  celles  ou  I'^uerre  sert  comme  aervirut 
la  r&gle  seule,  operations  qui  collse^^'ent  le  symbole  adopts). 

— Mettre  un  bord  de  la  regie  ou  de  V6querre  en  coincidenee  avec  une 
droite  d^ja  Irac^  sur  la  fgure.  Nous  pourriona  aasimiler  cette 
operation  a  faire  pastier  le  bord  par  deux  points  et  compter  alors 
2K„  niaia  il  nous  semble  utile — et  sans  aucun  iaconv^nient — de 
distinguer,  Idgferement,  cette  nouvelle  operation,  afin  de  pouvoir 
apprecier,  d'un  coup  d'oeil  }eii  sur  le  symbole  final  de  la  construc- 


apprecier,  d  un  coup  d  oeil  jete  sur  le  symbole  tinal  de  la  construe 
tion,  le  degri;  de  frequence  dans  I'emploi  qu'on  y  a  fait  de  I'^oerre 
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Je  vetix  terminer  en  vous  donnant  les  r^ultats  d'une  exp<$rience 
que  1a  complaisance  de  M.  Jung,  le  savant  professeur  de  Milan,  m'a 
permis  d'ex^uter  et  qui  montre  jusqu'  oil  peut  aller  la  simplification 
que  la  G^m^trographie  introduit  dans  une  construction,  simplifica- 
tion qui  est  due  surtout  a  Tidee  fondamentale  de  la  G^m^tro- 
graphic,  c'est  a  dire  a  la  recherche  mdthodique  des  simplifications ; 
car  la  G^m^trographie  n'innove  rien  en  G^omdtrie^  elle  se  sert 
d'^l^ments  connus,  et,  d  ^  rigueurj  toutes  les  simplifications  aux- 
quelles  elle  conduit,  auraient  pu  th^riquement  ^tre  faites  sans  elle  : 
mais  on  n'y  songeait  pas,  parceque  Ton  manquait  de  criterium  et 
parceque  le  mot  de  simplicity  ne  s'appliquait  qu'a  I'exposition 
th^rique  de  la  solution  d'un  probl^me  et  non  a  sa  construction 
effectu^. 

Voici  I'exp^rience  dont  il  s'agit.  Je  voulais  prier  un  g^metre, 
tout  k  fait  stranger  a  la  notion  de  G^m^trographie,  de  m'^rire  en 
detail,  sans  /aire  F^pure,  comment  il  s'y  prendrait  pour  ex^cuter, 
avec  la  rigle  et  le  compos,  le  plus  siniplement  qu'il  le  pourrait,  nelon 
les  regies  connues  de  la  construction  des  expressions  alg^briques, 
une  construction  quelconque  que  je  lui  indiquerais  au  hasard. 
D^apr^  cela  je  pourrais  ^valuer  sa  construction  par  le  symbole 
g^m^trographique,  puis  reprendre,  moi,  le  m^me  probldme  en  y 
apportant  les  simplifications  m^thodiques  de  la  G^m^trographie ; 
enfin  ^valuer  ma  construction  et  comparer  les  deux  symboles.  Je 
ne  pouvais  faire  facilement  la  chose  a  Paris  car  les  math^maticiens 
qui  y  sont  de  mes  relations  connaissent,  au  moins  vaguement,  la 
G^m^trographie,  et  je  n'aurai  pas  eu  la  construction  dans  les  con- 
ditions qu'il  me  fallait.  M.  Jung  avec  qui  j'ai  le  plaisir  d'etre  en 
rapport,  pr^cisement  a  propos  de  G^om^trographie,  accepta  de  m'aider 
a  faire  Texp^rience.     Je  lui  envoyai  alors  cette  construction  : 

Datis  un  triangle  ABC  dont  les  cdtds  sont  a,  6,  c  placer  le 
point  dont  les  distances  aux  trois  c6t4s  BC,  CA,  AB,  (ou  cooi'donn4es 
normales),  sont  respectivement  proportionelles  a  : 

a«6M-^^-6  V         6  V  +  6  V  -  a V         c'a^  +  c^b^  -  aW 
, ,       

a  b  c 

c'est  un  point  que  je  choisis  au  hasard  parmi  ceux  qui  se  rencontrent 
fr^uemment  dans  la  Geometric  du  triangle  avec  des  coordonnees  un 
peu  complexes. 
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II  ^tiut  convenu  que  le  point  devait  etre  place  directement  d'aprea 
ses  coordonnees  et  non  d'apres  dea  propri^t^  gtem^triqnoa  particn- 
lierea  a  ce  point,  si  I'on  en  trouvait.  Monsieur  Jung  pria  tm  de  ses 
anciens  ^l^veu  de  faire  ce  queje  d^irais,  et  quelques  jours  aprte  11 
eut  la  bont^  de  m'envoyer  la  redaction  mSme  qui  lui  ftvait  ^t^ 
remise. 

Je  dois  dire  que  la  construction  qu'on  y  indique  est  tr^  logique, 
fort  bien  coufue  et  analogue  a  celles  que  chacua  de  vous  ferait  b»qb 
doute,  et  que  moi-mtime  j'eusse  fait  il  y  a  quelques  ann^.  On  en 
trouverait,  facileraent.  Bans  Q^onxftrographie,  de  beancoup  plus 
eimploB  a  tracer,  niais  il  n'y  aurait  aucun  criterium  pour  permettre 
de  I'aSirmer,  et  cette  preoccupation  dn  trao^  r^  n'esfpas  dans 
I 'esprit  des  G^metres. 

Je  d^terminai  alors  le  symbole  de  cette  construction  que  je 
conduisiit  meme  aaiez  iamomiqueraent  en  ^vitant  certaines  repetitions 
de  Hgnes  inuUles.  Puis  je  cherchai  une  construction  de  ce  meme 
point  en  appliquant  lea  precedes  g^m^trographiques  etj'en  d^ter- 
minai  auasi  le  symbole.     Les  reaultats  sont  itup^fianls ;  les  voici : 

Symbole  de  la  construction  qui  m'a  ete  envoys 

op  1  {81 R,  +  46R,  +  21 IC,  +  1210,) 
l^implicit^  4AU  ;  exactitude  292  ;  46  droites,  121  cercles. 
Syiubole  de  la  construction  geonit'trographique 

op:(UR,  +  7E,  +  48Ci+22C^) 
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surpris  de  cette  invraisemblable  difference,  je  pensais  bien  que  je 
simpliflerais  d'au  moins  la  moiti^,  mais  de  5  fois,  de  7  fois,  je  ne 
pouvais  m'y  attendre,  d'autant  plus  que  lorsque  j'essayais  moi-meme 
d'ex^uter  les  constructions  d'application  par  les  m^tliodes  usuelles, 
pour  iaire  la  comparaison  avec  les  mdthodes  g^m^trographiqucs,  je 
les  simplifiais  malgr^  moi,  pour  ^viter  de  les  compliquer  inutilement, 
et  je  n'arrivais  pas  alors  a  des  r^ultats  aussi  ^loigiT^  dans  les  con- 
structions traits  par  moi  avec  les  deux  m^thodes  ;  en  m'adressant 
a  un  g^m^tre  quelconque,  j*ai  ^vit^  cette  cause  d^incertitude,  et, 
sans  croire  que  Umtes  les  constructions  d'application — je  ne  parle  pas 
des  constructions  fondamentales  s^culaires,  quej'ai  cependant  presque 
touies  simplifides  peu  ou  beaucoup  depuis :  mefier  par  un  point  A 
une  droite  parcUlele  a  une  droits  donnde  BC — donneraient  lieu  a  une 
aussi  considerable  reduction,  j'estime  que  la  construction  geom^tro- 
graphique  serait  taujours  de  2  a  3  fois  plus  simple  que  la  construction 
executee  par  les  m^thodes  employees  jusqu'ici. 

Pabis,  Octd)re  1894. 


N0Tl£   ADDITION  RLLK. 

Si  Ton  convient  que  les  longueurs  doivent  6tre  compt^es  posi- 
tivement  a  partir  de  o  vers  oA,  on  voit  que  AAi  est  ^gal  a 
—  R^  I'origine  des  rayons  etant  en  A.  Les  Equations  de  la  page  10 
doivent  done  ^tre  X  =  /j  -  R«,  etc.  Le  signe  du  coefficient  de  p 
dans  I'^quation  (1)  sera  simplement  change,  et  Ton  aura  les  valours 
de    p    avec  le  signe  qui  leur  convient. 


The    Nine-point    Girole. 

By  R.  F.  Datib,  M.A. 

The  nitK-poirU  circle  of  a  triangle  touches  t/«  inscrtiied  circle. 

FlODRK  2. 

I.  Let  ABC  be  a  triangle,  having  l  C  greater  than  l  B, 
D,  E,  F  the  middle  points  of  the  sides,  and  AX  perpendicular 
to    BO. 

Then  the  upper  segment  of  the  aiae-point  circle  cnt  off  hj  DX 
contains  an  angle    C  -  B  ;     and  conversely. 

FiGDBB  3. 

II.  If  AF  bisect  the  angle  A  and  meet  the  base  BG  in  P, 
and  AC  be  taken  along  AB  equal  to  AC ;  then  PC  touches 
the  inscribed  circle.     Also     i  BPC'  =  lC—  i.  B. 

For  the  triangles  AFC,  AFC  are  congruent ;  hence  the  per- 
pendiculars  IM,  IM'   on   PC,  PC   respectively  are  equal. 

Figure  4. 

III.  I>M'=DP.DX 
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For  if   PR,  the  second  tangent  to    S   from    P,  be  drawn,  and 
OR   produced  to  meet  S   in   T,   since 

0R.0T  =  0A2  =  0P.0Q, 
therefore  l  OTQ  =  l  OPR  ; 

therefore  the  point  T  lies  on   2. 

Again,  drawing  the  tangent    TU    to    S    at   T   to  meet     PR 
produced  in   U ; 

z.UTR=  /.URT=  ^ORP=  ^OQT; 

therefore    TU    touches  S  at  T. 

Thus  the  circles    S,  2    touch  each  other  in  T. 

V.  The  application  of  iv.  is  fairly  obvious.     Since  in  Figure  4, 

DM^  =  DP.DX(iii.), 

the  segmental  circle  upon     DX,     containing  an  angle 

BPC  =  C-B(ii.), 

touches  the  inscribed  circle  (v.).     But  (i.)  the  former  circle  is  none 
other  than  the  nine-point  circle. . 


The  Brocard  Fointe  and  the  Brooard  Angle. 

By  R.  F   Davis,  M.A. 

FlOUBE  6. 

I.  Construction  for  the  Brocard  points. 

Let     ABC     be  a  triangle.     Describe  a  circle  touching     AB    in 
A    and  passing  through    C  ;    draw  the  chord    AP    parallel  to    DC. 
Join    BP    meeting  this  circle  in    il. 
Join     AU,  Ca. 

Tlien  i.HAB=ifiCA, 

=  ^flPA 
=  ^fiBC. 
Similarlj'  for   il'. 

II.  Characteristic  property  oF  the  Brocard  angle. 
Draw    AX,  PR    perpendicular  to   BC. 

Since    AP,  CQ    are  parallel  chords, 
the  triangles    ACX,  PQB   are  congruent  by  symmetry  ; 
therefore  AX  =  PR,    CX  =  QR. 


Now 


BR=BX  +  (::X  +  CR 
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Second  Meeting,  December  lith,  1894. 


John  M'Cowax,  Esq.,  M.A.,  D.Sc,  President,  in  the  Chair. 


Parabolio  Note:   Co-Normeil  Points. 
By  R.  Tucker,  M.A. 

1.  If  the  coordinates  of  a  point  on  a  parabola, 

y^  -  Aax  =  0, 

be  {am\  2am),  in  which  I  call  m  the  parameter,  then  the  equations 
to  the  tangent  and  normal  at  the  point  are 

X  ~  my -\- am^  =  0  ...  ...  (i.) 

and                                ma5  +  y  -  a(m' +  2m)  =  0  ...  ...  (ii.), 

and  to  the  chord  through  (m),  (tu)  is 

y(m  +  m')  -  2a;  -  2amm' =  0  ...  ...  (iii.). 

If  we  write  (ii.)  in  the  form 

am^'{-(2a-x)ni-y  —  0       ...  ...         (iv.), 

we  see  that  from  a  given  point  (ar,  y)  we  can  draw  three  normals  to 

the  curve  with  the  condition 

2m  =  0. 

Let  O  be  the  point  (x,  y),  and  P(m,),  Q{m^)y  B,(m^)  the  corre- 
sponding points  on  the  parabola :  then  I  call  these  latter  co-normal 
points^  and  the  circle  through  them  a  co-^wrmal  circle. 

2.  We  have  Si  =  2m  =  0, 

Sg  =  ^m^  =  -  22m,W2, 

53  =  3m,m,m3  =  3,i, 

54  =  S,V2; 

also  m^  -  m,m3  =  m^^  +  mim,  +  m^  = . . .  =  S2/2. 

3.  In  the  case  when  P,  Q,  R  are  any  three  points  on  the  curve 
the  circle  PQR  is 

aj»  +  y*-aa{Sa  +  S^i^  +  4]  +  «y[Si..2mim2-/Li]/2-o»/LtSi  =  0   ...     (i.) 

and  the  tangent-circle  pqr  is 

as*  +  y*  -  aix{l  +  Smi?/^]  -  ay[Si  -  /^]  +  o'2?nimj  =  0,     ...    (ii.) 
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If  the  pointB  are  co-normal  points,  then  these  equations  take  the 
form 

a?  +  y»-aa:(8,  +  8)/2-oy/x/2  =  0,  (iii) 

a?+y'  +  ax(S,-2)/2  +  aj//i-<»'S,/2  =  0 (iv.>. 

4.  The  oo-ordin&tea  of  p  (^3)  for  co-nonnat  points,  are 
(am,mn  -anti).* 


5.  Through   P,  Q,  R  draw  parallels  to 

(i.)  the  tangenU  at  Q,  E,  P  ; 

(ii.)  „  R,P,Q; 

and  let  P,,  Q„  R, ;  P„  Q^  R,  be  the  points  where  the  sets 
(i.),  (ii.)  respectively  meet  the  parabola  (C.P.  §19).  If  PP^  QQ, 
meet  in  R„  and  in  like  manner  for  the  other  pairs,  then  R,  is 
given  by     a(t»,' +  *»,'- m,ma),  -am,.      {C.P.  §24.) 


Then  the  area  of   P,Q,R, 


S^,  -  2m,m,     S,/,  -  2f?i,m,     Sg/i  -  2m,mt 


3  area  of 
AFQR; 


and  the  eqoatio 


to  the  circle  ii 

■  (1  -  4&,)aj-/2  +  4/iay  -I-  3(8,°  -  8,)aV4  = 
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we  see  that  r,   is  given  by 

-a(2  +  m,m2),  -a(2m3  +  /A), 

1  1  1 

2  +  rWgWia  2  +  iw-Wj     2  +  m,m3 

/x  +  2wi  fi  +  2r?i2      /x  +  2m3 


hence    Api^irj  =  ±  ^ar 


=  APQR; 


and  since  p^q^  =  PQ,  the  triangles  are  congruent. 


The  equation  to  Ar^   is     y=^  m^y 
hence  Ar^  and  the  normal  at  R  make  equal  angles  with  the  axis. 

The  circle  Pi^ir,  is  given  by 

a^  +  y*  -  (8  -  Sa/2)aa:  +  5afty/2  +  Sa^fi^  -  2Sj  +  8)/2  =  0  ; 

and  the  N.P.  circle  is  given  by 

x«  +  y«  +  (2  -  S,/4)ax  +  7atiy/i  -  0^(28^  -  3/i2)/4  =  0. 

7.  The  equations  to  PP,,  QQ,  (§  6)  are 

tnjpe  -  m^rn^  =  amyUmi  -  277i,m3), 
97^x  —  rn^niiy  =  am2(^  "~  2WI3IW1), 

hence  they  intersect  in  r^,  on  the  ordinate  of  R,  given  by 
Similarly  for  the  analogous  points  p^  q^ 


Hence 


A;>2g2^a  =  iAPQR. 


The  circle  p^^r^  is  given  by 

a:'  +  y'-(S2+l)aa;  +  (/ui  +  S274/i)ay  +  aX4S2  +  S,«)/4  =  0.   ...    (i.) 


The  points  p^^r^   He  on  the  rectangular  hyperbola 


which  cuts  (L)  again  in 


(a,  -o/i). 


...  (ii.) 


The  equation  to  the  perpendicular  from  r^  on  p^^  is 

Way  +  whwi^a;  =  ani^rnjim.^  -  1 ), 

hence  the  orthocentre  of  ^292^2  is   {  -  a,  a/n). 


Incides  H-ith  the  m-thocentre  of  pqr 


This  point  is  on  (ii )  and  i 
(CP.  §13). 

The  N.P.  circle  of  p-^tTj  is  the  co-normal  circle 

!^  +  ,/  +  n^\,-  S,)/2  +  «y(3,'  -  4^')/8/.  =  0. 
The  radical  axis  of  this  circle  and  of  PQR  ia 

The  tangent  from  the  focus  to  (i.)  is   aSJ2. 
The  equation  to  pp,  is 

S^  -  fifiy  =  2o{m,*  -m,ii  +  3ni,*m,»)- 
hence  pp~,  y?^  rr,  are  parallel. 
Also  the  equation  to  p^,   is 

i.e.,  the  line  is  parallel  to  Rr. 

The  points  p,  q,  r  lie  on  the  hyperbola  (ii.) :  hence  we  see 
otherwise  that  the  orthocentres  of  pqr,  p^-^t  coincide,  and  that 
the  two  circles  cut  the  Latus  Rectum  in  the  same  point  (a,  —aft), 
the  join  of  which  with  the  common  orthocentre  is  a  diameter  of  the 
hyperbola. 
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The  ortlioopntro  of  LMN  is 

a(S.^  -  ^)l2,  -  '2nfx. 

If  n  is  the  midpoiat  of  LM,  it  is  given  by 

and  therefore  it  aud  the  analogous  points  Z,  m,  lie  on  the  rectangular 
hyperbola  :c//  =  /xa^.  ...  ...  ...  ...     (i.) 

• 

From  the  above  we  see  that  ;^/,  qniy  rti  are  diameters  of  the 
parabola,  and  //w,  pq  ;  7n?i,  qr ;  nl^  rj} ;  intersect  on  the  tangent  at 
the  vertex  and  are  isoclinals  to  it. 

The  equation  to  the  circle    Imn    is 

ar  +  2r  +  a.r(2  -  S,)/2  4-  «/x//  -  a-So/2  =  0  ; 
and  it  is  therefore  5^3  (iv.)  equal  to  the  circle    pqr. 

The  perpendiculars  from  l,  m,  n  on  QR,  RP,  PQ  respectively 
meet  in  (2a,  afAl2),  which  is  on  (i.) ;  and  the  perpendiculars  from 
P,  Q,  R    on     win,  n/,  Im     meet  in     [a(S._,  -  4)/2,  -  a/i],     i.e.    O'    of 

c.P.§ir). 

10.  If  the  join  of  P  to  the  midpoint  of  QR  cuts  the  parabola 
in  pi,  the  parameter  of  this  point  is  -  Sg/Smj,  hence  the  corre- 
sponding tangent  circle  of  the  triangle   Pi^.iV^    is  given  by 

aP  +  yt^ax^  ayB^2\^  +  2S^)/54fi  =  0. 
The  vertices  of  this  tangent  triangle  are 

so  that  its  centroid  is        (0,  -  S.//18/li)  ; 
and  its  orthocentre  {  -  «,  7aS2'/54/z). 

11.  Through  P,  Q,  R  draw  lines  parallel  to  QR,  RP,  PQ 
respectiyely,  these  lines  meet  the  parabola  in  the  co-normal  points, 
whose  parameters  are  -  2m„  -  2/^2,  -  2m^  ;  and  the  lines  cut  one 
another  in 


Tiikp  the  imfi^fs  ot  those  points  in  the  vertex,  vi/  (2flm,m^  4a«i,), 
etc.,  and  wt  liiid  its  cirouiii circle  to  be  given  by 

a:-  +  /  -  (8  -  S,).ij;  ^«/<i/  -  H&fl.'  =  0, 

the  centre  of  which  is  the  orthofcriti-e  of  PQR      (C.P.  ^13.) 

12.  The  lines  QR,  AP  out  in  p„  {  - ai,i^mJ2,  -am^m^m,), 
RP,  AQ  in  <{„  .ind  PQ,  AR  in  r„ ;  hence  p„q„r„,  which  is  the 
central  triangle  of  the  q u ad H lateral    APQU, 

=  J  APQR. 

The  circle    p„l.,'\,    has  foi-  its  <^quntion 

.r-'  +  /  +  ^nx  +  i!/(.Vy)/4/.  +  a-ii.,,-2  =  tl. 
The  eijutition  to  /!„'/„    is 

ni,»M/  +  'Jm,^'  =  +  n/i. 

13.  If  (cf.  C.P.  §29)  we  draw  lines  from  P,  Q,  K  through  thn 
point,  x  =  ka  on  the  axis  to  cut  the  curve  in  T,',  T,',  T,',  then  ns 
T,'  is  given  by  {-k/in,)  the  equation  to  the  tangent-circle  for 
T.'Tj'Tj'  will  differ  from  that  to  the  tangent-circle  for  T,T,Tj  ouly 
in  the  sign  of  k,    i.e.,  it  will  be 

a?  +  f-  ax  -  ay{k .  H,  4-  'ik'yii^  =  0. 
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The  equations  to  the  co-normal  circles  are 

^^'  +  y«2\_  ax(SS.,  +  8)/2  +  ayk/2  =  0, 
where  k  =  w._,  -  7/i, .  w^,  -  m^ .  my  -  m.^. 

17.  The  median  of  PQR  which  passes  througfi  P  cuts  the 
parabola  in  the  point  whose  parameter  is  (  -  Sa/3m,),  hence  t!ie  cor- 
responding tangent-circle  has  for  its  equation 

a:2  +  y2  _  aa:  -  ayS«-(9  +  2S2)/5  4/i  =  0. 

18.  If  in  §  12  q„y  r„  are  outside  the  curve,  then  the  midpoints 
of    QR,  AP,    q;;;t\   are  given  by 

hence  the  central  axis  of   APQR   is 

19.  The  poles  of  the  co-normal  chords  are 

-  a(m^^  +  2),  -  2a/m, ;    -  rt(m./  -f  2),  -  2n/m, ;    -  a(  V  +  2),  ~  2a/m:,. 

These  poles  lie  upon  the  line 

fxy  -  2x  =  «(So  +  4 ).  (cf .  C.  P.  §  1 7. ) 

The  diameters  through  the  poles  meet  the  curve  in 

a/iHi^y  -  2a I m^  ;  etc. ; 

hence  the  circle  through  the  vertices  of  these  diameters  is 
a:2  +  2/3 _ ^^^2 ^  Air)!^-^  +  ayl2ii -t- a'^J2}i''  =  0  ; 

and  the  corresponding  tangent-circle  is 

a^^f-ax-  ay{^  -h  2)/2/x  =  0. 

The  sides  of  this  last  triangle  are 

m^y  -  2m^m^  =  2a,    etc., 

.*.  the  perpendiculars  are 

m,^x  +  2fxy  =  a(  1  -  Am^m^),   etc. , 

whence  the  orthocentre  is 

[-4a,  a(l-f.2S2)/24 


GeometricaJ  Problem. 

By  O.  E.  Crawford,   M  A. 

Figure  24. 

Let  OQ,  OR  be  two  straight  lines  meeting  at  0,  and  P  any 
point.  Required  to  draw  through  P  a,  straight  line  cutting  off  & 
l^iven  area   OAB   from  the  two  straight  lines. 

Draw   PD   parallel  to   OR   cutting   OQ    in    D. 

ConBtruct  a  AOPC  equal  to  the  given  area,  and  such  that  OP 
is  one  of  its  sides,  and  that  another  of  its  sides,  OC,  lies  along  OQ. 

Take    OE   a  mean  proportional  to   OC,  OD. 

Draw   OF  perpendicular  to   OC   and  equal  to  halt  of  it. 

Join    EF,    and  cut  off  FG  =  OF. 

Take  OA  =  EG.     Then    PAB    is  the  required  straight  line. 

PROor : 

Sqs.  on    OE,OF  =  sq.    on    EF 

=  aqs.  on  Ed,  GF,  +  2  rect.  EG  .  GF 
sq,  on    OE  =  sq-  on  EG  +  2  rect.  EG.GF 

=  sq.  on  OA  +  rect.  OA  .  OC  (since  OC  =  2GF) 
I  OA  +  rect.  OA  .  OC 


rect.0C.01)  =  sq. 
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lliird  Meeting y  January  ll^A,  1895. 


Wm.  Peddie,  Esq ,  D.Sc,  F.ll.S.E.,  Vice-President,  in  the  Chair. 


Properties  connected  Tvith  the  Angular  Bisectors  of  a 

Triajigle. 

By  J.  S.  Mackay,  M.A.,  LL.D. 

Notation. 

When  points  and  lines  are  not  specifically  designated  in  the 
course  of  the  following  pages  it  will  be  understood  that  the  notation 
for  them  is  that  recommended  in  the  Proceediiujs  of  the  Edi7ib2irgh 
AfcUhefnatical  Society,  Vol.  I.  pp.  6-11  (1894).  It  may  be  con- 
venient to  repeat  all  that  is  necessary  for  the  present  purpose. 

A'    B'    C  =  mid  points  of  the  sides  BC  CA  AB 
D     E     F  =  points  of  contact  of  sides  with  incircle 
Dj    Ej    Fi=      „      „       „         ,,     „        „     first  excircle. 

And  so  on. 

H         =orthoccntre  of  ABC 

I  =incentreof  ABC 

Ii     T.>  !;<  =  1st  2nd    'h'd  excontn^s  of  ABC 

L     M  N  =feet  of  interior  angular  l)isectors  of  AKC 

L'    M'  N'=    „     „  exterior       „  ,,         „      „ 

O  =  circumcentre  of  AL>C 

U      U'     =  ends  of  that  diameter  of  the  circumcircle  which  is 

perpendicular  to  BC.     U  is  on  the  opposite  side 
of  BC  from  A. 

Similarly  for  V  V  and  W  W. 

X     Y     Z  ==  feet  of  the  perpendiculars  from  ABC. 


points 
KK', 


are  defined  as  they  o 


PF,    QQ-,    SS',   Tr 


=  AI       BI      CI 


CI, 
CI, 


h-ii  y.-y  =  IJ     [=1      M 

A,  /ij  =  the  perpendiculare    AX  BY  CZ 

ly  t^,         x  tlie  interior  angular  bisectors  of    A  B  C 

A.J  A;,  =  „    exterior      ,,  „  „    „    „    „ 

r  =  radius  of  the  incircle 

r,  r,  =  rudii  of  the  Ist  2nd  3rd  excircles 

R  —  radius  of  the  circuinoirole 

8  =  seuiiperinieter  of  ABC 


=  BL  CM  AN 

=  BL'  CM'  AN- 

-CL  AM  BK 

-Ci;  AM'  r.N' 
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Then  BP  =  B,P  BF  =  B,F 

and  CB,  =  AC-An      CB,=  AC  +  AB. 

Now  since  P  F  are  the  mid  points  of  BB^  BB._,  and  A'  the 
mid  point  of  BC, 

therefore  AT  =  ACB,  A'F  =  ICB., 

=  J(AC  -  AB)  =  i( AC  +  AB) 

Similarly  if  Q  Q'  be  the  feet  of  the  perpendiculars  from  C  on 
AL  AL', 

A'Q-  i(AC  -  AB)         A'Q-  .J(AC  + AB). 

It  IB  not  eaBy  to  ORsign  authorities  to  the  proi)erties  given  in  the  following 
pagcR.  Some  of  these  pro|)ertie8  occur  incidentally  in  the  KohitionH  of  problems  on 
the  construction  of  triangles,  and  ai*e  there  spoken  of,  or  assumed  without  l)eing 
spoken  of,  as  well  known  theorr;ms.  A  large  collection  of  them  will  be  found  in 
four  articles  entitled  "Useful  Proixjsitions  in  Geometry"  by  M.  A.  Harrison, 
which  appeared  in  Leyboum's  McUhcnuUiaU  Repository^  old  series,  I.  283-5,  367-0, 
II.  23-5,  234-7  (1799-1801).  In  these  articles  no  mention  is  made  of  properties  con- 
nected with  the  bisector  of  the  exterior  vertical  an^le. 

It  has  been  conjectured  that  "M.  A.  Harrison"  is  a  iiseudonym,  adopttxl 
either  by  J.  H.  Swale  or  John  Lowry. 

(1)  _  ABB,  =  AB,B  =  BAL'  -  B,AL'  =  AFA'  =  AQ'A' 

=  i(B-fC) 
^  CBB,  =  BL' A  =  A(B  -  C) 

(2)  ATF  is  a  straight  line  parallel  to  AC.  Hence  P  F  are 
situated  on  C'A'  one  of  the  sides  of  the  triangle  A'B'C,  which  is 
complementary  to  ABC. 

Similarly,  if  from  B  perpendiculars  be  drawn  to  the  bisectors  of 
the  interior  and  exterior  angles  at  C,  the  feet  of  these  perpendiculars 
will  also  be  situated*  on  C'A'. 

(3)  If  perpendiculars  be  drawn  from  each  vertex  of  a  triangle  to 
the  interior  and  the  exterior  bisectors  of  the  angles  at  the  other  ver- 
tices, the  twelve  points  of  intersection  thus  obtiiined  will  range,  four 


♦  Arthur  Lascases  in  the  Nouvelia  Anivilcs^  XVIII.  171  (1859). 
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and  four,  on  three  straiglit  lines,  whicli  by  their  mutual  intersections 
will  form  the  triangle  compleraentarj  to  the  given  triangle.  * 

The  proof  of  tliis  is  obvious  enough  from  what  precedes ;  but  the 
following  demonstratioii  will  be  found  interesting. 

FlOOBE  8. 

Let  ABC  be  a.  triangle,  I  T,  T,  I,  the  incentre  and  the  ex- 
centres. 

The  four  lines  JjB  IJi  IjC  Ijls  are  the  interior  and  the  exterior 
bisectors  of  the  angles  B  and  C.  Now  these  four  lines,  taken  three 
and  three,  form  the  four  triangles 

IJ,C      IJC      LI.B      VB 

Hence,  by  a  tlieorem  due  to  Wallace,t  the  circunicircles  of  these 
four  triangles  all  pass  through  the  same  point  A;  and  by  one  of 
Steiiier's  theorems  I  the  feet  of  thu  piTpeudiculars  let  fall  from  A 
on  the  four  straight  lines  are  coUincar. 

Let   A[  A^  A;,  A,    be  the  feet  of  the  perpendiculars. 
Then    A<V,BA,    is  a  rectangle  ; 

therefore    A^A,    pa.sses  through    C    the  luid  point  of   AB, 
Similarly    A^A*        „  .,  B'      „      „        „      „    AC ; 

therefore  the  straiglit  lino     A|A,A.A.    bisects    AB    and    AC. 
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The  circles  AIj  AI3  touch  each  other  at  A,  and  have  AIi 
for  common  tangent ;  they  also  touch  the  circle  I3  Ij  the  former  at 
I2  and  the  latter  at  I3. 

(7)  The  radical  axis  of  the  circles 

AB      AI      AI2     is     AAi 
AB      Ala     AI,     „     AA3 

A.\^       Ax       •^J-.-i      1)       •'^'^3 

AC     AI,     AI,     „     AA4 

(8)  AP  :  AL  =  J(AC  +  AB) :  AC 

AQ  :  AL  =  J(AC  +  AB) :  AB 

* 

Figure  9. 

Since    PA'   is  parallel  to    AC, 
therefore  triangles    ACL  PA'L  are  similar  ; 
therefore  AL  :  PL  =  AC  :  PA' 

=  AC  :  i(  AC  -  AB) 

therefore  AL  -  PL  :  AL  =  ^ (AC  +  AB) :  AC 

(9)  AF  :  AL'  =  i(AC  -  AB)  :  AC 

AQ' :  AL'  =  i(AC  -  AB) :  AB 

(10)  P  Q  :  AL  =  AC^  -  AB- :  2AC  •  AB 

P'Q' :  AL'  =  AC^  -  AB^ :  2 AC  •  AB 

Figure  9. 

Since  triangles  ACL  PA'L  are  similar 
therefore  PL  :  AL  =  PA' :  AC 

=  i(  AC  -  AB) :  AC 

Since  triangles  ABL  QA'L  are  similar 

therefore  QL  :  AL  =  QA' :  AB 

=  i(AC  -  AB) :  AB 


PL  +  QL  _  AC-AB     AC-AB 
~"AL       ~      2AC      "*■      3AB 

AC  •  AB  -  AB'     AC -AC-AB 
2ACAB      '^      -JACAB 

AC-AB' 


(11)»  ABC-AQBP  =  APOQ 

=  AQ-  BF  =  AFCQ' 

For  triangles    AXL,  BPL    are  similar 
therefore  AX:BP  =  AL:BL 

-  QL :  AX 

=  AQ  :  BA' 
therefore  AQ  ■  BP  =  AX  ■  BA' 

=  ABC 

The  last  two  expressions  for     ABC     may  be  derived  from  the 
firat  two,  nince 

AP-BP'  AQ  =  CQ'   BP  =  AP'  CQ  =  AQ'. 


(12)  The  values  of  the  followiii;,'  iiiigles  may  be  registered  for 


43 

In  triangles  BD,P  CQD, 

PBDi  =  ^(B  -  C),  BD,P  -=  JC,  D,PB  =  180°  -  iB 

=  DjCQ  =  CQD,  =  QD,C 

In  triangles   BD,?'  CQ'D., 

FBDa  =  iA  +  B,    BDJ?'  =  iC,  D8FB  =  90'*-iB 

=  D,CQ'  =CQ'D2  =Q'D,C 

In  triangles    BD3F  CQD, 

FBD3  =  i A  +  C,   BD3F  =  90**  -  JC,  D3FB  =  JB 

=  D3CQ'  =  CQ'D3  =  Q'D^C 

AEP  =  AFP  =  AQE,=  AQF,=  90^  +  JC 
APE  -  APF  =  AE,Q  =  A  F,Q  =  ^B 

A  E,F=  A  F,F=  A  Q'E^^  A  QT3=  JC 
A  FE,=  A  FF3=  A  E3Q'  =  A  F^Q' -  ^B 

(13)*  APAQ  =  BF-CQ'  =  8*, 

BP    CQ  =  AFAQ'-5o*3 

The  similar  triangles    AEP  AQE,    give 

AE:AP  =  AQ:AE, 

therefore  AP  •  AQ  =  AE  •  AE, 

=  88^  ; 

and  AP=BF    AQ  =  CQ'. 

The  other  equalities  may  be  derived  from  the  similar  triangles 
BDP  CQD,    and  the  fact  that 

BP  =  AF    CQ  =  AQ'. 
(14)  AP  •  AQ  •  BP  •  CQ  =  AF  •  AQ'  •  BF  •  CQ' 


♦  (13)  Half  of  thb  w  given  in  Hind'b  Trvjonometrtf,  4lh  ed.,  p.  304  (1841). 


(15)  Let    D,  D„  D„  Da    be  the  points  where  the  iucircles  aad 
e  excircles  touch  BC. 

Figure  9. 
It  U  known  thftt 

A'D  =  A'D,  =  i( AC  -  AB),  AD,,  =  A'D,  =  i( AC  +  AB)  ; 

ince     D    D,   P    Q      lie  on  a  circle  with  centre  A' 
xl        D,   1),  F   Q'      .,    „  „      „ 


(16)  The  incircle  and  tirst  excircle  of  ABC  cut  the  circle 
DPD,Q  ortliogonally,  and  the  second  and  third  excircles  cut 
DjQ'FD,  orthogonally. 

For    D  D|    is  perpendicular  to    I  D    and    I|D,  ; 
and  D.Da    ,;  ,.  .,     I.D,     „      I^D, . 


(17) 


iPiQ  =  .-- ,    r,p.  i,Q  = 

T,FT,Q'=  r„-,     I,Fr,Q'  = 


(IK)  If  I  I,  be  considered  as  one  pair  of  a  system  of  coaxal 
c-ii'clc>s,  then  P  Q  urit  the  limiting'  points  of  the  system  ;  and 
P'  y  are  the  limiting  points  of  the  cjuxal  system  of  which  I.^  I, 
forui  one  pair. 
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(20)  Triangles    XPQ,  XPQ'    are  inversely  similar*  to    ABC. 

Figure  9. 

Since    A   P   B  X    are  concyclic 
therefore  l.  APX  =  l  ABX 

therefore  _XPQ=:.ABC 

Since    A  C  Q  X    are  concyclic 
therefore  l  AQX  =  ^  ACX 

therefore    triangle  XPQ    is  similar  to    ABC 

In  like  manner    XPQ'    is  similar  to    ABC 

(21)  The  directly  similar  triangles     XPQ   XPQ'     have   their 
homologous  sides  mutually  perpendicular. 

(22)  The  incentre  and  the  excentres  of  triangles    XPQ  XP'Q' 
are  situated  on    BX    and    AX. 

Since    A   P   B   X    are  concvclic 
therefore  l.  BXP  =  l  l^AP  =  i  A 

Since  A  C  Q  X    are  concyclic 
therefore  l  CXQ  =  ^  C  AQ  =  J  A 

therefore  BX    bisects    l  PXQ 

therefore  BX    contains  the  incentre  and  one  cxcentre  of    XPQ. 

Now  AX    is  perpendicular  to    BX 

therefore    AX    contains  the  other  excentres. 

In  like  manner  it  may  be  proved  that  AX  contains  the  incentre 
and  one  excentre  of  triangle  XPQ',  and  that  BX  contains  the 
other  excentres. 


*  W.  H.  Levy  in  the  Lady's  wnd  Gentleman  n  Diary  for  1856,  p.  49.  The  first 
part  of  the  theorem,  however,  is  given  in  Ley  bourn's  Mathematical  Repository, 
old  series  II.  25  (1801). 


(23)  To  (Iptennine  the  incentre  and  tlip  excentrcs  of  the  triaoglM 
XPQ  XI'V. 


Since    AX   ID 
therefore 


e  pamllRl 
AL;IL  =  XL:  DL. 


But  ill  the  similar  tmn^lps    ABC   XPQ 
AL    and    XL    are  lioniologous  lines  ; 
therefore    IL   and    DL    are  homologous  lines, 
and    I   D    homologous  points ; 
thereforfi    D    is  the  incentre  of    XPQ. 


DPD,    is  riglit,    D,    is  the  tint  excentre. 

the  points  where    DP    and    DQ   inter- 


The  other  excentres 
sect    AX. 

In  like  manner  it  may  be  proved  that  D.,  and  Dj  are  the 
third  and  second  excentres  of  triangle  XPQ'  and  that  the  in- 
centre and  first  excentre  are  the  points  where  D,Q'  and  DaP* 
intersect    AX. 


(24)  The  circumcircles*  of    XPQ  XP'Q'    pass  through 
Since  l  A'XQ  =  j.  CAQ 

-  I.  A'PQ 
because    A'P   and    CA    are  parallel  ; 


(27)  The  circle  XPQ  cuts  orthogonally  the  system  of  circles 
I    Fi  ;   and  the  circle    XP'Q'    cuts  orthogonally  the  system    I^  T3. 

For  the  circle  XPQ  passes  through  the  limiting  points  P  Q 
of  the  systc'in  I  I,  and  has  its  centre  on  the  radical  axis  of  the 
same  system. 

(28)  The  centres  of  the  circles  XPQ  and  XFQ'  and  the  nine- 
point  centre  of  triangle    ABC    are  collinear. 

For  they  are  situated  on  the  straight  line  which  bisects  A'X 
perpendicularly. 

(29)  The  sum  of  the  areas  of  the  circles  XPQ  XFQ'  is  equal 
to  the  area  of  the  circle    ABC. 

For  the  areas  of  circles  are  proportional  to  the  squares  of  their 
diameters 
and  AU'='4-AIP  =  UU^ 

(30)  X  PQ  +  X  P'Q'  =  ABC.  * 

(31)t  ABC  :  XPQ  =  UU'  :  UK 

ABC:XFQ'=  UU'iUK 

For  ABC:  XPQ  =  UU'^:  AU' 

=  U  U'  :  U'K 

For  another  proof  see  §4,  (11). 

(32)  XP    XF    XQ    XQ' 

are  respectively  parallel  to 

CU    CU'    BU    BU' 

For  L  XPQ  =  ^  ABC 

=  L  AUC. 


*  W.  H.  Levy  in  the  Lady't  and  OentUman's  Diary  for  1855,  p.  71. 
t  Parts  of  (28),  (29),  (30),  (31),  am  found  in  Ix^ylioiim's  Mathematical  Jteposi- 
Urrp,  old  series,  II.  236,  25  (1801). 
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(  3)  The  triangles 

A'BP    ACQ    A'BV    A'CQ' 
Kru  i-espectively  similar  to 

QAX    PAX    Q'AX   FAX  . 

For   A'P    is  pariillel  to    CA  ; 
therpfore  ^BA'P  =  C 

-^  -  AQX  ; 


^BPA'  =  00'  +  iA 
=  -  AXQ. 


Or  it  may  be  proved  that 

i.A'lJP=  ^QAX 
since  the  sides  of  the  one  are  perpendicular  to  the  aides  of  the  other. 


(34)  The  triangles 

A'UP    A'UQ    A'U'F    A'U'Q' 
■e  respectively  aimilnr  to 
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FlOURR  10. 

The  points    B   D  P  I    are  concyclic  ; 
therefore    l.  BDP    is  the  supplement  of    :_  HIP. 
Because  the  isosceles  triangles   CDE,  UBT    have 

therefore  l  CDE  =  l  BIU  ; 

therefore    l.  BDP    is  the  supplement  of    ^  C  DK  ; 
therefore    DP    coincides  with    DE. 


(3G)  The  following  quintets  of  points  are  concyclic  : 

BDIFP:  CDTEQ 

B     Dj    I,    F,    P  ;  C     D,    I,    E,    Q 

B     Da    To    F,    F;  C     D,    \    K    Q' 

B     D,   I,    F,   F:  C     D,    T,    E,    Q' 

the  diameters  of  the  various  circles  being 

BI        BI,       Bio       BI, 
CI        CI,       CI,       CI, 


(37)  Since   C  L  B  L'    form  a  harmonic  range, 
and    CQ  BP  AL'    are  parallel, 
therefore    Q  L  P  A    form  a  harmonic  range.* 

Figure  0. 
Similarly  for   Q'   A  F  L'. 


(38)  If  at  L  a  perpendicular  be  drawn  to  AL  meeting 
AB  AC  at  P  Q,  then  AP  or  AQ  is  a  harmonic  meanf  be- 
tween   AB  AC. 


*  FuhrmAnn'8  SptUhetisehe  Beweise  planiinetrischer  SiiUet  pp.  58-9  (1890). 
t  Rev.  R.  Townsend  in  MaihcnuUical  Questions  from  the  Educational  Times, 
XIV.  76  (1870). 


FlODHR  11. 

If    B,    l>e  tlii>  ima(,'e  of    B    in    AL, 
then    AL    bisects    :.  BLB,  ; 
tliereforp    LQ    bisecls    -  CLB,  ; 
theiofore    L(DAB,Cj;    is  h  liarmoiiic  pencil. 
Now  this  pencil  is  cut  b^  the  transversal    AC  ; 
therefore    A    li,  Q  C    form  a  liarnionic  mnge 
(iihI    AQ    is  the  harmonic  mean  between    AB,  AC, 

SiniitnrI}'  for    L'. 


(Sy)  AV  :  lU  =  Alt  +  AC  :  BC 

FiouiiR  VI. 

Draw    IP  IQ    parftllel  to    AD  AC. 

The  quadrilaterals    AHUC  IPL'Q    are  similar 
therefore  A  0  : 1 U  -  AB  +  AC  :  IP  +  IQ. 
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Fkjurk  13. 

The  triaii*(le    PUU'    is  isosceles  : 

therefore  PA'=  =  PU=  -  UA'  •  A'U' 

=  PU--A'n=; 
and  PK'  =  PU*^  -  UK  •  KU' 

=  PU^  -  AK-. 

Now  AB=  +  AC-  =  2A'B^  +  2  A' A- 

-2A'B=+2AK2  +  2A'K" 

-  2A'B^  +  2AK-  +  2PA'-  +  2PK ' 

-  IPU^ 


>$2. 


If  from  the  mid  point  of  the  base  of  a  triangle  a  perpendicular 
lie  drawn  to  the  bisector  of  the  interior  or  exterior  vertical  angle, 
this  perpendicular  will  cut  off  from  the  sides  segments  equal  to  half 
the  sum*  or  half  the  difference  of  the  sides. 

Figure  14. 

Let  the  perpendiculars  from    A'    to    AU^  AXJ'    meet    AC  at 
S  S',    and    AB   at    T  T. 

Draw    BB,   BBo    parallel  to  tlie  perpendiculars. 

Because  A'    is  the  mid  point  of    B  C  , 

therefore  S     „     ,,     ,,        „      ,,     Bfi . 
Now  B,C=     AC-AB    ; 

therefore  CS  =  A( AC-AB)  ; 

therefore  AS  =  J(AC  +  AB)  . 


•  Part  of  this  Ir  found  in  Leylwum's   Afatkcjiuttiral   Repontory^   old  st^iieR, 
I.  284  (1799). 


Similnrly  BT  =  AT  =  AS'=  i(AC  -AB) 

id  AT  =  B  r  =  OS'  =  J(AC  +  AB) 

(1)  _ATS=^A3T      =  4ABB.  =  1(B+C) 
^  BA'T  =  L.  CAS      =  i.  CBB,  =  i(B  -  C) 

(2)  AS' +  CS"  =  AT +  B'P=  J  (&'  +  <!') 

(3)  AS"  -  OS'  -  AT"  -  BT  =  he 

(4)  ASCS  =  AT-BT     =i(AC-AB*) 

=  i(CX"  -  BX')  =  A'B  ■  A'X 

(5)  AS  :  CS  =  AT  :  BT     =h-i-e:b-r 
(fi)            SS'  =  AB  =  c,       TT'     =  AC  =  i 


Instead  of  drawing  perpendiculars  to  the  two  bisectors  of  tlie 
verticul  angle  either  from  the  ends  of  the  two  sidea  or  from  the  mid 
point  of  the  base,  if  perpendiculars  be  drawn  to  the  sidea  from 
certain  points  in  the  two  bisectors' of  the  vertical  angle,  valnes  will 
be  obtained  for  half  the  sum  and  half  the  difference  of  the  sidea. 
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Similarly  AS'  =  AT'     CS'  =  BT'. 

Now  J(AC  +  AB)  =  ^{(AS+CS)  +  (AT  -BT)} 

=  i  (AS  4-AT)=  AS  =AT      ; 

and  also  =  i  { (OS'  +  AS')  +  ( BT  -  AT') } 

=  i  (CS'  +  BT)  =  CS'  =  BT'     . 

(8)  CS  =  BT  =  AS'  =  AT  =  i(AC  -  AB) 

For  i(AC  -  AB)  =  i{(AS  +  CS )  -  ( AT  -  BT )} 

=  i   (CS  +BT)=    CS  =BT     ; 

and  also  =  i  { (CS'  +  AS')  -  ( BT'  -  AT') } 

=  J  (AS'  +  AT')  -  AS'  =  AT'    . 

(9)  i.U'BC  =  U'CB  =  U'UB  =  U'UC 
=  U'AS'=  U'AT'=  AUS  =  AUT 

=  i(B  +  C) 

(10)  iiU'BA  =  U'CA  =  U'U  A  =  BUT  =  OUS 

=  i(B-C) 

For  half  the  sum  of  two  maojiutudes  increased  by  half  their 
difterence  gives  the  greater. 

(11)  If     BP  Cy     be  drawn  perpendicular  to     AU, 

-ABP  =  yO--jA-=i(B4-C)  . 

But  ^AUS  =i(B  +  C)  ; 

therefore     BP  US     intersect*  on  the  circle     ABC  . 
Similarly    CQ  UT 


>>  >>    >>       >> 


A  like  statement  holds  good  for     BP'  U'^', 
and  for     CQ'  UT. 


*  Leybourn'b  MtUltjcuuUiral  llcposiUtrii^  <»ld  M*iiL'>,  T.  2^io  (17JM>). 


(12)*  If  BP  US 
CQ  UT 
BF  U'S' 
CQ'  UT'  J 

4U  S  ■  S  Bi  =  4U  T  -  T  C, 

=  4U'S'  ■  8'B,'  =  4U'T' '  T'C,' 
For  US    SB,  =    AS    SC 

=  J(AC  +  AB)-J(AC-AB) 


niett  on  the  cjrcumcircle  at 


=  ACP- 


(13)  The  in 
If  witli  centre 
pass  through 
such  that 

Hence 
and    B  P  li, 


ci-utre     I     of     ABC     is  situated  on     AU, 
U     and  radiuK     UI     a  circle  be  described,  it  will 
B  and  C     and  will  cut     AC  AB     again  at     B,  C, 
B,S  =  CS      CiT  =  BT    . 

B,C  =  BC,  =  AC-AB  ; 


(14) 


U'B,=  UB,;  =  AB,  =  AB 
UC,=  UC:  =  AC,  =  AC 


syjuinetriciilly  situated  witli  rfispetit  to     O, 
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(18)    All  the  four  circles  are  equal  to  each  other,   and  their 
diameters  are  equal  to     BC. 

The  first  two  cut  the  circles     I   I,     orthogonally, 
and  the  s€KX>nd  „      ,,      ,,        „         I.2  In  „ 

Compare  SI,  Hf*). 

To  find  values  for  the  rectangles  contained  by  various  segments 

of  the  base     BC. 

Figure  I). 

The  values  of  the  segments  here  given  will  be  found  useful  in  the 
veritication  of  properties  ( 1 )-( 1 2). 

2a  2a  2a 

b  —  c  • 

AD  =  A'D,  =  — — 
'        2 

A'D,  =  A'D,  =  ^ 


BL  = 

ca 
b  +  c 

B  r; 

ca 

b-C 

CL 

nb 
6+c 

CL' 

ab 
~  ~b  -c 

A'L 

a(b  -  c) 
'2(b  +  c) 

A'L' 

a{b-^c) 
"  "A^  -  c) 

LD    : 

.,(6  -  c) 
6  +  c 

LD, 

H{b-  c) 

b-\-c 

L'Do 

8,(b  +  C) 
b-C 

L'Dy 

s,,(b-\-(') 

b-C 

DX 

«i(^>  -  c) 

\\X 

H  (b  -  C) 

a 

a 

D..X 

_  S:,(b  4-  c) 

D,X 

sJJ)  +  c) 

a 

a 

LX 

28s^{b  -  r) 
a(6  +  r) 

LX 

28.^,{b  +  c) 

a(b  -  c) 
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(1)  A'X-A'L  =  A'iy  =  A'D.^-|(6-e)' 
Because     A  C  Q  X     are  coacyclic 

tlierefore  _  A'XQ  =  4A  =  i.  A'QL  ; 

therefore  triangles     A'XQ  A'QL     are  similar  j 
therefore  A'X  :  A'Q  =  A'Q  :  A'L  ; 

therefore  A'X  ■  A'L  =  A'Q" 

=  A'D' 

(2)  A'X  ■A'L'  =  A'D;^  =  A'D,'  =  ^(i,  +  f)- 

This  follows,  in  a  manner  analogous  to  the  preceding,  from  the 
aiaiilttrity  of  triangles     A'XQ'  A'Q'L'. 

The  following  luetliod  may  be  used  for  proving  (1)  and  (2). 

Since  the  points     A  I  L  T,     form  a  hurmouic  range, 
therefore  their  projeotious  on     BC     will  form  n.  liarinonic  range  : 
that  is,     X  D  L  D,     is  a  harmonic  range. 
Hence,  since     DD,     is  bisected  at     A', 

A'X- A'L  =  AD»=A'D,-. 

Similarly,  since      T.  A  1,  L'      form  a  harmonic  range,  so  altio 
will     D„  X  D„  L', 
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For 


(6) 
For 


(7) 
For 


(8) 


For 


For 


(10) 
For 


A'XLD  =  A'DDX  = 
A'X  •  LD  = 


8i{b  -  cf 


2a 


=  A'X  •  AD  -  A'X  •  A'L 
=  A'X-A'D-A'D- 
=  A'D  •  DX 


A'XLDi=  A'D,D,X  = 
A'X  •  LD,  = 


8  (6  -  cf 
2a 


=  A'X  •  AD,  +  A'X  •  A'L 
=  A'X  •  A'Di  +  A'D,- 
=  A'D,D,X 


A'X  •  LD,  =  AD./  D.X  = 
A'X  •  LD.  = 


8,(b  +  cf 


'2a 


A'X  •  A'L'  +  A'X  •  AD, 
=  A'D,^  4- A'X  •  AD, 
=  AD,  •  DPC 


A'XL'D3=  A'DaD,X  = 
A  X  •  L'D.  - 


«a(6  +  C)' 


'2a 


A'  X  •  A'L'  -  A'X  •  AD 

A'D-r 
A'D,D,X 


-A'X    AD. 


A'L    LX  =  DL  •  LDi  = 

A'L  LX=  A'L  A'X - 
=  A'D-  - 
=  DL  •  LD, 


88  ^(h  —  CJ' 


A'L'  •  L'X 
A'L'  •  L'X 


=  D,L'.L'D..  =  ^±^): 

=  A'L- -  A'L'  •  A'X 
-  A'L'-  -  A'D,- 
«  D..L'    LD. 


(11) 


DX  ■  D.X  =  BD  ■  DC  -  BX  ■  XO 


For        BD  ■  DC  -  BX  ■  XC  =  ( A'B^  -  A'D')  -  (A'B-  -  A'X-) 
=  A'X-  -  A'D- 
=  DX  ■  D,X 


(12) 


D,X  ■  D,X  =  BD3  ■  DjC  +  BX   XC 


For      BD,  ■  D,C  -  BX  ■  XC  =  ( A'D„^  -  AC)  +  (A'C=  -  A'X') 
=  A'D,'-  -  A'X' 
=  D,X  ■  D,X 


In  JfitUrnuKicoi  ijiuithni  from  the  Ettacntfoaal  Times,  XIII.  34  (1870), 
T.  T.  WilkinHon  s*js  regarding  (I) : 

"  This  IB  one  uf  the  ]>nip«rti«)  iif  Hftlley'a  diugnim,  which  WM  part[&1Iy  dis- 
tiisHed  in  the  fuur  DiimberB  of  the  Sludait,  pulilished  nl  I.iver|i(n)l  fnim  1797  to 
1800.  It  tliere  rorms  Prop.  8,  and  in  due  t<i  Non  SAi,  a  nataK  ftsaiiined  by  tlie  first 
editor,  Mr  John  Knowlea.  In  the  diaBmni  an  there  considered,  tfae  pro|iertie8  of 
one  aide  only  are  given  ;  but  when  all  thit  aidea  are  conaidered,  there  Beenis  to  be 
no  limit  to  the  relatioiiti  ijelween  the  different  parts  of  the  Sgitre.  Some  tim<'  agii 
I  viinHiderpd  the  'angular  pro|iertt«>' only ;  and  after  writing  down  about  ISO  of 
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S4. 


To  lind  values  for  tlie  rectangles  contiiiiied  by  various  segments 
of  the  duiinetcr     UU'. 

Figure  15. 

(1)  A'U  •  UK'  =  A'X  •  A'L=  ](/>  -  c) 

From  the  similar  triangles     UA'L  AKU' 

A'L:A'U-KU':KA 

tliat  is,  A'L  :  A' U  =  UK'  :  AX 


(2)  A'U'  •  U'K'  =  A'X  •  A'L'  =--  •(/;  +  cf 

From  tlie  similar  triangles     UA'L'  AKU 

A'L':A'U'  =  KU  :  KA 

that  is,  A'L' :  A'U'  -  UK'  :  AX 


(3)  A'K  •KU'  =  A'XLX 

For  A'XLX-DXDjX 


=  A'X'-A'I)- 
=  K  A-  -  A'  D- 
-UKKU'-A'U    KU' 
=  A'K  •  KU' 


(4)  A'KKU  =  A'XL'X 

For  A'XL'X  =  I),X- J>,X 

-A'Do--A'X- 
=  A'L),-  -  KA- 
-- A'U'    UK' -UK-  KU' 
=  A'K    KU 


(5) 
For 


A'K  -  A'U  =  BD  ■  DC 
BDDC  =  AC-A'D' 

=  A'U' AU'-A'UUK' 
=  A'K  ■  A'U 


<8) 

AK-AU'.BD,-D,C 

For 

BD;D,C  =  A'Dj»-A'C= 

-A'U  ■U■K--A■U•A■U■ 

.  A'K    A-U- 

(') 

A'KA'K'.BXXC 

Fot 

BXXC-AXXE 

-A-K-A'K' 

(8)- 

A'U    UK- US' 

For 

US'-OU'-OS- 

-A'U-UU'-A'UUK' 

=  A'U-U'K' 

-A'U -UK 

UK-ID^A'DDX 


(11) 


and 


Gl 

ABC  :  XPQ  =  Ur':U'K 
ABC:  X  P'Q'  =  U  U'  :  V  K 

FiGURK  9. 


Draw     A'X'     perpendicular  to     PQ ; 
then     X'     is  the  mid  point  of     PQ. 

Because  -  UC  A'  =  J  A  =  z.  ATX', 

therefore  the  right-angled  triangles     UA'C  A'X'P     are  similar  ; 

therefore  A'C'  :  X'F  =  U  C^  A'P  . 

But  ABC:XPQ-BC^:PQ2 

=  A'C^ :  X'P  ; 


therefore 


ABC:XPQ  =  UC»:A'F 
=  A'U  •  UU' 

=      UU' 
-       UU' 


A'U  •  UK' 
UK' 
UK 


For  another  proof  see  §  1,  (28). 

In  a  similar  manner  it  may  be  shown  that 

ABC:XFQ'  =  UU':UK. 

(12)  Because  U'K  +  UK  =  UU' 

another  proof  is  obtained  of  the  theorem  that 

ABC  =  XPQ  +  XPQ' 


(13)  If  the  base  BC  and  the  vertical  angle  A  be  given,  and 
if  in  AU  AU'  the  bisectors  of  the  interior  and  exterior  angles  at 
Ay  there  be  taken  AP  equal  to  half  the  sum,  and  AQ  equal 
to  half  the  difference  of  the  sides,  the  loci  of  P  and  Q  are  two 
circles.  If  their  radii  be  denoted  by  r'  r"  and  the  radius  of  the 
circle  inscribed  in     CUU'  by.  r'",     then 

R  =  r'  +  r"  +  r'" 

Mr  G.  Robinaon,  jun.,  Hexham,  in  tho  Lady's  and  Gentleman*t  Diary  for 
1863;  p.  74.    T«ro  aoltitions  will  be  found  in  the  Diary  for  1863,  pp.  49-50. 


Ifthrougli     A'     a  pprpt-ncliculur  is  drawn  to     BC,     then 
■  AD  AD,  AD.,  ADj     will  intm-spct  tiiis  perpendicular  at 
It,     ]t      R,      R,       such  that* 


Let     DI     produced  meet     AD,  at  D'. 

SincP  the  line  Joining  the  extremities  of  two  pivrallel  and  similarlv 
(lirpcted  ladii  cf  two  circles  passes  through  their  extomal  homothetic 
centre  ;  and  since  A  is  the  external  homothetic  centre  ot  the 
circles  T,  and  I,  and  I,D|  ID'  are  parallel;  therefore  ID' 
is  a  radius  of  the  iricircle     I.      i.iid      DP' -  2r, 


tliprefon: 


A'D  =  A'D|,     ..nd     A'R     is  parallel  to     DD', 
AR-.',Dir  =  )-. 


Similarly  for  the  other  equalities. 


(1)  Through     B',     the  mid  point  of     CA,     a  perpendicular  to 
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(2)  The  four  triangles      RST  R,S,T,  R.S,T,  R-S,T.      an-    in-    . 
vt»rsel}'  similar  to      AHC;      they  have     O,      the  circunieentre  of 
ABC,     for  their  common  centre  of  homology,  and     01  01,  OL,  01. 
for  the  diameters  of  their  circumoirclcs. 

Figure  17. 

Since  A'Ri  =  r,-T,D, 

therefore      l  IiRiA'     is  right. 
Similarly     l,  IiS,B'     and     l  IiT,C     are  right ; 
therefore  the  circle  whose  diameter  is     01, 
passes  througli     R,  S,  T,. 

Since     R,  S,  O,  T,     are  concyclic, 

therefore  _  S,R,T,  -  180    -  _  S,OT, 

=  180    -  ^B'OC 
=  A   : 

and  -  R,S;r,  -  -  R,OT,  =  15, 

since     TjO  R,0     are  respectively  perpendicular  to     AH   BC  ; 
therefore  triangle     RiS,T,     is  similar  to     ABC. 

(3)  Let  the  mid  points  of     01  OI,  OI2  OF, 
be  denoted  by  V    1/     V     I,' 

then  Ii'Ij'Ij'I'  is  an  orthic  tetrastigm,  similar  and  similarly  situ- 
ated to  the  tetrastigm  Iiljisl,  and  the  radius  of  the  circumcircle 
of  any  of  its  four  triangles  is     R. 

For  the  radius  of  the  circumcircle  of  any  of  the  four  triangles  of 
the  orthic  tetrastigm     TJoI-,1     is     2R. 


(4)  Let  AI  BI  CI  meet  the  circumcircle  of  ABC  in 
U  V  W,  and  let  the  points  diametrically  opposite  to  U  V  W 
be     U'  V  W. 

Then  I  is  the  orthocentre  of  the  triangle  UV  W.  Now  since 
O  is  the  circumcentre  of  UVW,  therefore  I'  is  the  nine-point 
centre  of  the  four  triangles  of  the  orthic  tetrastigm     UVW  I.    ^ 


<>4 

:p  l,  is  tlie  ortliocentre,  and  0  the  cir- 
cuniceiitii;  of  the  trinnglt-  UV'W,  I,'  is  tlip  nine-point  centre  of 
the  four  trianglAs  of  the  orthic  tetrastigiii    UV'W'I,  ;  and  similarly 

for    r;  I,'. 

See  Proceeding/I  of  iht  Edinhnrgh  McUlmnatictU  Society,  Vol.  I., 
pp.  54-5  (18il4). 


(5)  Tlie  sum  of  the  circuiucircles  of  the  four  BST  triangles  is 
three  times  the  circuiiicircle  of     ABC. 

Since  circles  are  proportional  to  the  squares  of  their  diameters, 
the  circumcirele  of  ABC  is  to  the  sum  of  the  four  RST  circles 
as     4R*     is  to     OP  +  OIi'  +  OIs'  +  Or,'. 

Now  ^OV)  =  4R'  +  2R<r,  +  r^+r,-r) 

=  4R'  +  2R  ■  4R 
=  12R'. 


If    UD  UD,  U'D..  U'Ds     intersect    AX    at     X„  X,  X.  X„ 
then*  XXg  =  r    XX,  = ,-,    XX,  =  rs    XX,  =  r, 
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Similarly,  if  through     Ij     a  parallel  be  drawn  to     BC     meeting 
AX  in  Xj,     it  may  be  proved  that    U  D,  X,     are  coUinear. 

Through     I^    draw  a  parallel  to    BC    meeting    UU'     in     Kj 
and     AX     in     X, ;     join     U'Dj  D3X3. 

Because  A'D^^  =  AX  •  AU 

therefor©  A'D^ :  A'X  -  A'L' :  AD, 

that  is  AD, :  K^X^  =  A'L' :  KJ, 

=  UA:U'K,  ; 

therefore  the  points    U'  D^  X.^    are  collinear. 
Similarly  for  the  points     U'  Dg  Xj. 

(1)  VE     V'Ei    VE,    V'Es    intersect    BY    at 

Yo       Yi        Y,        Y3   ;  and 

WF    WFj   W'Ea    WF,    intersect    CZ     at 
Zo        Zi         Z2        Z3       such  that 

YYo  =  r     YY^  =  r,     YY,  =  r,    YY3  =  r3 
ZZo  =  r     ZZ,  =  r,     ZZo  =  ro     ZZ,  =  r:,. 


(2)  The  four  triangles  XoYqZo  X,Y,Z,  X^YoZo  X^Y^Z,  are 
inversely  similar  to  ABO ;  they  have  H,  the  orthocentre  of 
ABC,  for  their  common  centre  of  homology,  and  HI  llli  HI^  HI.; 
for  the  diameters  of  their  circumcircles. 

Figure  19. 

Since  XXi  =  r4  =  IiI), 

therefore     l  IiXiX    is  right. 
Similarly     l  IiY,Y     and     l.  lyZ^Z     are  right ; 
tlierefore  the  circle  whose  diameter  is     HI 
paaaes  through    X|  Y,  Z,. 


Since     X,  Y,  H  Z,     are  concyclic 
therefore  i  Y,X,Z,  =  1 80°  -  i.  Y,HZ, 

=  A   ; 
and  ^  X,  Y,Z,  =  i.  X,HZ,  =  B, 

since    Z,H  X,H    are  respectively  perpendicular  to    AB  BC  ; 
therefore  triangle     X,YjZ,     is  similar  to     ABC. 

(3)  The  mid  points  of  HI  HI,  Hlj  HI,  form  an  ortbic  tot- 
rastigm  siniiUr  and  similarly  situated  to  the  tetrastigm  I,IjI,I, 
and  the  radius  of  the  circumcircle  of  any  of  its  four  triangles  is     R. 


(4)  The  sum  of  the  circumcircles  of  the  four  triangles   XoY»Z, 

is  four  times  the  sum  of  the  circumcircles  of  the  three  triangles 

AYZ     XBZ     XYC. 

It  will  he  seen  from  a  subsequent  Section  that  the  values  *  of 
HP  ■    ■  ■     may  be  written 

HI-  =i{R'--2Rr  )  + be +  ca  +  ab- {a' +  b'  +  c^) 
HI,"  =  4(R"  +  2R)-0  +  bc-ea-ai,-{a'  +  b'  +  c'') 
Hlf  =  4(11'  +  2Rr,)  -  be  +  ca-ab-  (a-  +  i=  +  c") 
HT,=  =  4(R=  +  2R.V,)  -  b<:  -ca  +  ab-  (a-  +  6"  +  (t) 
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The  triangles     CBZ  AHZ     are  similar  ; 
therefore  BC :  HA'*  =  CZ*  :  AZ^  ; 

therefore  BC  +  H A« :  BCT*  =  CZ"  +  AZ«  :  CZ- 

=  0 A2  :  CZ*  ; 

therefore  BC*  +  H  A«  =       ,";; 

by  a  theorem  of  Brahmegupta. 

Similarly  CA^  +  HB^  =  AB-  +  H(P  =  4R» 

For  another  proof  see  Feuerbach,  Ei{/cnschafUn...dc8...Drci€ckg,  Section  VI., 
Theorem  2. 


§7. 

If     A'l  A'l,  A%  AI3    intersect  AX  at 
X^     Xi     X^     Xj      then* 

AX^  =  r     AXi=:ri     AXa  =  r2     AX3  =  r3 

Figure  21. 

Join     CU,     and  draw  the  radius  of  the  incircle     IE. 

Then  L  UCA'  =  i.  lAE  ; 

therefore  triangles  CUA'  ATE     are  similar  ; 

therefore  CU  :  U  A'  =  A  J  :  IE     . 

Now  OU:UA'=TU:UA' 

therefore  AX^,  =  IE  =  r 

Similarly  AXj  =  Vi. 

*  The  fiivt  of  theee  properties  occurs  incidentally  in  William  Walker's  proof  of 
a  theorem  in  tfe  OenUeman^t  MaikematiccU  Companion  for  1803,  p.  50. 
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If  OU'  be  joined,  ani]  I,E,  the  radius  of  the  third  excircle 
be  drawD,  then  triangles    CU'A'  AI,Ka    will  be  similar,  and  since 

CU'  =  I,U', 
it  may  be  shown  that         AX;  =  I,E]  =  r^ 

CorrespondiDg  to  the  four  X  points  situated  on  AX,  there 
will  be  four  Y  points,  Y„  Y,  Y,  Y„  situated  on  BY,  and 
four     Z     points,     Zg  Z,  Z,  Z,     situated  on    CZ. 

Some  of  the  properties  of  this  collection  of  points  will  be  fonnd 
in  the  Proceedingii  of  the  Edinhurgh  Mathematical  Society,  Vol.  I., 
pp.  89-9G  {ieiU4). 


FiouBE  33. 

If  the  medians     AA'  BB'  CO'  be  intersected  by 

the  radii  at  the  pointa 

DIEIFI  LpM.     N, 

1),I,     E,I,     F,I.  L,     M,    N, 

D,I,    KI,    FJ.  L,    Ma    N, 

DJ,    E,I,    Fjl,  L,    Ma    N, 
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it  is  on  the  opposite  side  from    A.      A  similar  convention  holds  for 
the    M    and  the    N    points. 

Figure  22. 

Let   AT    meet    BC   at    L;      draw     IjS  LT     perpendicular  to 
AC  AB,     and    AX    perpendicular  to    BC. 


Then                 A'L  :  A' D  =  AD  :  AX 

=  I^D:AX. 

Now                        A'L  :  A'D  =  A'D  -  A'L 

:  A'X  -  A'D 

=  LD 

:DX 

=  LT 

:IA 

=  LB 

:BA 

=  LT 

AX  ; 

therefore                         LqD  =  LT  =  LS 

Again      LS  •  AC  +  LT  •  AB  =  2  ABC 

therefore               LoD(6  +  c)  =  2  A 

Similarly  for  the  other  equalities 

(1)     I^,  Mo  No     lie  on     EF  FD  DE  ;     and  similarly  for 

T^  M,  N, 

A  proof  of  this  will  be  found  in  the  Proceedings  of  the  Edinburgk 
Maihematical  Society,  Vol.  L,  pp.  57-8  (1894). 


(2) 


1 

+ 

1 

+ 

1 

D,U 

+ 

1 

1 
EMo 

+ 

1 
E,M, 

+ 

1 
E^M, 

+ 

1 
E3M3 

1 

4. 

1 

4- 

1 

4. 

1 

FNo       F,N,       F^Na      F3N 


=  0 


3*-^  8 
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1 


1 


D  U  ^  E  M„      F  M„ 
1  1  I 

D,L,  "^  E,M,  "*■  F,N, 
1  1  1 

DjL,  ■'"  E,M,  "*"  F,N,  " 
1  1  1 


(1)  The  (lidgonnts  of  tlie  following  piiirs  of  pAmllelograms 
DlioDjL,     IXLjDiU      intersect  at      A' 
EM,E,M,    E,M,E,M,  „         „      B' 

FN„F,N,    F,N,F;N„  ,.         „       C 

(r))  The  four     LMN     triangles  are  homologoaa,  and  their  centre 
of  lioinology  is    G    the  centroid  of   ABO. 

((i)t      A'U:  A'U-  ir^=A'U  :I.L,-A'U  =l>  +  e:a 
A'  V  :  IJm  +  A'  U'  =  A'U'  r  I.L,  -  A'U'  =  l>'e:a 

Figure  23. 

From     I  U     draw     IE  Urf     perpendicular  to    AC. 
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(8)  Tf  through        T    I,    L     Ij     parallels  be  drawn  to  BC, 
meeting     UU'     in     K  K^  K^  K3,     then* 

U  K  =  U  K,  =  US 
U'K2  =  U'K3  =  U'S' 

where     US  U'S'     are  perpendicular  to     AO. 

For  the  right-angled  triangles     CUS  TUK     are  congruent, 
since  UC  =  UI, 

and  L.  CUS  =  J(B  -  C)  =  ^  lUK. 


^  0 


Formulae  connected  with  the  Angular  Bisectors  op  a  Triangle 

LIMITED  at  their  POINTS  OP  INTERSECTION  WITH  EACH  OTHER 

The  notation 

AI  =  a     AI=/3     CI  =  7,     etc., 

was  suggested  by  T  S.  Da  vies  in  the  Lady's  and  GenUenian^s  Diary  for  1842,  p.  77, 
and  adopted  by  Thomas  Weddle  in  his  admirable  papers  entitled  "  S>'mmetrical 
Properties  of  Plane  Triangles,"  which  appeared  in  the  same  publication  (1843, 
1845, 1848). 

Neither  Davies  nor  Weddle  makes  use  of  the  equivalents  for  IIi  ,  etc., 
namely  cti— «,  etc.  Although  the  employment  of  these  equivalents  somewhat 
lengthens  the  formulae,  it  seems  to  me  that  it  renders  their  symmetry  a  little  more 
apparent. 

In  connection  with  the  ascription,  in  the  historical  notes,  of  the  great  majority 
of  the  following  formulae  to  Weddle,  it  is  right  to  call  attention  to  a  letter  of 
T.  S.  Davies  in  the  Lady's  and  Gentleman's  Diary  for  1849,  pp.  90-1,  in  which  he 
states  that  when  he  undertook  to  arrange  and  systematise  those  properti^  of  the 
triani^e  communicated  to  him,  several  sets  of  papers  came  into  his  hands,  the  most 
ample  and  elegant  of  which  were  those  of  Messrs  Weddle  and  J.  W.  Elliott.  The 
letter  continues : 

"I  feel  it  to  be  due  to  him  [Mr  Elliott]  to  say  that  the  names  both  of 
Mr  Weddle  and  Mr  Elliott  might  fairly  have  been  prefixed  to  the  far  greater 
mmiber  of  the  properties,  whilst  each  gentleman  would  have  had  a  few  properties 
designated  as  peculiar  to  himself." 

I  might  have  considerably  shortened  the  lists  of  the  formulae  by  giving  only 
the  leading  identities,  and  referring  the  reader  to  Air  Lemoine's  scheme  of  con- 
Unuout  tranifomuUion.    I  have  done  so  here  and  there,  but  in  general  I  have 


•  The  property  that    UK=US    is  ref(;rred  to  as  well  known  in  the  Gentle- 
maiCs  MathenuUieal  Companion  for  1803,  p.  50. 
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eitbfrc  left  or  made  the  list  cc>mplpl*>  in  onicr  llint  llir  n'lulpr  whn  conKulte  it  maj 
find  ready  to  bin  hand  tlia  partiuular  norap  nf  intummciau  of  wliieh  he  i»  in  search. 
A  table  of  logaritlimB  whiuh  gave  tho  lognrithow  of  tho  prtmo  mimbere  oaly  woiiM 
certainly  !»  lit  Homo  usu.  but  merely  tu  a  nelect  few. 

Mr  R.  F.  Mutrliiuul  huggeitta  t<>  me  ^  'i  U  as  a,  roDi^nicnt  mathc-inatlait 
tiandlalioQ  of  Mr  LcmoiiiD'ti  tniTuformalian  amtiaue  m  A,  ea  H,  m  C.  Hen;  la  tht 
t     n]iplicablc  to  tho  fonuulou  whiuh  fuUow. 

a       b        e       a        *,    «j    *,    r     r,      r^       r..        A,    A,    Aj 

change  into 
a    -b    -r    ->,    -i     s,.    ',    r,    r    -r,    -  r,    -h,    k,    h.. 


I, 


-R   -A 


a,       a,     /i     ^,       ft       ft 

chan^  into 
.,    -a.     A    /S    -ft    -ft 
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a  = 


tt,  = 


««  = 


r 
y/bcTor. 


03  = 


Jh 


C»'2^3 


r., 


/3  = 


/4  = 


A= 


A  = 


\'carr2 


\lcarr., 


J^ 


car^r^ 


s/car^ri 


•Jahrr. 


73  = ^ 

r 

\abryr^ 


71  = 


72  = 


\iabr[\ 


(2) 


a         «1         «2        *;! 

a        Uj       cu,       03 

^           ^1          ^3           *2 

»i         «         y'g        »'3 

P    A    A    A 

i8_A_A_i8, 

r       «3      rj       «, 

«2      r,       8       rj 

JL=>l  =  l£^73         X  =  2i=>!  =  2» 


7*         82         ^1         ^:i 


«i       r,       r<, 


(3) 


ao,  =  asa3  =  6c     ^/^j  =  ^5^,  =  ca      -yy,  =  ^,75  =  afc 


(4) 


aa,<v.,  =  6V     )8A/3^,  =  c-V     77,7,7,  =  a»6> 


(5) 


'^Py<^\y\'^iy^m = («*«V 


(6) 


o  A73  =  «  AVi  =  «i^  7s  =  "1)837 


} 


(7) 


afiy  \  abc 
C4J8279:  abc 


abc  :  ai^jya 
ale  :  a  ^^y^ 
abc  :  aj8  y, 
a5c  :  oLfiiY 


(8) 


7* 

«  a  a,  «, 

^    "s         -^         »)  «i 


"  A" 


°.y._ttY,_a3y, 

y      r      ri      yi 


)       (9) 


».:A- 


/o 


bc 

ca        ab 

<' 

f\  t»                        n 

be 

ca        a6 

•> 

be 

ca        a6 

o 

'     A'  +    7:.' 

ca        a6 

=  1 


=  1 


=  1 


=  1 


^ 


\      (13) 


be 

ca       ah 

be 

ca        o^ 

a' 

/i»--      V.'' 

be 
a:? 

ca       ah 
^  P'       7.-^ 

be 

•> 

ca        ah 

a. 


/^i-' 


=  1 


-1 


=  1 


=  1 


^      (14) 


(U 


aa"  (h  -  c)  +  ^»/^  (c  -  a)-hcy^  (a  -  6)  =  0 
aa,«(c  -  ft)  +  6i3,'^(c  +  a)  +  C7,'^(a  +  6)  =  0 


I    a 


(16) 


6-c      c-a     a-6 
aoi*"'       6^2*       cyf 

c-b      c-^a     a  +  b 


=  0 


=  0 


(17) 


7(! 

a'  +^  +y 
V +  /«.'  + >- 

/,M,  +  ms 

+  (it«. 

+  <!*- 

-oi  + 

3oJe 

J      ben  + COS 

-t-aiwj 

3ofc 

%'  +  /3-'  +  T 

,      &«,  +  .« 

+  06..  _ 

^ftc  +  OT 

-o4  + 

3<ife 

"='  +  ft'  +  V 

J     bra,  +  caB 

»3 

+  0&* 

-6c-«i 

+  ffl6  + 

3air 

«.'+A"+r.' 

-('•,  +  •■,  +  '•,)•  +  •' 

«'  +ft'+y.' 

-(r  -r, 

->•.)•  +  ■ 

..■+/?+?,' 

.(r  -r, 

-r.)'  +  . 

.='  +  ft'  +  7' 

.(r-r. 

-••,)'  +  > 

Compare  (If 

[  of  the  r  formulae' 

./3y 

:ofc-r 

. 

.,A7, 

:  ofic  =  »•, 

h 

■^.7. 

:afa_r. 

»i 

»Ji.r. 

:aAe  =  r, 

«= 

Other  proportions  may  be  obtained  by  substituting  for    ahc     ite 
equivalents  in  (7).     Mntthes  (p.  49)  givt 
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«a^yi  = 

«2^iy  = 

ay  yj 
6y  yi 

c  a  a, 

a  ysyi  = 
^ysys' 


=  a6c 


=  (ri-r)(r2-r)(r3-r) 

(n  -  ^  )(»-3 + nXn + ^2) 

(rj  +  raXr,  -  r  )(r,  +  r^) 
(rg  +  r3)(rs  +  ri)(r,  -  r  ) 

(rj  +  r,,){r.,  +  r,)(ri  +  r^) 
(^2  +  ^3){»'2  -  »•  X^-a  -  ^  ) 

(n  -  ^  X^2  -  ^  )(n + ^•2) 


(^2  +  rs){r-3 
(n  +  »'2)(^3 


r  )(r,  -  r  ) 
r  ){r^  -  r  ) 
r  )(r^  -  r  ) 
r  )(rj  -  r  ) 

^  )(^3  -  r  ) 
r  )(r,  -  r ) 


(ri  -  r  )(ri  +  r2)(r2  +  ^-^j 
(r,  -  r  )(ra  +  r^Xr-j  +  r^) 
(rj  -  r  ){r^  +  ra^r^  +  r,) 
(ra  -  r  )(r3  +  r^Xr^  +  rj) 
(^3  -  r  )(r3  +  r,)(r,  +  r^) 
(rs  -  r  ){ri  +  r^)(r,,  +  rj) 


.       (23) 


(24) 


(25) 


/ 


"Weddle  remarks  that  (24)  and  (25)  exhibit  the  twenty  products 
of  every  three  of  the  six  quantities 


^i-r,    T^-r,    r^-r,    r.  +  r.^,    r^  +  ri,    ri  +  r^ 


<.»,.(r,-r)c 

"■".-('.  +  >•,)« 

aa,.(r.-r)6 

•,".-(',  +  .-,)6 

m.-^'.-r}. 

ftA.(r,  +  r^ 

I3ll.-(r,-r)c 

AA -('■  +  ',)« 

yr,-(n-')i 

r.y. -<'■+•■.)» 

ry,  =  (ri-r)a 

ya  >.=('■»+'•> 

•«-".(>■,-••) 

a,i.«,(r,-r) 

ac-,^r,-r) 

V(r,  +  r,) 

;Sc.ft(r,-r) 

ftc.ft(r,  +  r,) 

^— Wn-r) 

/(/..A(r,  +  r.) 

y-y.i'.-r) 

7,a.v(r,  +  r,) 

y«-r.('.-') 

7,6_7.(r,-r) 

.,,«-<.,(r.  +  r,) 

a.6.a(r.  +  r,) 

.."-•.(l-.+I-J 

«,"«.(>■.->•) 

ftc.^(r,  +  r,) 

ftc.ft(r,-r) 

fto./}^r,-r) 

;e^.(i(r,  +  r.) 

r,»-7.C-.-0 

r»«=T.(*'i+''i) 

7,S-TK  +  '-,) 

y.ii-T.h+n) 

(27) 
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04+  a,)« 

yi  +  ya)« 
yi  +  yi)«3 


ai(^2  +  rs)  =  Ays 

« (y-a + ^3) = Ays 
A(»'3 + n) = yj«i 

y3(n  +  ^•a)  =  «!  A 


(29) 


(  ttj  -  a  )/*!  =  2ari  =  2air  =  20382  =  203^3 

(ya  -  y  )^  =  2yr3  =  2y3r  -  2yi«i  =  2yj«2 

(  a,  +  03)^,  =  2a«  =  2tti«,  =  2aar3  =  2ajr2 
(A  +  A)A2  =  2/38  =  2^82*2  =  2  Ar3  =  2  ftr, 
f  yi  +  y2)^j=  2y«  =  2y3S3=  2y,ra  =  2yjr, 


r 


(30) 


(/^2-^)6  =  (i33  +  A)(r,-r) 

(y3-y)c=(yi- yank's- ^) 

(tt2+a3)a  =  (ai-  a)(r2  +  r3) 

(yi  +  y2)c  =  (y3-y)(n+^2) 


(31) 


(■■,-«)«-(y.-r)ft-(r.+r,)(S 

(/S.-/3)o.(y,-r)«,-(7,  +  r.)« 
(A-(S)a-(«,-«)7,-(«,+  a,)y 

<r.-r)— (•,-«)*-(«.+".)#* 
(y.-y)4-W-/8)a,-<ft+A)« 

(^+".)»-(ft+ft)T.-(A-«r. 
<».+  ".)«-(7,  +  T.)ft-(y.-r)A 
(ft+ft)— (y, +  ?.)".-<  y.-y)". 
(A+ft)«-(«.+  «.)yi-(",-")y. 
(y,ty>-(«,+  ".)ft-(.,-  .)ft 
(y,  +  y,)6-(A+A)«,-(A-/8)a, 


(«.-")/!=(y,-y)(<-,-r) 

(,.,-,.)y.(ft-/!Kr,-r) 

(•.,-")ft-(y,+y.)(n-'-) 
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^  +  ^)y:» = (A  +  /^iX'^i  +  r.) 
A+A)<*i  =  (yi  +  y-.)('-:.  +  n) 


yi  +  y-i)  **i 
yi  +  y.,)/i, 
yi  +  y-j)  **-i 
yi  4  y.)/^. 


(A.  -  /^  )(r.  +  r,) 


(34) 


tt,  -  a  )r.,  - 

ya  -  y  )n  = 
y3-yK= 

yi  +  y2)r  = 
yi  +  y>:,= 


(  «2  +  ":>3 
(/»:.  + AK 

(yi  +  y>-.' 
(yi+y>j 


«<^  =  /^iy2  =  /^'jy 

a«-j  =  /^  ya  =  /^:;yi 

^/^i  =  y  «i  =  yis 

^*  yi  =  «j/^  -  «:;/^l 


(  czj  -  tt  )^|  =  aa  = 
(  «j  —  a  )4f  =  f e  tt,  — 

(y3-yK=cy  = 
(ya-  y  V  =''y3  = 


/^y.  =  /^.y 
/^lya  =  /^'.yi 
yi'*  =y«;; 
y2«i  =  y.i"2 


(35) 


(«,-.)'.a'  +  (r,-r)'. 


...(•■.  +  '■.)('■.  +  '■.)('■,  +  ■■.) 


-ir.-r)  [ 


A'     ^  **, 


A" 


(■■.->■)    [  ] 

A^  »i^ 

i',  +  r.)  (  ] 

alf'cr,T,  aJfc 

(•■.  +  '■,)  [  ] 


(,!,  +  «.)= -a' +  (r,  +  r.)> 


(ft  +  ft)'-(,-  +  (r,  +  r,)> 


A'        j(,». 
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=(7i  +  rv)7.!-(r3-y)y 
(/^.-/^r  =  (y,  +  7-..)y,-(7:,-r)y 


(  'H  +  <^;)"  = 


(A+fty^= 


(7i+y.)^- 


(yi  +  7-.)yj  +  (r:.-r)y:; 
(yi  +  yj)yi  +  (y.j-y)y.i 

(  '*-  +  'h)  '^'  +  ( <*i 

(ft+/^.)/i,+(/i. 


a)a, 


(a,  —  a)(  a._,  +  «t.,)  = 


(/l-/i)(/i,  +  A)  = 


yi  +  7,)7,-(7;;-  y,)y, 

yi  +  yj)y  +(y:!-  yi)yi 

7i  +  7j)7:!-(7.-7)7j 

yi  +  y-.)y  +(y:;-y  )y-' 

"•_•  +  *" :)  "^    "*~  ("^1  ~  "  )"•_• 
(Zj +(/.,)  a,  -  (a, -(/  )(i, 

(a,  -  a  )(/?„  -  P  )(7,  -  y  ) :  (.i,  +  «,)(/i,  +  /i,)(y,  +  y,) 

(",  -  « )(A + /^i)(7i  +  y-i) :  ("=  +  'h){ti-  -  li  )(y..  -  y ) 
(.»s  +  "»)()«.  -  /^  )(y. + y-i) :  ('«.  - "  )(M. + /^i  )(y..  -  y ) 
(«, + «,)()»,+ /3,)(y:.  -  y ) :  (■'.  - "  )(M.'  -  /^  )(y.  +  y.) 


(y.  -yXyi  +  ys)- 


> 

?•  : 

s 

'•i 

•^•j 

r.j 

•  **'"j 

7*. 

:  cs 

(39) 


(10) 


(-11) 


By  combining  (41)  with  (8)  and  (20)  other  proportions  may  be 
obtained  which  it  is  needless  to  write  down.  T.  S.  Davies  (in  the 
Ladies'  Diary  for  1835,  p.  53)  gives  one  of  them  : 

(«,  -  ,.)(ft  -  W(y.  -  y)  i  (•■  +  «.)(ft  +  ft)(r,  +  7,)  -  .ft  :  »»o    (42) 


(«,  +  u,)(/J.  +  ft)(,,  +  y,) 

-  (", + «.)(ft  -  «(y,  -  y) + (",  -  -Xft + AXr.  -  y) 
+  (.,-.)(A-ffl(y,  +  y.) 


(...-..)... .(ft-/i)/i..(y,-y),, 
.  (.,  +  ..).  r,  -  (ft,  +  ft,)/3  r,  .  (y,  +  y,)y  r. 

-  (.,  -  u  ).,.,  -  (ft,  -  ft  )ft,r.  -  (y.  -  ,  )y,r, 

-  ("> + .,)"■>■  -  (ft, + /8,)/8,«,  -  <y,  +  yjy.s, 
.(.,-,.  K>-.-<ft-^tfA-(7.-r)y.>-. 

-  («, + ..)..,.,  -  (ft. + ft,)ft,'-  -  (y,  +  y=)y,., 

.  (u,  -  a  ).,,  .  (ft,  -  ft  )ft.r, .  (y.  -  y  )y... 

-  (»,  +  ..)"...  -  (ft.  +  ft  )ft...  -  (y,  +  y,)y.'. 


«5 


.1, -a         fi,  -  /j       y,  -  y 


a 


Ik 


_  o 


7.^ 


a  ft  72 


OL; 


a., 


li 


_  o 


=  2 


7i 


oj  +  uo      ft  +  ft  _7.,-7 
«j  /^i  7 


_  0 


(47) 


The  first  of  tliese  equations  is  a  particular  case  of  a  tlieorem 
given  by  Vocten  in  Gergonne's  Annales,  IX.,  277-0  (1819). 
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a 
1 


a, 


'1.,- 


ft.. 


_      _1_      _1_         I 


/i-'  -  /i,'  -  A 


1 


i_  _i_   1   

7"      rr     7/     y:i" 


/',••= 


/(.;•■ 


A:,-' 


(48) 


Sec  (35)  of  the  r  formulae.* 


4A,=  2(a,  +  a,)a,  =- 2{fi,  +  fi,) /S,  =  %.  +  y.)  7^ 

=     (oi -«)(«•.■  + «b)  +   (/^«  -  ^  )(A  +  A)  +   (7.1  -  7  )(7i  +  7i) 

4A,=  2(«,  +  a,)a  =2()8,-^)ft  =2(7,-7)72 

=  -  (a,  -  a  )(s  +  «,)  +    (^,  -  /8  )(/8,  +  /?,)  +    (7,  -  y  )(y,  +  y,) 

4A,=  2(a,-a)a,         =  2(/8,  + /8,) /3  =2(7:,-7)7. 

=     («.-«)(«,  +  «.)-    (A-/3)(A  +  /^,)+   (7:.-7)(7.+7.) 

4A,=  2(«.-a).^,  ^•2(fi,-^)li,  =2(y,  +  7,)7 

=     («, -«)(«,  +  «»)+   (P^-^)(li,  +  li,)-    (7,  -  7  )(7.  +  7--) . 


(50) 


where 
triangles 


A„        A,        A.J        A;,         denote 

ij,i3   n,i,   i,ii,    jjj. 


*  FroeeedingM  of  the  Edinburrjh  Mathematical  Society,  Vol.  XII.,  p.  94  (1894). 


Iti  IHU  llii' 
Oiv  L-Hln't  nn-l  t. 


u  llie 


Kfl  tu  if.'»i 


[i]>|H'nre(l  iu  1701,  Mlil  lliu  CenUcnioii'l 
itol  .mA  imliliKhod  i>ii<l«r  t>iu  titlu  i.f 
IIP  tu  nn  CDiJ  in  Itl71.    TliU  tiU>-  will 


(1)  T]ie  vidiiciiDf  (I,  fi.,  y.,  an'  given  by  J.  Lowry  in  t^ll^  Ludia'  Diary  for 
f.>r  Wit,,  i>.  .->2;  T.  S.  Duvim  a<l(l»  hix  morv  in  tho  Z>iV(ry  fr.r  1H42, 
11.  :;) ;  i»i.i  WviUn..  («ini.l..t<s  tli--  din™  l>y  giving  H*  valii™  ..f  n  /5  y 
in  tlii^  Ihari,  for  ISia,  ].,  «0, 

rf(  ProjyriitiitibfU  Qiiinqat  CirrHlomm, 


(3)  WiJJIi-  in  till-  Dlam  fm  1843,  ^  81. 
ll)L1inillitinhii>^/i:Hl(iU'J'^na/.'»r,|i.Sl'>[lt<0!<).   Thcvahi<-»<if  „a,  /ij^^  ' 


1  Ei'imvhnfttn  dtt  geradliiiigttt  Dreifrti, 


i7)-;12)  WiilcUc  in  tln>  /)/nr«  f„r  1843.  pp,  SI.  K^  8H.     The  fin>t  Uint- [mipor- 
tion-iif  (121  ftrrliiwi-nT  implicitly  Rivi'n  by  Mfttthi-*iuhii.Coi««i™ta(io, 

tlii)  Till-  limC  |ini]>i.'rty  w.ti  ]>rapOHcd  for  priKif  at  tlii>  Cnifoiiri  Aeodimique  dt 
VltrmoHt,  1873  ;  th.>  otlif-nt  w.-iv  givpn  by  Mr  H.  Vnn  Aul*-!  in  Nonrrltt 
Corrrjlimidaiu-e  Matht'oiatiiiiic,  IV,  Mi  11878). 
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(24M26)  Woddlo  in  Um*  Diarti  for  1.S45,  \^,  00. 

(27M29)        „        ,.     ,.       „        „     „      p.  70. 

(30)  „        ,,     ,,        „        ,,     ,,       p.  74. 

(31)— (35)        „        „     „       „        „     „      p.  71, 

(30)  The  first  values  of  (a^  -  a)*-^,  «tc.,  occur  in  the  Diary  for  1847, 
p|>.  49-50,  in  answer  to  a  question  pnijiosed  the  previous  year  by  th»' 
oditor,  W.  S.  B.  W<k)1  house.  The  second  vahwjs  are  given  by  Matthes 
in  his  Commentatio,  pp.  53-4  (1831);  the  third  vahies  ])y  Weddle  in  tho 
Diary  for  1845,  p.  74.  The  last  values  of  («U  +  «:»)**,  et<r.,  are  given 
by  Franz  Unferdinger  in  Grunert's  Archir,  XXIX.,  430  (1S57). 

(38)  Weddle  in  the  Diary  for  1843,  p.  83. 

(39),  (40)  „ „    1845,  p.  73. 

(41)  The  first  pro[X)rtion  is  given  by  Adams  in  his  Eifienschaften  de8...Dreierks, 
p.  34(1840).  All  four  follow  at  once  from  eight  expressions  given  b> 
Weddle  in  the  Diary  for  1843,  p.  82. 

(43)  Weddle  in  the  Diary  for  1843,  p.  82. 

v^*'*/         «»  ft     «,       t,         ,,       ,,       ]).  80. 

(46)  ,,         ,,     ,,       ,,        „    1845,  p.  70. 

(47)  J.  W.  Elliott  in  the  Diary  for  1847,  p.  73. 

(48)  Weddle  1845,  ]>.  75. 

(49)  „  1845,  p.  7«;. 

(50)     „  „   „     „     „     ,.    pp.  72, 75. 


§10. 


Formulae  connected  with  tub  Angular  Bisectors  op  a  Triangle 

LIMITED  at  their  POINTS  OF  INTERSECTION  WITH  THE  SIDES. 
The  nniliteral  notation  for  these  bisectors 

1  'I  .1  1  •  .5 

was  suggested  by  T.  S.  Davies  in  the  Lady*g  and  Gentleman^ »  Diary  for  1842,  p.  77. 
In  the  expressions  for  them  it  has  Ijeen  assumed  that  the  sides  BC  CA  AB  are 
in  decrr.*aHing  order  of  magnitude.     Hen(;e  it  will  follow  that 

BL  is  less  than  CL,  and  BI/  is  le.ss  than  CL' 

CM  is  greater  than  AM,  and  CM'  is  greater  than  AM' 

AN  is  less  than  BN,  and  AN'  is  less  than  BN'. 


88 

Tho  ABBumiition  "fiHist*  lilt' i'ijni  iif  A.j  (nimnpnnilmg  ti>  th<>  mmn  »!<)■'  ")  tn 
lie  nintrary  to  tlioite  iif  \  and  A^-  Thi»  miut  be  Ikiitir  in  mind,  otherwiee  thf- 
syniiniitry  of  tbe  eiiprexiioni' in  which  th»«i  riinctiunB  (A[  Aj  A^)  arc!  involved 
wilt  not  lie  Been."    (Weddle  in  tlio  Dinrj,  for  KMS,  jj.  76.) 


Two  fuiidaiiieiitat  tlieoreins*  regarding  two  sides  of  b,  triangle 
and  the  bisectors  of  the  anglns  between  them  give  the  following 
proportions : 


CJegmentB  of  the  sides  in  terms  of  the  sides 
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1     _     1  1 

Lf;     MM'"*"  NN    " 


(0 


lAJ     MM'"*"  NN"  * 


(5) 


a 


b  c         (b-  c)(c  -  a){a  -  b) 


,+ 


JAJ     MM'  •  NN' 


2abc 


(6) 


The  segments  of  the  sides  in  tenns  of  each  other. 


^^1  -  ''^i  — ; r 

?/o  =1i., — ; r 

and  so  on. 

Un-n^ 

?lo   -  W, 

and  so  on. 

# 

(7) 


and  so  on. 


?4,'  +  ?/,  =  7*./  -  y^  =  Liy  =r 


2?i,?f2 


W2  -  '*! 


(8) 


LL''  =  /f  +  V        MM"  = /,"  +  A.,'        NN"  =  /,''  +  A3»  (9) 


/,  =  - 


/.=■ 


2  \'bc88i 

(h  +  c) 

2  \ca882 
(c  +  a) 

2  \lab88^ 


2  A  \'bcn\ 
{b  +  c)r7', 

2  A  s'carr.^ 
(c  +  a)7V\, 

2  A  \labi^\ 


(a  +  6)         (a  +  6)rr3 


(10) 


if>-r)  {h.-r)r,r, 

'2  \i'iiii.^,      2A  \''"r(iy| 

(,.^i)    -■   („-l)r,r," 


I.:'        ft' 


(«"-€)> 

he 

'          ■         <"^>                           <^ 

-hL 

^1 

K:' 

(«-V 

nh 

Wt')'  +  V(«-')'-4'-''' 

/,'(c  +  a)'+V(»-.)'.4.W 

««  +  ).)'  + V(,.-t)-.4aT 
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1  /-  +  TJ-fjr.^  +  It + t)  /..-•/,•■■  +  It + tI  /,v.,--  =  ^    ( "*) 


1        1 


/;- 


1      1 


it.Jt 


'Jr3 


I  if  I  +  — 


a'     c  ■\-a      (r 


/>H     a  +  h 


*3«1 


'y  'i 


*l'*2 


7I72 


(lli) 


I/,  u»  +  ^*i  r._,  +  IT,  7^2  =  a6c   — ^ ■  + 


c 


:..  +  -/- 


1 


«  +  -/'V  +  ^/-i W  =  nhc\^  jf;^^y  +  -(;^.  +  j;^,  } 


f/j  Mj  +  r,  i*o  +  7/*,  v\.  +  (  /]■"  +  A/  +  /;^)  =  ''c  +  m  +  «/> 
///tf,'  +  r,'r.;  +  7/V'^V  -  (A.,*  4-  X./  +  X,-)  =  Ac  +  rn  +  ^/> 


i 


) 


««  +  /i=  +  /-({/,  -  a)"-  +  (/,  -  /if  +  (I,  -  yf  }  I 

=  ("i  +  '"i  +  ♦''i)("2  +  »a  +  "'a)  -  ~{»i^'!  +  l'i"2  +  ""i".)    i 

_L.    /1,2)(1,_L)(24) 

fiV, «?,      \6        c /\  c        aJ\a       of 


f<,  v, «?, 


?*,  r/w?/ 


1   _ 

_   1 


"  \~  "  ~h)\~  ^  n  JU   "  a) 


These  may  be  put  into  the  forms 

and  so  on  ;  or 

BL  •  CM  •  AN  :  af)c  =  ahc  :  D^D,  •  E^E,  •  ¥,¥^ 
and  so  on. 


(20) 


(21) 


(22) 


(23) 


(24) 


(2-,) 


X 

4AI!r 
+  A,  +  /.^- 

~a7 

(ARr, 

-h,-h,  +  . 

7- 

'  Al 

4ARr, 
-'S-f*.- 
4ARr. 

—  ■ 

-Ai 

(ft- 

-S) 

(«- 

f)(r +  «)(«  + 6) 

flV.V 

(4  + 

»)(»-<■)(« +6) 

P^ 

') 

These  may  \tc  put  into  tlie  forms 

BL'  ■  CM'  ■  AN' ;  al>c  =  abc  :  Dl>,  ■  EK,  •  FF, 


03 


and  so  on. 


A.,  AjAj  = 


32RA 
s(b  -  c){a  -  c){a  -  6) 


1 


(30) 


BL  -CM  -AN  :  /,/,/,  =R:2« 


(31) 


BL'  •  CM'  •  AN' :  A.,A,Aj  =  R  :  2r 


(32) 


/,/s/j(6  +  c)(c  +  a)(a  +  6) 


(33) 


'^i^M'^  -  c)(a  -  c){a  -  6) 
=  8a,^,y,,r»  =  8a  /^ay^/Ti^  =  Sa^/i  yjrr./  =  8a.^,y  rr.,- 


(34) 


^JJiKKK  = 


04rt^6VA'' 


1024R^A° 

(A-^  -  c-)(a-  -  c'){d'  -  b') 


(35) 


2a       V  -  /^' 


2^      h,r  -  K' 


'2c     A,-  -  a;- 


/,A,       /i,A./t 

/.^^i           ^J*J^:i 

/yAj                   /llAjAy 

-2A,       h'  -  c- 

2h.2        d-  -  c- 

2A,        a-  -  Ir 

/jA,          a6c 

l.^X^ "      ^bc 

/.jA;,          a^c 

46cA 

^A=     ^2_>» 

4a/>A 

a 

b             c 

=  0 

A, 

=  0 

(36) 


(37) 


(38) 


(39) 


(40) 


ai,i, 

-  "uX 

-t- 

.''A 

1 

1 

+ 

1 

a 

i', 

.^(i+r) 

5A. 

.6  +  c 

H 

:£.- 

.r(c  +  ») 

2A 

=  c+a 

7 

■;, 

.M»+*) 

2A 

-o  +  i 

"1 

;'i 

.r,(i  +  4 

2A 

.S  +  e 

ft 

:/.j  = 

..•,(=+«) 

2A 

=  c+n 

r* 

'.- 

.■.(«  +  *) 

3A 

-a  +  l. 

s 

A,. 

■■■('■-<) 

2A 

-1,-c 

". 

:X,. 

.,•,((. -t) 

3A 

-t-c 

A 

A,. 

'.(u-iO 

2A 

■  o-e 

ft 

A,. 

>•,(<■ -<■) 

2A 

-a-o 

7i 

K- 

■■,(<■-') 

2A. 

«-& 

T^ 

K  = 

.■.(o-4) 

2A. 

a-i 

(11) 

(42) 


05 


Values  such  as 


A  = 


2A 


a 


2A        a, 


r      D,D,      n     D.I>:i 


A,= 


2A 


<JU, 


2A 


<!•, 


r.,      DDi       r,      DD, 


I    (.10) 


IL  = 


a  s/bcrr^ 
(b  +  c)?-, 


I,L  = 


(6  +  c)r 


need  not  be  wiitten  out  at  length. 


(A7) 


I  L  •  I  M  •  I  xV  = 


IiL  •  I,M  •  1,N  = 


I,L     IjM'IiN^ 


TL  •  J,M'- LN'  = 


I,L'-I,M  •I.,N'  = 


I,L'  •  I  M  •  IjN'  = 


I3L'  •  I,M'  •  T,N 


I,L'  •  T,M'  •  I  N  = 


KJARV- 


{h  4-  c)(c  +  a)(a  +  b) 

16AHV 
(6>-f  c)(c  +  «}(a  +  6) 

1 6  Aiiv;^ 


{b  +  r)(rt  -  (r)(a  -  b) 

16ARV 

(b -^  c){a  -  c){a     b) 

IGARV," 

(b-c)(c-{-a)(a-b) 

16ARV 

(^-c)(c  +  a)(a-/j) 

1  (>  AR-'/v 
(6  -  c)(a  -  c)(a  +  b) 

lOARV 


(48) 


(6  -  c){a  -  c)(a  +  b) 


I 


I  L  ■  I  M  ■  r  N  = 
I,L  ■  r,M  ■  I,N  = 


o/iy:l-L-Iii-W  =  {b  +  c){c  +  a){a  +  b):abc 
=  nAcLBLCM-AN 

=  k,+h.  +  k,-r:r 

TLIMIN:/,V,  =  Er:2«= 


_/, L,^         I,         {{>  -  c)(a  -  c)(g  -  b)        /lAJti 

LV  '  ilk' '  NN'  "  ItiRV  ~  X,AA 

_K,_       X,         A^j (&  +  c)(e  +  a)(a  +  6)        A.AA 

LL'  ■  M  Jr  ■  KN' "  16R=*  ~    Wj 


(52) 


h 
^ 

+ 

A,A, 

h 
fA 

•- 

h 

f  f 

+ 

97 

A,         2R 


V, 

hK 

A, 

V. 

A, 

A, 

A|A«  M^  '^1^2  /frif*2 


A^- 

a» 

2R 

6» 

A, 

2R 

(55) 


^ 

h\-  Wt 

A, 

lA+KK, 

^, 

4A,  +  A^. 

"  A,A,  -  V, 

h 

Aj/g  -    frjAg 

'    (56) 


^3  'ra  +  Aj  Ag 


"Weddle    remarks   that  the  three  preceding  relations  between 
^    /,    /,    Aj    A,   A3     all  reduce  to 

Wa  =  Kl2^  -  ^  V.  -  ^1^2^  (57) 


«x  = 

2aa, 

.    •'«  = 

2m 

^3  = 

2773 

a+ttj 

r+73 

2 

1         1 

— +  — 

2 

1             1 

2 

/3^ 

1     1 

— +  — 
r     73 

Xi  = 

2o^ 

^  = 

K  = 

27.72 
71-72 

2 

1         1 
03       «i 

2 

1      1 

2 

^3"" 

1     1 

7-2      7i 

(58) 


SAU  =a,  +  a  2BV  =/3j  +  /J  2CW=73  +  y      "j 

2AU'  =  a,-a,        2BV'  =  /3,-;8,        2CW'  =  7,-y,    j"    ^^''^ 


BV(A  +  ft).2E(c  +  o) 
CW(y,+y,).2R(o  +  S) 
AUV,-a)=2E(ft-c) 
BV(ft-^).2E(a-<:) 
0W(v,-T)-2R(o-J) 


(60) 


AU-/,  =  AU'-A,  =  6c 
BV(,.BVi,.™ 


(61) 


iss, 


4,,. 

«(..-<)■ 

4.A 

oi(o-i)' 

(62) 


99 


1111 


^^+ 

X.* 

-    2  + 

•> 
"1" 

+ 

4 
/,  +  - 

''2 

4 

1 

1 

+ 

1      1 

4 

'3 

4 

1 

y 

1 

+ 

1            1 

72      n 

J 

«1            '2           '3 

> 

"1          /^2          73 

A I                 Ao                  Ay 

=0 

'  1        A.^       A3 
'2     ,^      ^1 

-(67) 

"   ,  Ml      ya 
A,  +  /,       I, 

'h  .  /^     yi 

-0 

=0 

J 

«-i    A  .  y. 
^     /.  ^  A3 

=0  , 

m 


(68) 


L,8t     AI  BI  CI    meet    MN  NL  LM 
respectively  at  L^     M,    N, 


AL,  :  ILj  =  AL  :  IL  =/ij :  r 
BM, :  IM,  =  BM  :  IM  =  h.,:r 
CN,  :IN,  =  CN:  IN  =  //,:/• 


(G9) 


AL,= 


TL,= 


h^a 


/<  1  +  r 
ra 


BM.  -  -1^ 


IM,= 


r)« 


^  +  r 


CN,= 


IN, 


'■:;7 


ry 


hn-^r 


(70) 


Matthes  (p.  47)  gives  the  values 


AL-^'"^-"''"'     etc 

r  Jhen-i 

ILi]  =  71 J—  ,  etc. 

"■     (A,  +  r)r^ 


r    (71) 


100 
Expressions  for  the  sides  of     ALMN. 


HL'  and  LM' 

letters     a  b  c. 


These  expressions  cs 
Landen's  theorem  that 


n  be  obtained  bj  cyclical  permutations  of  the 
1  be  put  into  shorter  forms,  by   help  of 

16  A' 


4A(R  +  2r,)  =  4AR  +  - 

=  abc  +  (a  +  h-f-  c)(«  -  i  +  c)ia  +  b-c) 

=  Vc  -i-hi?-  c'a  +  ea^  +  n'6  -  a6*  +  a'  -  i'  -  c*  +  3i 


"("  +  «)(«  +  '') 


4A  ■  L0_ 


Mattlica  (p.  43)  in  transforming  the  ten-tenn  factor  which  occurs 
in  the  expression  for  MN'  does  not  appear  to  have  observed  the 
simplification  tliat  would  result  from  introducing     R  +  2r,.        He 
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These  expressions  can  be  put  into  shorter  forms,  by  help  of 
Chappie's  theorem  that 

10*^  =  R-  -  21lr 

For  4 A(R  -  2r)  =  4AR  -  ^^ 

=  ahc  +  (  -  o  +  ft  +  c)(a  -  6  +  c)(a  +  6  -  c) 

=  -U^c-bcr-c'a-ca'-  a^h  -  ab- -{■  a^  +  P  +  c^  +  3abc 

Hence 

4A  -10  4  A  •  10  4  A  •  10 

{a-c)(a-b)  (a-b){h'C)  (b-c){a-c)   ^     ' 

In  deducing  the  expressions  for  M'N'  NX'  L'M'  it  has  been 
assumed  that  a  b  c  are  in  descending  order  of  magnitude.  If 
the  figure  do  not  correspond  to  this  supposition,  care  must  be  taken 
in  verifying  the  equation 

L'M'  =  M'N'  +  NX' 
to  affix  the  proper  signs  to  the  values  of  these  magnitudes. 


Historical  Notes. 

(3)  Crelle'B  EigeiuchafUn  dei...Dreieck8,  p.  39  (181G).    The  property  is  probably 

much  older. 

(4)  Weddle  in  the  Diary  for  1843,  p.  75. 

(10)  The  first  vahie«  of     /j  /^  l^     are  given  by  Vecten  in  Gergonne*8  Annales, 

IX.,  304  (1818-9) ;  the  second  valm^  by  Matthes  in  his  Commentatio, 
p.  42  (1831). 

(11)  The  first  values  are  given  by  Weddle  in  the  Diary  for  1848,  p.  78 ;  the 

second  values  by  Matthes  in  his  CommerUatio,  p.  58  (1831). 

(12)  Mr  Robert  £.  Anderson. 

(14)  The  first  equality  is  given  by  Mr  Launoy  in  Bourget's  Journal  de  Math^- 

matiquet  jtUmerUaires,  III.  160  (1879). 

(15)  The  first  equality  is  g^ven  in  J.  A.  Gninert's  article  "  Dreieck  "  in  SuppU- 

menUzuKlUgeVs  WUrterbuche  der  reinen  MatJiematik,  I.  709  (1833).    In 
this  article  Grunert  gives  also  (20). 


(Ifi)— <19)  Mr  Bt.l)crt  E.  Ainieiw>n. 


...PrvpridaUbut,  p.  8(1825).     Both 


(22)-(24)  Jaeobi.  p.  13  (1835). 
(2S)  Jncobi,  p.  12  (1H35),  givea  the  first  equaJity  in  the  Gntt  oltemaUve  form. 
(21!)  Fint  equality  Rivt-n  by  Matt1ie»  In  his  CommtrUatio,  p.  42  (1831). 
(2T)  First  eqiiulity  f^ivcn  by  MartiAno  in  hin  ContidtrasUmi  lal  Triangoto  Betti- 
lineo,  p.  39  (ING3). 

(28)  Tlie  valuv  of    IJJ,    ih  given  by  YMt^D  in  Gergonne's  .InnaJtu,  IX.  301 

(1819);  thfttof    K,K,k,    by  Wt^dlo  in  the  IKoi-j  for  18«,  p.  78. 

(29)  Tht  tirxt  valuo  ia  given  by  Vi'Cton  in  Gergoane^B  Annata,  IX.  305  (1819). 
(31),  (32)  J.  W.  Klliott  in  tlie  Diarff  for  1S51,  p.  58. 

(33)  Tho  first  of  tliwo  eight  values  in  given  hy  Jncubi,  p.  10  (1825). 
(ST.)  WifWlf  in  the  Diarj/  for  1848,  p.  78. 


(36) 
(37) 


p.. 


(38)  NouetUti  Amuilt*,  2nd  seriiw,  IS.  548  ( 1870). 
(39)H-*2)  Wwldl.'  ill  tlie  Diarp  for  1848,  pp.  81-2. 

(43)-(4S)  MatthuK,  pji.  41;,  48,  50  (1831),  gives  wveml  of  these  proportioiiM,  but 
thuy  must  all  liave  been  known  long  previoiiBly . 
(4C)  Matthi-s,  p.  58  (1831),  gives  thu  vhIiich  of     X,   X,  \„     but  he  does  not 
seem  to  have  ubaerved  till!  cornwjiuncling  onoH  for     /,  h  l^. 


103 


Forxnulae  conneoted  with  the  Badii  of  the  Incircle  and  the 

Exoirdes  of  a  Triangle. 

By  J.  S.  Mackay,  M.A.,  LL.D. 

The  following  formulae  may  be  added  to  the  list  given  in  the 
Proceedings  of  the  Edinburgh  Afathematical  Society,  Vol.  XII., 
pp.  86-102  (1894). 


and  so  on. 


a  = 


rijrj  +  r,)  ^  r{r^  +  r,) 

^(r  +  r,)  +  r^^r^  -  r.^)     «,-(r,  -  r.^)  +  r.,^{r  +  r.,) 


2«r.. 


2«1^2 


b  +  c  =  --*^-  "*"  ^^  -  ^'^^'  "*^  ^^ 


(81) 


(82) 


6-c  = 


^(^•a  -  ^s)      r(ro  -  r^) 


8 


(83) 


(6  +  c)(c  +  o)(a  +  b) :  oJc  =  Aj  +  A^  +  /»» -  »•  :  »■ 
(6  +  c)(a  -  c){a  -  b)  :  aic  =  A,  -  /tj  -  A,  +  r, :  r, 

/v  4  /     1  1  1  1  1  1     \ 

V.V  ■^♦•jV  ^nV  ■*■  J^r,"  ■*■  ,-='/v  "^  rV3=7 

(o'  +  fi'  +  c^-SA' 


(84) 


•    («5) 


^^i^^^n  ^;r.  +  -.)  =  («H i' +  «»)'  + 8 A= 


(86) 


(87) 


104 


ri'  =  A,-2r:A,  +  2r, 
'•i'  =  A,-2r;A,+  2r, 
r,'.J,-2r:4,  +  2r, 


(89) 


(i.-2r)(a.-2r)(/^-2r)      r- 
(4,  +  2r,)(A,  +  2.-,)(;,,  +  2r.)  "  ^ 


(90) 
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On  the  real  Common  Chords  of  a  Point  Circle  and  Bllipse. 

By  Robert  Frederick  Davis,  M.A. 

(1)  If  O  be  a  given  point  in  the  plane  of  a  given  conic,  the 
mutual  relationship  between  point  and  conic  is  marked,  first  and 
foremost,  by  the  existence  of  a  certain  determinate  str-aight  line 
(which  is  always  re*!)  known  as  the  polar  of  O  with  respect  to  the 
conic.  Next  following  the  polar  in  natural  order  of  sequence,  come 
a  certain  pair  of  determinate  straiglit  lines : — 

The  single  real  pair  of  common  chords  of  the  conic  and  a  point 
circle  at    O. 

(2)  As  in  the  generality  of  cases,  it  will  be  best  to  rely  upon 
analysis  for  discovery  of  facts,  and  then  to  look  to  geometry  for 
elucidation. 

(3)  Consider  the  conic  represented  by  tlie  equation 

i'y^  +  l/^  =  {ax-{-bi/  +  c)(ax-{-b'i/  +  c')      (A) 

which  really  involves  &ve  constants,  for  cither  c  or  c  may  be 
put  =1.  It  represents  the  locus  of  a  point  which  moves  in  such  a 
manner  that  the  square  of  its  distance  from  the  origin  varies  as  the 
product  of  its  perpendicular  distances  upon  the  fixed  straight  lines 


(B) 


(4)  These  two  straight  lines  (B)  must  be  regarded  as  the  real 
common  chords  of  the  conic  and  a  point  circle  at  O.  They  cannot 
intersect  the  conic  in  real  points,  and  consequently  lie  outside  the 
conic.  Since  any  circle  theoretically  intersects  a  conic  in  four 
points  lying  two  and  two  upon  three  pairs  of  common  chords,  and 
(A)  may  be  written  in  the  form 

3^ _  4«x»  =  (ox  +  6y  +  c)(a'a;  +  %  +  c'),     (t^=  -1) 

therefore     y±ix     is  one  pair  of  imaginary  cliords ;  and  of  the  other 
two  pairs,  one  pair  must  be  real  and  one  imaginary. 
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(5)  It  may  }i<!re  be  noted  tliat  the  atraiglit  lines  (B)  tire  equally 
inclined  to  either  axis  of  the  conic  following  the  general  property  of 
the  chords  of  intersection  of  a  circle  and  conic.  For  the  coefficient 
of  xif  vanishes  in  (A)  when  ab'  +  b'a'^0 ;  bo  that  perhaps  a 
more  convenient  form  might  therefore  be  token  as 

Again,  wlien  (B)  repi-eaents  coincident  straight  lines,  the  origin 
becomes  a  focus  and  the  coincident  common  chords  become  the 
corresponding  directrix. 

(G)  The  geometrical  connexion  of  the  foregoing  is  as  follows : — 
If  the  conic  be  reciprocated  with  respect  to  any  point  0  we  get 
a  second  conic.  The  foci  of  the  first  reciprocate  into  certain  straight 
lines  AA',  5S'  ;  while  the  property  that  the  product  of  the  per- 
pendiculars from  the  foci  upon  any  tangent  to  the  first  conic  is 
coufitjint  reciprocates  into  tlie  propi^rty  that  the  (distance  OP)'  of 
any  point  on  the  second  conic  from  0  varies  as  the  product  of  the 
perpendiculars  from  P  on  AA',  SS'.  (By  using  Salmon's  Theorem.) 
Thus  from  Art.  (3)  we  see  that  AA',  &S  are  the  real  common 
chords  of  intersection  of  a  point  circle  at    O    with  the  second  conic. 

(7)  It  will  be  convenient  to  designate  the  above  pair  of  straight 
lines  the  Delta  lines  of  the  conic  corresponding  to    O. 
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oMo'    is  real,  and  is  found  by  drawing  the  tangent  at     P     parallel  to 
XJU'    and  producing    CP    to  meet     U  U'  in  T. 
Also     (oT  (or  =  o)'T)     is  given  by  the  equation 

CP  "**  CD-  "^ 

where  since  CT>CP  ioP  is  negative.  Through  T  draw  TO 
J.*"  to  UU'  (i.e.,  parallel  to  the  normal  at  P).  Then  if  a  point 
circle  at     O     pass  through     a>,  cd' 

OT^  +  a>T-  =  0, 

Qrp        oT^ 

hence =  1 

Hence  O  lies  on  the  concentric  hyperbola  passing  through  P 
'whose  conjugate  diameter  is  =CD  and  is  perpendicular  to  CD. 
This  is  obviously  the  confocal  hyperbola  through  P  (for  at  their 
point  of  intersection    CP   is  a  common  semi-diamctor,  and  the  con- 

j  agate  semi -diameter  =  (SP .  SP)^  in  each  case  though  in  perpendi- 
cular directions). 

(11)  Since  in  Fig.  25  0  may  lie  on  either  side  of  UU',  we 
see  that  to  any  line  outside  an  ellipse  correspond  two  determinate 
points  the  point-circles  at  which  have  the  given  line  as  their  common 
chord  with  the  ellipse. 

(12)  To  determine  therefore  the  Delta  lines  corresponding  to  any 
point  O  with  respect  to  a  given  ellipse,  we  have  the  following 
construction.  Draw  the  confocal  hyperbola  through  O  intersecting 
the  ellipse  at  the  extremities  of  the  equi- diameters  PCP',  pCp  ; 
draw  OT  parallel  to  the  normal  at  P  to  nuiet  CP  produced  in 
T  ;  and  through  T  draw  UU'  perpendicular  to  OT  or  parallel  to 
the  tangent  at  P.  Then  UU'  is  one  of  the  Delta  lines  required  : 
and  a  similar  construction  gives  the  other. 

(IS)  If  upon  OP,  C/?  points  Q,  g  be  taken  respectively  such 
that  CQ.CT  =  CT'  =  Op^  =  Gq.Ct,  then  Q,  7  are  obviously  the 
points  in  which  the  tangent  at  O  to  the  confocal  hyperbola  meets 
CP,  Cp  respectively.  Consequently  Q,  O,  q  are  in  a  straight 
line ;  and    UU',  uu'    intersect  on  the  polar  of  O.     See  Art.  (9). 
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(14)  VaiiouB  geomcti'iuiil  properties  may  be  not«d.  By  t«ciprocB- 
tion  we  find  that  if  R  be  any  point  on  AA'  {see  Fig.  26a),  and 
R2  intersect  the  curve  in  Q,  Q',  then  OQ,  OQ'  each  divide 
tKo  angle  ^OR  into  parts  whoso  sines  are  in  the  ratio  e  :  1,  and 
consequently  the  range  {RQIiQ'}  is  harmonic,  as  we  should 
expect.  This  interesting  result  may  be  otherwise  stated  :  If  BC 
lie  the  fixed  base  of  a  triangle  whose  variable  vertex  P  describes 
a  straight  line,  tlie  locus  of  Q  taken  on  PC  such  that 
sinQBC  :  ainQBP    is  constiint  is  a  conic. 

(15)  Again  (iu  Fig.  2C^),  if  the  tangent  at  Q  meet  A  A'  in 
Z,  and  Qii  meet  AA'  in  R  (and  the  curve  in  Q'),  ZOR  is 
a  right  angle.  Whence  ZQ'  is  the  tangent  at  Q' ;  and  the  con- 
jugate points  Z,  R  subtend  a  right  angle  at  0.  Thus  given  a 
straight  line  outetde  an  ellipse,  the  circle  described  upon  any  pair  of 
conjugate  points  lying  on  that  straight  line  passes  through  two  fixed 
points— the  point  circles  at  which  have  the  given  straight  line  as 
their  chord  of  intersection  with  the  ellipse. 

(IC)  The  pcdiLl  of  ah  ellipse  with  respect  to  O  is  found  by 
reciprociLtion  to  be  the  locus  of  a  point  whose  distances  from  thr«e 
points  (one  of  which  is  O  and  the  others  the  feet  of  the  perpendi- 
culars from  O  on  the  Delta  lines)  are  connected  by  a  linear  relation 
(bicircular  quartic). 
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(19)  To  the  best  of  my  belief  the  late  Professor  Wolstenliolme, 
in  his  monumental  collection  of  problems  (containing  as  it  does  such 
a  vast  store  of  interesting  matter  relating  to  Conies),  does  not  indi- 
cate any  construction  for  the  Delta  lines,  or  specify  their  equations. 

Dr.  James  Booth  was  evidently  aware  of  their  existence,  and,  in 
the  special  case  only  in  which  O  lies  on  the  axis,  employs  their 
properties  in  his  "New  Geometrical  Methods,"  Vol.  I 

Dr.  Taylor,  in  his  "  (Jeometry  of  Conies,"  mentions  their  exist- 
ence, but  gives  no  construction. 

I  conclude  with  the  following  analytical  notes. 

I.  To  find  the  value  of    X   for  which  the  equation 

(«-«)=  +  (y-)8)'-A(5+-^-l)  =  0     (A) 

represents  straight  lines  ;  in  other  words,  to  find  the  common  chords 
of  the  ellipse  and  a  point-circle  at    a,  p. 
The  discriminant  must  =  0,    or 

It  will  be  found  that  one  value  of  A  =  0,  as  we  sliould  a  priori 
expect  since  the  lines  (y  -  P)=  ±  i{x  -  d)  form  one  pair  of  common 
chords. 

The  other  two  values  of    A    are  given  by  the  equation 

X?  +  A(a-  +  ^  -  rt«  -  ^,2)  _  (^2^2  ^  ^2^2  _  ^2^2)  ^0.         ...         (B) 

Note  if    a,  ^    lies  on  the  ellipse,  another  value  of    A  =  0,    and 
the  third  value  of    k^a'  +  b'-a?-  p\ 
and  the  real  common  chords  are 

which  may  be  thrown  into  the  form 

<»--''){5*f-'}{;-f -^:}-» 

the  factors  representing  the  tangent  at     (a,  /i)     and  the  Fregier  line 
corresponding  to     a,  ^. 


no 

Again,  if  a,  li  lies  on  the  orthocyclic  circle  the  two  values 
of     A     are  =  +  (i  V  +  a'j8=  -  a'6') 

From  (A)  the  lines  will  be  real  or  not,  according  as  the  parallels 
through  the  origin  arc  real  or  not :  that  is,  according  as 


('-i)-^(>-^)= 


]f-o 


has  real  or  imaginary  roots. 
Since  this  may  bo  writt«n 

we  see  that   A,   must  He  between    6'  and  a\ 

Now  in  (B)  if  we  substitute  A  =  n*  and  A  =  6'  we  get 
(ffl-  -  U-)<i'  and  {!>'  -  n')li'  respectively,  the  first  of  which  is  positive 
and  the  second  negative.  This  shows  that  (B)  has  always  a  real 
root  between  6'  and  a-. 

TI.  If  P  be  a  point  on  the  ellipse  whose  excentric  angle  is  a,  the 
coordinates  of  P  are  acosa,  bainii.  It  can  be  easily  verified  that 
the  seiui-axcs  of  the  confocal  hyperbola  through  P  are 


Ill 

This  shows  that  the  real  chords  of  the  point-circle  at  the  point 
iwhose  coordinates  are     ccosasec<^  csinatan</> 

are  the  straight  lines 

I  —  ascosa  -  asec<^  I  —  f  T"  y^ina  +  6tan</>  I , 
iv'hich  expressions  are  probably  new. 


Note  on  Triangle  Transformations. 
By  R.  F.  MoiRHBAD,  M.A. 

The  investigation  given  in  the  following  Note  was  suggested  by 
a  passage  in  the  paper  by  Mr  Lemoine,  presented  to  the  Society  by 
Dr.  Mackay  at  a  recent  meeting.  The  main  subject  of  that  paper 
is  what  he  terms  the  "  Trattsfoiination  contintie  daju  !e  triangl-e  et 
dans  U  te'lraedre" ;  for  the  explanation  of  that  phrase  and  other 
terms  connected  with  it,  the  reader  is  referred  to  the  paper  just 
mentioned.  In  the  notation  for  the  quantities  connected  with  the 
triangle,  however,  I  sliall  follow  Dr.  Macltay's  system  as  explained 
in  his  paper  in  Vol.  I.  of  our  Proreedhigs. 

I  shall  use,  moreover,  the  letters  «,  p,  y  provisionally  as  sym- 
bols  of  operation,  to  denote  what  Mr  Lemoine  calls  "  la  trar^forma- 
tion  eontimie  en  A,  en  B,  en  C "  respectively.  Thus,  as  shown  in 
Lemoine's  paper, 

(ui  =  n,  ,it>=  'b,  iiiA=  -A,  oB  =  7r-B,  etc. 

a.  A      I  shall  use  to  mean 
le  of  the  operation   a.     Thus 


A  compound  operation  such  a 
j8(aA),     and     —     to  denote  the  r 
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He  states  that  all  these  are  found  to  occur,  but  that  he  has  not 
yet  found  any  case  of  the  following  type : 

(5)     a  =  l,    /?,  7,  1    all  different. 

The  object  of  this  Note  is  to  account  for  the  non-occurrence  of 
such  cases.     We  may  complete  the  list  of  typical  cases  by 

(0)     a  +  1,    i3  =  y  =  l 
(7)     a  +  1,    i8  =  7+l. 

We  have  y(a)  =  -a 

/iy(a)  =  y8(-a)  =  « 
aPy{a)  =  a(a)  =  a 

Similarly  ^Py{r)  =  - '*\    «i^7(^i)= -^i>    etc. 

In  fact,  if   F   denote  any  function  whatever,  we  have 

a^y{F(a,  6,  c,  a,  a,,  8^  8^  r,  r„  r^  r^,  h^,  h^  Ii^  A,  R)} 

=  {F(a,  6,  c,  a,  a,,  8^  «»,  -  r,  -  rj,  -  r^,  -  r,, 

-h,,  -1u,  -K  -A,  -R)} 

Thus  the  compound  operator  aj3y  changes  tlie  signs  of  certain 
letters,  but  leaves  them  otlierwise  unaltered. 

Now  if  any  identity  connecting  the  functions  of  the  general 
triangle  be  written  in  the  f onn  F  =  0,  it  is  clear  that  the  identity 
will  not  be  altered  by  applying  tlie  operation  a/:?y,  so  long  as  F 
consists  of  terms  which,  with  respect  to  tlie  letters  i\  rj,  •  —  R 
(whose  signs  are  changed  thereby)  are  either  all  of  eveji  dimensions, 
or  all  of  odd  dimensions.     Such  terms  will  liereafter  be  referred  to, 

for  brevity's  sake,  as  even^  or  odd  simply.     Tlie  letters     ah a, 

whose  signs  are  unchanged  by  the  operation  afiy  are  not  to  be 
reckoned  in  this  connection.  Omitting  for  the  present,  then,  all 
reference  to  identities  in  which  F  is  a  mixed  function,  we  may  say 
that  oj8y  =  1,  i.e.  the  operator  afiy  reproduces  the  same  identity 
as  we  start  with. 

Now  it  is  easily  proved  that    a'F  =  F,     whatever  the  function 

F    may  be,  or,  as  we  may  write  it   a-=l,     whence    a  =  — .      And 

a 

the  lame  is  true  as  applied  to  an  identical  equation. 


But  since     a{iy=l,      restrioting  ourselvea  to  identitieg   wliicl) 
arc  not  mixed,  we  have     n  .  «/3y  =  a 


Henoe  if 


=  1. 


liy  = 


This  shows  that  case  (S)  cannot  occur. 

Conversely  if     ji  —  y,     we  have     {iy  =  y''=l  .-.     u  =  l 

This  shows  that  cases  (6)  and  (7)  cannot  occnr. 

\Vc  may  sum  up  these  results  by  siiying  that  if    u  =  1,     then    (i  =  y; 

Now  it  may  be  asked,  Are  there  not  mixed  identities  which  give 
results  of  the  types  (fi),  (0),  (7) !  The  answer  is  that  there  are  ;  but 
they  are  always  composite  identities,  which  may  be  reduced  to  two 
or  more  simpler  ones.  In  fact,  if  any  identity  be  expressed  by  F  =  0 
when  F  =  Fi  +  F„ ,  F,  being  an  odd,  and  Fj  an  even  function,  as 
explained  above,  then  applying  a^y  to  the  identity  F,  4-F,  =  0 
we  get  a  new  identity  -  F,  +  F,  -  0 

whenci^  F,  =  0  and  F„  =  0  identically;  i.e.  F  =  0  is  composed 
by  adding  together  two  identities  F,  =  0  and  Fj  =  0,  It  is  easy 
to  manufacturi'  such  fascs,  e.g., 

This  is  nn  identity  which  belongs  to  the  type  (5). 

I  have  in  the  foregoing  omitted  all  consideration  of  the  angles 
A,  B,  C,     for  the  reason  that  they  introduce  further  complication. 
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Fourth  Meeting^  February  Sth,  1895. 


J.  S.  Mackat,  Esq.,  M.A.,  LL.D.,  F.R.S.E.,  in  the  Chair. 


Theorems  in  the  Products  of  Belated  Quantities. 

By  F.  H.  Jackson,  M.A. 

§  1.    The    object    of    this    Note    is    to    prove     the    following 
theorems : 

91  •  71  +  1 

(a  +  b)_^  =  a_»  -  na^n-A  +  — ^1 — "-»-2^^ 

n-  w+l  •  n-f  2  '     ^  ' 


3! 


a_„_J»3  + 


in  which      a__  = l —     and  the  serie  s  is  sub- 

a  +  n-a  +  n-l a+l* 

ject  to  conditions  for  convergence. 

m..C.-^  +  ,a^M_.....  ton+l  terms 
a  +  n  a  +  n-l  "a;  +  ?i-2 

_/    ^.„  x\n\  ^  T(xy  +  ny)  '     ^^ 
~  a;  -f  M  !  a; 

P(0)  -  nCi'Piy)  +  «CaP(2y) to  n  +  1  terms      =  0  (3) 

N(0)  -  ,CiN(y)  +  .C,N(2y) „      „         „        ^  (  -  v/)".  n  !  (4) 

in  which        P(y)  =  (a  +  y)(6  +  2/)(c  +  y)  •  •  •  •  to  /»  factors 

N(y)  =  (a  +  2/)(6  +  y)(<^  +  2/)  ....  to  7t  factors 

and  the  quantities     abed  •  *  •  >  x    are  unrestricted.     In  theorem  (2) 
p  <fh    but  in  (3)   p<n 


The  following  theorems  are  derived  from  the  above 


a:"'a:-l  ^'a;!  a:-ti 

{=■:). -.C,(x+y).  +  ..    +(-l)-(r  +  ny).  =  (-i/)-n!  {7) 

{x),-,C,(^  +  y),+  ...+(-l)-(;=  +  ny),=       0  (p<n)         (8) 

These  correspond  in  form  with  the  following  theorems  in  the 
products  of  equ&l  quantities  (powers) 

X  x+1  ^       '"  x  +  tt      x  +  ni       X  ^  ' 

luid  three  others  formed  from  (6)  (7)  and  (8)  by  ch&nging  subscript 
letters  to  indices,  thus     (a^  +  j/),  to  (r  +  y)". 


§'2.  The  theorems  in  powers  corresponding  to  (7)  and  (8)  > 

of  C.   Smith's   "Treatise  on   Algebra 
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Vandermondb's  Theorem. 

§  3.  Can  any  meaning  be  attached  to  the  theorem 

when  n  is  not  restricted,  as  hitherto,  to  being  a  positive  integer  ? 
In  Yandermonde's  Theorem  a„  represents  the  product  of  w  related 
factors  a.a-l.a-2....a-n  +  l,  and  certainly  so  long  as  we 
regard     a„     as  the  product  of     n     factors  such  expressions  as 

seem  beyond  our  comprehension.  Exactly  the  same  might  have 
been  written  of  the  quantities 


so  long  as  a"*  was  regarded  as  the  product  of  m  factors  each 
equal  to  a.  The  Binomial  Theorem,  until  fractional  and  negative 
indices  were  interpreted,  was  a  finite  algebraical  identity  ;  but  as 
soon  as  a  fundamental  law  a'^xa'^'^  a"*"*"",  was  assumed  in  the 
Theory  of  Indices,  then  the  expressions 


were  interpreted,  and  the  Binomial  Theorem  was  shown  to  hold 
(with  certain  restrictions)  for  fractional  and  negative  powers. 


§  4.  Now  in  the  expressions    a,„ ,  a„ ,    (the  usual  meanings  being 
attached)  we  have  these  relations 

««  X  («  -  ^*  )m       =  «m+«  («) 

a^xia-  m)„     =  a«+„  (/?) 

a„x(a-n  )^_„  =  a,,  (y) 

These  are  all  expressions  of  one  law.  Let  us  assume  this  law  as 
general  and  interpret  a_„  >  »« >  ^^  accordance  with  our  assump- 
tion. 

In  the  relation  (a)  put      n  =  0      then  we  have      a^xa^=-  a^ 
whence     a«  =  1     and  this  is  analogous  to     a'*  =  1 . 


In  the  relation  (y)  change   n    to    -r 
then  we  obtain  a_ ,  x  (a  +  ^)„^^  ■■  a„ 


If   j«  and  I-    be  integers     n_^  = 
is  analogous  to     a"'  = 


(rt  +  r)(fl  +  r-l)...{tt+l) 
to  r  factors. 


From  the  relations     (a)  and  (fi)     we  get 


•r(«-f). 


Supposing  that    m    is  a  positive  integer,  this  equation  gives  tlie 
ratio  of  iiiiy  two  functions      a^  ,  h^      in  which     a  and  b     differ  by 

an  integer     nt,     \W.. : 
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§5.  Denote  the  infinite  series  (1)  by  J\-  n) 

(  -n) 
thus  y^  -  n)  =  «_„  +  (  -  n),a_„_,b,  +  ^-^a_„_.A  +  •  •  •  (A) 

Now     (a  +  6  +  n)^  =  (a  4-  n  4-  r),„  +  wii(a  +  n  +  r)^.,{b  -  r),  ^ 

nu,  I     (B) 

+  2|(^  +  ^  ■*■  ^Om-cC^  -  r),  +  .  .  . .  4-  (6  -  7-)».     J 

in  being  a  positive  integer    >n 

Multiply    /[  ~n)hy  (a-k-b  +  ?*),„     in  the  following  manner : 

'*-»!  by  the  series  on  the  riglit  side  of  B   putting  r  =  0 

\  ^   ••/lW'_  ||__j  y^      m  %  %  •••  •••  •••  ••■  •••  /    —  M.  I    mA/« 

Then  we  obtain 
y(-7t)x(a4-6  +  w)„, 

4-  (  -  w)ia_„_,6, 

xl  (a4-n4-l)«4-         +(^-l)m| 


(^-n-J>-2 


(C) 


2! 

X  |^(a 4- n 4- 2)^ 4-         +(^-2)  J 

4-  an  infinite  number  of  brackets  similar  to  the  above. 

Now  with  the  interpretation  of  symbols  in  ^  (4)  and  (1). 
a_n_^  X  (a  4-  w  4- «)«  =  a^„_,     and     b,x{b-  s)^  =  b^ 
The  expression  (C)  becomes 

I  a^^  4-  m^a^_„^^bi  4-  Y{^„,-n-.A  +  . . .  4-  a_J),^  I 

( —  71)2^  ,  ,       "I 

4-  etc.  to  infinity. 
Collect  the  resulting  terms  diagonally. 


,  ,.,4£=^^...,<_rk.] 

+ an  iulinite  number  of  bmckets  similar  to  the  above. 

Now  all  brackets  after  tlie  m  -  «  +  1"  vanish  ideotically  by 
Vandermonde's  Theorem  since  m  -n  is  a  positive  integer,  and  the 
expressioa  becomes 


■e  have  proved     (a  +  b)^ 


whence    J{~ii) 
which 


I 


Conditions  for  tli 
tained. 


(«  +  6  +  «K     (a  +  b  +  n){a  +  b  +  n~l)..-{a  +  b  +  l) 
notation    =    (a  +  6),„ 

ergence  ot    /{-  n)     can  easily  be  ob- 


121 
we  then  obtain 


[l-,C,  +  .C,----]  +  [«-^.C,(«-l)+...]s^,(a:  +  a). 


Now  the  first  bracket  on  the  left  is  identically  equal  to  zero 

a        ^a-1        ^a-2  ,  x\n\  (x-\-n) 

X      "   ^x+l  a; +  2 


+  1  terms  =  - 


x  +  n\       X 


Proceeding  in  this  way  we  shall  finally  obtain 


p  -  nOiia  -  1)'+  ....+(  -  l)"(a  -  n)'l 

,c; — _^+....     =__    ^ !— 

X  05+1  Ja;  +  n!  x 


Now   it  is   well  known  that   the   first  bracket  on  the  left     =0 
so  long  as    8    is  an  integer    <n,       .*.  we  have 

p  being  an  integer  <  n. 


This  proves  Theorem  (9).  Replacing    x  +  n  by  x   and    a-n  by  a 
we  obtain 

,C, +  ....  to  71  + 1  terms  = (E) 

X              x-l  XI            x-n       ^    ' 


§7.    Take     S,  =  a  +  6  +  c  +  ..-  to  ;;  terms 

S,  =  the  sum  of  all  products  of  the  letters,  two  at  a  time. 


S^  =  the  sum  of  all  products,  r  at  a  time. 

Then 

V{x  +  n)  =  S,  +  (a:  +  n)S^,  +  (a;  +  nf^^^  +  .  •  •  +  (a;  +  w)''S,         (F) 
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From  Theorem  (U) 

(.+,)....I±^p^„o.<"-'>'+....+(-i)--^) 

'  '  x\n\K  X  x+l  ^       '  x+nJ 

so  long  as  p<n.      Substitute  in  (F)  then 

Pfe  +  «).S„[,.--j^.0,(»-l)-  +  jJj.0,(,.-2r- 

■  ■  •  ■  •  -<-')'i^-]ls 

+  s^.[»-^.c.(»-i)+ 

+     S,[..'-j|-[.C,(..-l)'+    .    .    .    .' 

Tins  expression  may  bo  written 
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If  we  replace     a .  by  — »  6  by  —  ,   etc.,  then 

y  y 

and  we  obtain  the  theorem  in  form  (2),  since   y^  is  common  to  all 
denominators  and  so  divides  out. 

Replacing    a;  + «  by  r ,     we  obtain 

m.,,C,m.^nO.^-...^i-Xr^-=^    ^^     (G) 
r  r-1  r-2  ^  7*!  r-?i 

§  8.  Again  in  Theorem  (G)  make 

y  =  l,    r  =  Xf    6  =  a-l,    c  =  a-2,     etc., 
then 

P(ry)  =  (a  +  r)(a  +  r-l) {a  +  r-p  +  l)  =  (a  +  r)j,  =  {a-\'x)p 

and  we  have 

(^._„C.^^'+  etc.  ....  .(-])-!?i:-^'-lii!  <^±-«.)'- 

aj  a+l  XI  x-n 

This  is  the  Identity  (6). 

If  we  replace    a  +  n  by  « ,     6  +  ?i  by  a  -  1 ,    c  +  rt  by  a  -  2 ,    etc., 
we  obtain 


X  x+l  x+2 


X  \  n  \     (x  +  a)^ 


x  +  n\  X 

This  is  the  Identity  (5). 
The  left  side  of  (3)  may  be  written 

[S^  +  0.S^i  +  0=S^2+ +0^,] 

-  MC,[Sp  +  yS^,  +  ifS^^,  +  +  y„SJ 

+  (  -  l)«nC„[S^  +  nyS^_i  +  ny S^,  +  •.  4-  n'yS.l 

sSj;i  -  nOi  +  nCj  -  ••  ]  +  S^i[0  -  7iC, .  y  +  y^C^ .  2y  -  ...]  + 

+  S,[(V- wC,2/^  +  nC22''y'- ...] 

when   p   is  an  integer    <n    each  bracket   =0 

.  •.  P(0)  -  wC,P(y)  +  wC,P(2y )  -  • . .  =  0.  Theorem  (3) 


If     p  =  n     all  the  brackets  vAnisb  except  the  last,  which  becomes 

Sj;0"  -  nC,y"  +  mC,2v  -  ■■  +  ( - 1  )"»Vj  =  ( "  y)"" '     Theorem  (4) 
making     a  =  x,  b  =  x-l,  c  =  x-2,     etc.,  wehave 

{X),  -  «C,(;«  +  y).  +  nG,{x  +  2y),  -  .-  s  (  -  y)"»  ! 

(a;)^-nC,(a;  +  y),  + =0.     Theorems  (7)  and  (8) 

Mnriy  other  theorems  can  be  obtained  by  varying  the  coiutaDts  in 
(2)  ...d  (3). 


§  0.  The  Diiferential  Equation  of  the   n"  order 


.  ■    <E) 

+  (v.-,-p.-,»e-M-') 


affords  another  very  intercBting  analogy  between  powers,  and  pro- 
ducts of  related  qu&ntities. 

When  the  constants   p  and  q    have  the  following  values 
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When  the  constants  in  the  differential  equation  have  the  following 
values 

Pn       =(«)-•  qn-l  =  {y)n-l 

Pn-^l  =  (a  +  I  )i,  -  (a)n  •  gn-2  =  (?  +  1  )^i  -  (7)«_i 

(a  4- 2),     (a+l)-     (a). 


r'»— t  O  I  till' 


2!  1!1 !        2! 

Etc.  Etc. 

The  equation  (E)  has  a  solution 

The  series  (F)  and  (G)  are  particular  cases  of  the  Hypergeometric 
series  of  the  n'*  order. 


On  the  Oonditioss  that  a  given  Straight  Ziine  mny  be 

a  Normal  to  the  Qoadrio  Smfaoe 

(a,  fi.  c,  rf./  y,  A,  «,  V,  w)(x,  y,  z,  \f  =  (i. 


By  R.  H.  PiNKERTON,  M.A. 

Let  tlie  straight  line  be  d<^fined  by  the  coordinates  (a,  ^,  y)  of 
A  point  on  it  and  by  its  direction  cosines  I,  m,  n.  It  may  be 
referred  to  as  the  line  (ft,  P,  y,  I,  m,  «).  Write,  for  shortness, 
the  equation  to  the  quadric  surface  in  the  form     F(x,  y,  a)  =  <i. 

The  line  (a,  fi,  y,  I,  m,  n)  will  be  a  normal  to  the  quadric 
if  it  IE  perpendicular  to  either  of  the  tangent  planes  to  the  quadric 
at  the  points  where  it  cuts  tho  quadric.  The  equation  to  this  pair 
of  tangent  planes  nmy  be  found  as  follows ; 

The  line  (a,  0,  y,  !,  »i,  n)  will  cut  the  quadric  in  two  points 
(jt',  y,  z'),  whosn  distances,  r,  from  (u,  /3,  y)  are  the  roots  of 
the  equation  F(u  +  fr,  /i  +  wir,  y  +  mr)  =  0, 

that  is,  of  the  equation 

r(lL  +  mil  +n^)  +  2>ilT  +  mQ  +  nR)  +  F(a,  p,  y,).0  ...  (1) 
in  which 
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If  we  now  eliminate  r  between  the  equations  (1)  and  (2), 
we  shall  obtain  the  required  equation  to  the  pair  of  tangent 
planes  in  the  form 

(xP  +  yQ  +  zR  +  S)-(/L  -f  mM  +  nN) 

-  2(xP  +  2/Q  +  «R  +  S)(a:L  +  yM  +  sN  -f  K)(;P  +  mQ  +  wR) 

+  F(a,  /?,  y).(a:L  +  yM  +  sN  +  K)'  =  0. 

On  multiplying  this  equation  by  ZTj  +  wM  +  nN,  it  will 
appear  that  it  is  equivalent  to 

[(a;P  4-  yQ  +  «R  4-  S)(/L  +  mM  +  mN) 

-  (rcL  +  2/M  +  zN  +  K)(/P  +  rwQ  4-  nR)p 

=  (arL  +  yM  +  2N  +  Kf[{lP  +  mQ  +  nB.y 

-F(a,  ^,  y).(ZL-fmM  +  nN)], 

a  form  which  clearly  indicates  two  planes  whoso  line  of  intersection 
is  given  by  the  equations 

xF-¥yQ  +  zR  +  ^  =  0 
a:L4-2/M  +  sN  +  K  =  0. 

In  the  equation  just  found  write 

XJ     for     /L  +  mM  +  wN, 
V     for     lT  +  mQ+  nR, 
and  p^    for     {IP  4-  wiQ  +  riRf  -  F(a,  ^,  y).{lL  +  wM  4-  nN ). 

It  follows  from  equation  (1)  that  p^  =  0  is  the  condition  that 
the  line  (a,  j3,  y,  I,  m,  n)  may  be  a  tangent  line  to  the  quadric, 
and  that  p  is  real  or  imaginary  according  as  the  line  does  or  does 
not  cut  the  quadric  in  real  points. 

On  making  the  substitutions  indicated  we  get  as  the  equations 
to  the  tangent  planes 

(a:P  4- yQ  +  2R  +  S)U  -  (jrL  4- 2/M  4- sN  4- K)V 

=  ±  (a;L  4- yM  4- 2N  4- K)/), 

or        x(PU-LV±Lp)4-y{QU-MV±M/)) 

4-2;(RU  -  NV  ±N/))  4- (SU  -  KV  ±K/))  =  0, 

in  which  the  signs  in  the  ambiguities  are  to  be  taken  all  4-  or  all  - . 


Now  the  line  (u,  /3,  y,  I,  m,  n)  is  a  normal  to  the  quadric  if  it 
is  perpendicular  to  either  of  tliese  planes.  Hence  the  line  will  be  a 
normal  if  one  of  the  two  following  sets  of  conditions  is  fulfilled  ; 


(PU  -  LV  +  Ly))//  =  (QU  -  M V  +  M/>)/m 
(PU  -  LV  -  Lp)ll  -  (QU  -  M V  -  Mp)/m 


=  (RU-NV  +  Np)/n, 
=  (RU-NV-N/))/m. 


It  may  be  noticed  that  if  botk  sets  of  conditions  are  fulfilled,  the 
line  is  an  axis  of  the  quadric,  for  the  line  (a,  ;8,  y,  I,  m,  «)  is  then 
perpendicular  to  both  of  the  tangent  planes  at  the  points  where  it 
meets  the  surface-  Hence  we  arrive  at  the  known  conditions  that 
the  line     (n,  j8,  y,  I,  m,  n)     may  be  an  axis,  viz., 

L/UM/m  =  N/n, 

and  P/^=Q/m=R/n. 
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Additional  Note  on  Triangle  Transformations. 
By  R.  F.  MuiRHBAD,  M.A. 

Part  T. 

The  chief  object  of  this  Note  is  to  develope  some  simple  and 
rather  interesting  properties  of  the  operators  <i,  p,  y,  referred  to 
in  my  Note  read  at  last  meeting.  I  take  for  brevity  the  symbol  fi 
to  denote  the  compound  operator 

aj8y     or  its  equivalents     yaj8 ,  ^ay ,  etc. 

1.  If  we  apply  fj.  to  any  function  F,  of  a,  b,  c,  8,  «i,  8^  «„ 
r,  Tj,  r,,  r„  ^,  A„  A3,  A,  R ;  then,  as  I  pointed  out  before,  /iF  =  F, 
if  F  be  an  even  function  of  certain  letters ;  but  if  F  be  an  odd 
function,  then  /iF  =  -  F ;  and  lastly,  if  F  =  F,  +  Fo,  where  F, 
is  odd  and     F,    even,  then    /xF  =  -  F,  +  F.,. 

2.  The  order  of  the  operations  a,  ^,  y  successively  applied, 
is  immaterial. 

If   F  be  any  function  of  the  letters  above  mentioned,  we  have 

tt''F=F,  ora2=l  .-.  a=— . 

a 

Again  jSyyjS  =  jSy^jS  =  PP^1  . '.  afiyyP  =  a 

.*.  /iyj8  =  a. 

Similarly  fxPy  =  a         .-,  yi8  =  j8y. 

Thus  any  two  successive  operators  may  be  transposed  without 
altering  the. result.  Hence  the  order  of  any  number  of  successive 
operations  is  immaterial. 

3.  Next,  any  succession  of  operations  is  reducible  to  one  of 
eight  operations.  For  by  the  last  paragraph,  any  such  succession 
is  equivalent  to    a^'^y',     where    m,  n,  p    are   positive  integers. 
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But  a"  =  1  or  a  according  as  m  is  even  or  odd.  Hence  a"/?*/* 
reduces  to  one  of  the  following  eight  operations : 

h  '^  P,  y,  Py,  yh  «A  "^r ; 

which  may  be  written 

1. ».  A  r.  /«s  /^A  ^yi  f~ 

4.  These  form  a  "grottp"  of  operations,  i.e.,  any  combination  of 
them  is  equivalent  to  one  or  other  of  the  eight. 

And  using  the  nomenclature  explained  by  F.  Klein  in  his 
"  Lectures  on  the  Icosahedron ; "  the  periodicity  of  each  operation 
(excepting  the  first)  is  2 ;  the  most  extended  ''  mb-grovja"  are  of 
the   type      1,  u,  /in,  p.;      which    again   contains   two  su,b-gro*tps 

5    When  the  operation  is  performed  on  an  even  function,  then 

/j,=  1,  and  the  group  reduces  to  1,  a,  y8,  y  ;  with  1,  a,  etc.,  as 
sub-groups:  and  if  on  an  odd  function,  then  /i=  -1,  and  the 
group  is      +1,   ±u,   ±ji,   +y. 

6.  As  pointed  out  at  the  end  of  the  preceding  Note,  the  angles 
ADC  may  occur  in  any  functions  wliich  unaltered  in  absolute 
magnitude  when  -A  is  changed  into  -A  +  2)r,  etc.,  without 
modifying  the  above  results  ;  noting  that  A,  B,  0  are  reckoned 
along  with     r-i,  r„  etc.,     in  counting  the  dimensions  as  even  or  odd. 
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ThiSy   though   similar   to   the   transformation     a     in   a   plane 
triangle,  is  not  strictly  analogous. 

8.  Referring  to  the  demonstration  of  the  principle  of  the  trans- 
formation continue  as  given  by  Mr  Lemoine  in  the  Report  of  the 
French  Association  for  the  Advancement  of  Science  for  1891, 
Vol.  IT.,  p.  118,  and  ascribed  by  him  to  M.  Laisant,  it  was  pointed 
out  that  a  somewhat  simpler  point  of  view  is  possible :  from  which 
it  appears  that  many  other  kinds  of  transformations  are  equally 
valid.     As  interesting:  cases,  tho  following  wero  mentioned  : 

.,.^_-^         ,  ,  ttA         ttij         ttC  - 

(1)  ABC      changed  to      ^  "  T'     Y  "  T'     T  "  T 

A 
a       into     acosec-^ ,  etc  ,     which  corresponds  to  chang- 

ing  from   the  given   triangle    to   that   whose   vertices 
are  the  excentres  of    ABO. 

(2)  «, ,  «2 ,  «3     changed  to     r^^  r^i  ^s- 
Some  properties  of  both  were  mentioned. 

9.  The  suggestion  made  at  the  close  of  the  preceding  Note  was 
verified  by  the  example 

Sin  '   ^* 


4 


2       y   be 

in  which,  after  the  transformation     a,     the  square  root  must  be 
taken  negatively. 

Added  Note, — Dr  Mackay  having  pointed  out  that  a,  j8,  y  have 
already  been  appropriated  to  denote  certain  quantities  connected 
with  the  triangle,  the  author  suggests  the  symbols  t^y  t^  t^  to 
replace  a,  )3  and  y,  in  cases  where  these  symbols  have  other 
meanings  already  ascribed  to  them. 


Szamples  of  a  Method  of  Developing  XjogarithmB  and  the 
Trigonometrical  Fonotlona  without  the  Oalonlos  by 
meana  of  their  Addition  Formnlae  and  Indetenolnate 
Coefflcientg. 

By  John  Jack,  M.A. 

[Abstract.] 


The  convergence  of  the  series  is  asaunted. 

The  method  consists  in  assuming  that  the  function  is  equal  to  a 
certain  power  series  with  undetermined  coefficients,  substituting 
these  series  in  the  addition  formula.     This  gives  an  identity. 


Ex.  gr. 


+  sin-'j/  =  Bin-'(a; 
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done  of  course  in  practically  the  same  way,  but  is  given  on  account 
of  its  intimate  connection  with  No.  1.     I  give 

(1)  logx  (3)  sin~^a;  (5)  tan~*aj 

(2)  log~*x  or  c*  (4)  sinsc,  cosa;  (6)  tanx . 

The  method  seems  symmetrical  and  quite  elementary.  The  analogy 
between  sin,  cos,  tan,  and  sinh,  cosh,  tanh,  can  be  readily  seen 
without  at  all  using  the  imaginary  t,  by  developing  by  this  plan. 


1.  To  develop    log  I  +a;    in  a  scries  of  powers  of  x 
log(l  +  x)(l  +y)  =  log(l  +  re)  +  log(l  +  y) 

Let  log(l+a;)  =  </)(a;) 

<l>{x)  +  </)(y)  =  <l>(x  +  y  +  xy) 


=  (t){x  +  yl+x) 

Let  <f){x)  =  aiX  +  ay7r  +  a;pr^-^a4X*'^aBpi^^  +  '- 

ct^x-^a^^-^a^-^...]  ^  {aii^-h.yl  +  ^)  +  rta(^*  +  y  1  -{-xf 
+  01^  +  04/* +  032/^  + -J       I  +a.^{x  +  yllt^y  +  "- 

Pick  out  the  coefficient  of  y. 

Oi  =  ( 1  +  a:)(ai  +  2rt2X  +  Srtaar  +  ..•) 
=  a,  +  (oi  +  202)3;  4-  {2a2  +  3a.i)x^  +  ••• 

and  the  coefficients  of  x  must  vanish 

ai  +  2aa  =  0 

2a^  +  Sag  =  0 

Sa^  +  4a4  =  0 

4a^  +  Sob  =  0 
and  so  on. 

Oj  =  -  20^  =  3as  =  -  4rt4  =  Sag  =  -  ,-. 
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and   o,   must  be  determined  otherwise. 

The  other  expanaiona  are  given  in  abstract. 

2.  To  find  the  number  corresponding  to  a  logarithm,  or  to  de- 
velop   tog'^x. 

Taking  as  before  tf)(x)  =  log(  1  +  x) 

<t^x)  +  <t>{y)  =  'f>ix  +  t,  +  xy) 
Let  <t^x)  =  u  .-.     ar-r"(«) 

*(y)  =  w  .-.    !/=*-'(") 

« + «  =  *{*-•(«)  +  r'(i') + *-'(«)*-'<t.)} 

r'{« +")= r'(«) + -^-'W +*-'(«)■  *-■(«) 

Let  *-(  )  =  a,{  )  +  «>(  )'  +  £h(  )*  +  ■■■ 

Insert  these  eicpfinaions  in  the  equation  just  given,  and  pick  out 
the  coeificients  of  v. 

[  tbe  identity  so  obtained  in  power3  of    «.     we  get,  bv 
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3.  Required  the  development  of   sin^'a:.      By  similar  treatment 
of  the  identity 

sin~'fl5  +  8in~^y  =  sin~*(x  J\  -if -^-y  J\  -a?) 
we  get 

8in"~*a;  =  a^ 

I       -L?l     _Li^     1.^      ^'"^^     ^^?!!     231a;'»        \ 

=  M'' ■*■  TT -^  2Tr5  +  2TTr6y  +  ••  J 

and   a,   is  otherwise  found  to  be    1. 

sin^^x  is  thus  found  to  be  an  odd  function  of  x. 


4.  The  development  of  sin?^,  cosu.  This  is  got  from  the 
identity 

sin~'a5  +  sin"^2/  =  8in~*(.r  J\  -tf  +  y  Vl  -  ar*) 
or  w  + 1?  =  sin~\sin?*cosv  +  coswsint?. 

It  is  shown,  first,  that  *  sinw  is  an  odd  function  of  u ,  and  cosm 
an  even  function  of  u.  The  series  are  then  assumed,  and  the  co- 
efficients evaluated  as  above. 


5.  The  development  of   tan~'x'.     This  is  got  from  the  identity 

jjj  _i_  7/ 

tan~*  +  tan~V  =  tan~*;j 

I  -xy 

It  is  first  established  that  tan""^a:  is  an  odd  function  of  x ,  and 
then  the  series  is  assumed  and  the  coefficients  evaluated  in  the  usual 
way. 

6.  The  development  of   tanw.     Here  we  have 

tanti  +  tant?  =  tan(w  +  v)  ~  tanwtanvtan(w  +  v) . 
Assume  the  series  involving  odd  powers,  and  proceed  as  above. 

The  paper  ended  with  an  expansion  in  terms  of  arcs  of  small 
tangents,  for  calculating  ir . 


Fifth  Meeting,  March  8th,  1895. 


John  M'Cowan,  Esq.,  M.A.,  D.Sc,  President,  in  the  Chair. 


Some  FoFmnlae  In  connection  witb  ttae  Parabollo  Seotlon 
of  the  OanonicaJ  Qnadric. 

By  Cbablbs  Twbbdik,  M.A.,  B.Sc. 

§1,1  have  ventured  to  bring  the  formulae  of  this  paper  before 
the  Society,  as  I  have  been  unable  to  find  reference  to  them  in  any 
text-book  or  any  original  contribution  to  matheuiattcal  literature 
which  I  have  come  across.  I  confine  my  attention  completely  to 
the  central  surface,  as  the  corresponding  formulae  for  the  para- 
boloids are  very  readily  deduced  by  a  similar  process. 


,   I/it  the  equation  to  tlit  <iuadric  be 
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the 


Then    8    can  not  vanish  for  real  values  of    Imn,     and 
following  relations  may  be  established : 

S  =  2a»/*  =  2ii»V03  -  7)2  =  >/  -  Ym^n^PyiJi  -  yf  (A) 

.     =  pm\p  -  a)  +  yn\y  -  a)  =  etc.  =  n\y  -  a){y  -  j8)  -  aj8  =  etc. 

)8i»«()3-a)«  +  7n»(7-a)»  =  S(7  +  /3-a)  +  aj8y,  etc (B) 

These  might  be  added  to,  but  they  are  all  that  are  made  use 
of  in  what  follows. 


Vertex. 

§  3.  The  coordinates  of  tlie  vertex  may  be  found  by  finding  the 
equation  of  the  plane  in  which  the  vertices  of  the  parallel  parabolic 
sections  lie  (just  as  for  elliptic  or  hyperbolic  sections),  and  solving 
for  X,  y^  %  with  the  aid  of  (1)  and  (2). 

Now  the  axis  of  the  parabola  is  parallel  to  what  would  be  the 
diameter  of  the  section  as  on  the  quadric,  and  therefore  its  direction 
coBines  are  (/xi/,  p^m^  P7^)i  where  /o'  is  therefore  equal  to  1/S. 

If  (x,  y,  z)  be  the  vertex,  the  tangent  to  the  parabola  is 
perpendicular  to  {pal) 

1.6.,    {paJ)   is   perpendicular  to  the  direction  given   by  the  inter- 
section of 

Ix  +  my-^-nz^p 

and  ^+i^+^  =  l 

a  /3  7 

and  therefore  the  vertex  satisfies  the  equation 

^vi^P^y)^^    (3) 

Solving  (2)  and  (3)  for  y  and  z  in  terms  of  x,  and  remembering 
(A),  we  deduce 

y/)3m  =  a;/aZ-/?(a-j8)/S  (4) 

a;/7n=a;/aZ-p(a-7)/S  (5) 
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Subititute  these  values  in  (I);  we  have  &  quadrfttic  m  x, 
vhich,  however,  must  have  one  in&iite  root,  and  which,  in  Tirtae 
of  (II)  and  (A)  reduces  to 


2pxlal  =  1  -p'ilim'ia.  -  13)'  +  yn\a  -  y)} '/ 


=  l-%(7  +  ^-a)-a^7^/S'         by(B). 


Similarly 


These  are  the  coordinates  of  the  vertex. 


(6) 


m 


g  4.  Let  V  be  tlie  vertex,  F  the  focus,  PL  the  semi-lstus  rectum. 
If  (X)  be  the  direction  of  the  tangent  at  the  vertex,  it  will  also 
be  that  of    FL 

Now    (k)    is  perpendicular  to     {I)    of  plnne  and  to     (a/)     of 
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But   L   is  on  the  quadric,  and   V   is  on  the  quadric 

2 —  {x  +  rrpal  +  2rrpmn{P  -  y) }'  =  1 
a 

+  7r«p«|2aZ«  +  ilmn2{P  -y)  +  2 ^^— ^  /  =  ^ 

which  by  (2)  and  (3)  reduces  to 

47r-p- 


and  .-.  47r  =  -  2o)8yp/(  -  S")/! 

=     2a)87;>p»        by  (A). 


(11) 


So  that  for  a  system  of  parallel  parabolic  sections  the  parameter 
is  not  constant,  as  I  had  at  first  supposed,  but  varies  directly  as  the 
distance  of  the  section  from  the  origin. 

For  the  central  section  itself  /?  =  0,  i.e.  the  parameter  vanishes. 
The  section  then  reduces  to  a  pair  of  parallel  lines  for  the  hyper- 
boloid  of  one  sheet,  which  are  coincident  asymptotes  in  the  two- 
sheeted  surface.  In  the  former  there  are,  therefore,  an  infinite 
number  of  pairs  of  parallel  generators,  and,  from  the  present 
analysis,  one  might  infer  that  the  parameter  of  a  pair  of  parallel 
lines,  considered  as  the  limiting  case  of  a  parabola,  is  zero. 


Focus. 

§  5.  The  coordinates  of  the  focus  are  given  by 

^«=a5  +  7rpaZ,  etc. 
They  are  therefore  given  by 


(12) 
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If  we  consider  I,  m,  and  n  as  cODnected  b;  the  equations  (I) 
and  (II)  these  contain  implicitly  equations  {2)  and  (3}. 

For  a  system  of  parallel  sections  the  locus  of  the  foci  is  a  plane 
curve,  and  the  orthogonal  projection  on  a  reference  plane  as  obtained 
by  eliminating  p  between  any  two  of  the  equations  (12)  is  found 
to  be  a  hyperbola  whose  centre  ia^t  the  origin.  Hence  the  locus  of 
the  foci  of  a  series  of  parallel  parabolic  sections  2ix=p  is  a 
hy[>erbota  whose  centre  is  at  the  origin,  and  which  lies  in  the  plane 

Moreover  iCte^O  and  2— j  (/3-y)  — 0  are  conjugate  planes, 
and  hence  the  foci  for  any  system  of  parallel  plane  sections  parallel 
to  1.1x^0  is  a  conic  lying  in  a  plane  conjugate  to  2tc  =  0. 


§  6.    The  equation  S— (^  — y)  =  0  might  be  considered  as  given 

along  with  the  equation  !Saf  =  0;  then  we  know  that  in  it  lies  a 
hyperbola  which  is  the  locus  of  the  foci  of  a  system  of  parabolic 
sections?  To  find  such  a.  Bystcm,  all  we  have  to  do  is  to  take  the 
diameter  conjugate  to  the  given  pUnc,  and  draw  the  planes  passing 
througii  it  and  toucliing  the  asymptotic  cone.  There  are  two  such 
planes,  real  or  coincident,  since  one  is  '2lx  =  0.  They  are  not 
coincident  since  that  would   require  that  the  diameter  in  question 
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any  five  independent  equations  involving  them.  This  surface  would 
seem  to  be  of  a  fairly  high  degree,  but,  whatever  its  degree,  every 
plane  section  whose  plane  is  at  the  same  time  tangent  to  the  cone 
(13)  most  be  a  degenerate  curve,  part  or  whole  of  whose  real 
intersection  consists  of  two  concentric  hyperbolas,  with  centre  at 
the  origin. 


Surface  of  Revolution. 

§  8.  For  the  surface  of  revolution,  the  formulae  are  much  simpler. 
Suppose  that    j8  =  a,    then    l//o'  =  S= -ay,  and  .*.    S   is  constant. 
Equations  (I)  and  (II)  become 

P  +  m'  +  Ti^^^l (I)' 

a(Z»  +  w')  +  yn'-0 (II)' 


whence  n'  =  -  a/(y  -  a) 

P  +  m^  =  y/{y-a) 

SO  that    n'    is  constant,  as  is  otherwise  obvious. 
The  parameter 

iir  =  2apypp^        becomes 


(14) 


(15) 


and  therefore  varies  directly  as  the  distance  of  the  section  from  the 
origin. 

The  coordinates  of  the  focus  are  given  by 

(16) 


(17) 


2pi 

al 

1  - 

q                                                             O 

—  «y                        a 

•2pr,_ 
am 

=    1    +-^ 

a 

2pC 
yn 

n 

1   +-^(2a-7) 

(18) 


80  that,  (n  being  constant),  when  p  is  constant  so  also  is   (. 
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g  9.  Equations  (16)  and  (17)  give  Zij-m^  =  0,  and  hence  the 
cone  of  equation  (13)  shrinks  up  into  the  s-axis  for  the  surface  of 
revolution. 

From  the  same  equations  we  deduce 

f    »_  IHjt  . 

T  "  m  ~  V  P  +  m''"  "*'  "y-         "* 
r'.f  +  ,    and    r -  l/C  +  m") - (y  - ")/y- 
Hence,  substituting  in  (IC)  and  (18),  we  deduce 


p'(2--y)-2p^+y— 0 


(19) 
(20) 


On  eliminating  p  from  these  two  equations,  we  obtain  the  locus 
of  the  foci  of  all  the  parabolic  sections. 
The  eliniinant  in  question  is 

(y.  -  .-2?:^)'  -  (  -  'oray  +  '^^{^  -  2^+  icrl^y)       (21) 

and  this,    on  replacing  c  and  n   by  their  equivalents  in  t«rm3   of 
a  and  y,  reduces  to 


.f-rV  +  2.r-.2aVr/(l-.y). 
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Some  Suggestions  in  Mathematical  Terminology. 

By  R.  F.  MuiRHEAD,  M.A. 

[Abstract.] 

1 .  To  designate  the  line  which  bisects  at  right  angles  the  join 
of  two  points  A,  B,  the  term  axis  of  A,  B  is  proposed.  Reasons  : — 
(1)  brevity ;  (2)  avoidance  of  the  suggestion  that  the  line  joining 
AB  is  necessary  in  constructing  it  (important  in  teaching  Qeometri- 
cal  Drawing) ;  (3)  two  points,  like  any  other  pair  of  circles,  have 
a  radical  axis  which  is  the  line  in  question. 

• 

(2)  To  designate  the  tangent  of  the  angle  of  inclination  to  the' 
horizontal,  or  to  the  x-axis,  or  to  any  straight  line  or  direction  of 
reference :  gradient  is  proposed.  Reasons : — (1 )  Present  Engineering 
nsage ;  (2)  as  compared  with  the  word  slope  it  has  a  more  definite 
BQggestion  of  the  way  it  is  to  be  measured,  i.e.^  by  trigonometrical 
tangent,  not  by  angular  magnitude ;  (3)  already  in  use  by  several 
authorities. 

(3)  For  unit  of  moment  a/ a  force  on  the  British  system  of  units : 
ptmndfoot,  and  poundal-/oot  for  the  gravitational  and  absolute  unit 
respectively. 

(4)  For  inverse  trigonometrical  and  hyperbolic  functions,  nw, 
8oe^  wUy  tac,  ces,  cesoc,  nish,  soch,  nath^  tochy  cesh^  cesoch,  in  place  of 
«n~*,  eoar^f  etc.,  and  of  the  continental  arc  sin,  arc  sin  hyp^  etc. 


A  Suggestion  for  tlie  Improvement  of  Mathematloal  Tables. 

By  W.  J.  Macdohald,  M.A. 

If  in  Tables  such  as  Chiuubers'  the  differences  were  given  for  a 
Second  instead  of  for  a  minute,  they  might  be  arranged  (and  need) 
as  follows : 


30 

Lsin 

Diff. 

• 

0 

a  6989700 

1"  86 

1 

96991887 

2"  7! 

'   2 

96994073 

3"  108 

3 

9-69962&8 

4"  144 

4 

9-6998441 

5-180 

A 

9-7000622 

6"  316 

6 

9-7002802 

7"  252 

- 

9-7004981 

8"  288 

^1 
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To  find  the  angle  whose 


T«in         =97005632 

LRin30'*7'  =  9-7004981 

651 

^ 

10"=            360 

291 

8"  =            288 

the  angle  is 

30''ri8". 

The  following  Resolution,  moved  by  Mr  Duthie,  was  unani- 
mously adopted : — 

"  Considering  that  in  the  tables  of  lineal  and  square  measure  the 
fractional  measures — viz.,  5 J  yds.  =  1  pL,  and  30 J  sq.  yds.  =  1  sq.  pi. — 
are  of  no  practical  value,  and  in  their  premature  appearance  in 
arithmetical  study  involve  a  grievous  and  unnecessary  burden  in 
teaching,  this  Society  appeal  to  the  Scottish  Education  Department 
to  exercise  its  authority  with  a  view  to  their  abolition  in  schools, 
and  to  this  end  to  allow  no  questions  involving  their  use  to  be  set  in 
examinations  under  the  control  of  the  Department.'' 


Sixt/,  Meeting,  April  lOth,  1895. 


JOHM  M'CowAN,  Esq,,  M.A.,  D.Sc.,  President,  in  the  Chair. 


On  the  Operation  of  DiTisiou. 
By  John  M'Cowan,  M.A.,  D.Sc. 


Sot  les  cnbiqaea  ganches  dqailat^rea. 

By  Cu.  BiocBE. 

J'ftppelle  cubiqiies  gauches  ^quUatires  les  cubiques  qui  ont  trois 
(isyiiiptotes   rectangulftirea  deux   a  deux.      Ces   cubiques  gauches 

poaaodt'iit  dfs  propiii'tta  qui   lappellfiiit  les  proprii^tes  clussiqups  du 
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par  deux  points  arbitrairement  choisis  (XiYiZj)  (XgYaZj).  On  a 
alors  trois  groupes  de  deux  Equations  telles  que 

A  +  aXj  =  <,X, 

Les  deux  Equations  que  je  viens  d'ecrire  donnent  A  et  a,  si  X,  est 
difffSrent  de  X^  D'ailleurs  on  peut  remarquer  que  si  on  avait 
X,  =  Xj ,  il  y  aurait  une  droite  rencontrant  la  courbe  en  trois  points, 
cette  courbe  ne  serait  done  pas  une  cubique  gauche. 


2.  Supposons  que  Ton  considere  quatre  points  1,  2,  3,  4  de  la 
courbe  E,  correspondant  k  des  valeurs  t^y  ^j,  t^,  t^  du  para- 
m^tre  variable.  Les  coefficients  directeurs  de  la  corde  (1,  2)  sont 
proportionals  k 

ABC 


{t,  -  a)(t,  -  a)  '        (t,  -  P){t,  -  /J)  '         {t,  -  y)(t,  -  y) 

Done  la  condition  pour  que  deux  cordes     (1,  2),  (3,  4)     soit  rectan- 
gulaires  s'exprime  par  Tequation 

A''  B^ 

(I) 


{t,  -  a)(t,  -  a)(t,  -  a){t,  -  a)        (t,  -  l^)(f.,  -  f^)(t,  -  f^){t,  -  fS) 

C^ 

"^"(^i-yX<2-7)(^3-7)(<4-7) 


=  0 


L'interpr^tation    de     cette     Equation     donne    di verses    proprieties 
g^m^triques. 

3.  D'abord  remarquons  qu'elle  est  sym^trique  par  rapport  aux 
quatre  indices.  D'ici  il  resulte  que  les  six  aretes  du  tetraedre 
(1,  2,  3,  4)    sont  orthogonales. 

Done,  si  deux  cordes  d'une  cubique  i^quilatere  sont  oi'thogonaleSy 
les  extrimitds  de  ces  cordes  sont  les  sommets  d^un  tiiraedre  a  aretes 
apposies  orthogonales ;  ou  autrement  dit  les  droites  qui  joignent  les 
exlrSmiUs  de  ces  cordes  sont  deux  a  deux  orthogonales.  Sous  cette 
demi^re  forme  Tenonce  s'applique,  sans  modification,  au  cas  de 
ITiyperbole  ^uilatere. 


14S 


4.  L'^uation(  I)  est  du  2' degr^  par  rapport  Jk  t, ,  par  example ; 
autremeDt  dit,  si  ou  se  donne  trois  points  1,  3,  3,  il  y  a  deox  points 
M  et  M'  qui  peuvent  former  avec  lea  trois  premiers  un  t^troMre  a 
arutcs  oppos^es  ortliogonalcB.  Or  on  sait  que  chaque  sommet  d'un 
tel  t^tra^dre  ae  projette  au  point  de  rencontre  dea  hauteurs  de  la 
face  oppos^e.  Done  M  et  M'  Bont  Bur  la  perpendiculaire  ^lev^  sur 
le  plan  1,  2,  it,  au  point  de  rencontre  des  hauteurs  da  triangle 
correspond  ant.  Done  la  corde  d'une  cubique  iquUaikre  q'ui  eat  per- 
pendiculaire a  un  plan,  rencontre  ce  plan  au  point  de  cwicouri  des 
hauteurs  dv.  triangle  Jovm6  par  se»  troig  points  tTinlerseclion  avec  la 
cubuiuc. 

Inversement,  le  lieu  des  points  de  ci 
angles  d^lenttinds  par  la  cuhiqite  sur  de»  plant 
perpendiculaire  a  ces  plans. 

En  particulier  on  voit  qu'il  y  a  deux  planf 
paralleles  a  un  plan  donne  qui  coupent  i 
trois  points  fornmiit  un  triangle  rectangle.  Ce  sont  ceux  qui  passent 
par  les  extri'mitiis  do  la  corde  correspondante.  Si  cette  corde  devient 
tangsDte  il  n'y  a  plus  qu'un  plan,  c'est  le  plan  normal. 

Le  thi^ori'me  gi^n^ral  qui  precede  peut  s'^noncer  encore  de  la  fa^on 
suivante,  si  I'on  prtijeUe  orthogonalement  une  cubitus  ^guilalire  sur 
un  plan  le  point  double  de  la  jn-ojeetion  est  le  point  de  concours  des 
liauteurs  du  triangle  formi  par  les  points  oil  le  plan  de  projection 
coupe  la  cubiqne. 


dea  Aauleurs  des  tri- 
parallHes  est  la  corde 


:,  parmi  cenz  qui  sont 
e  cubique  ^Dilat4re  en 
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II  suffit  de  d^montrer  le  th(^or^me  pour  le  cas  oii  le  sommet  de 
I'angle  est  k  Torigine  puisque  rorigine  est  un  point  quelconque  de  la 
courbe. 

Soient  (X^Y^Z^),  (X^Y^Z^),  (X3Y3Z3)  les  points  oh  les  aretes  du 
tri^re  rencontrent  la  cubique.  Ces  aretes  ^tant  deux  k  deux  rect- 
angulaires,  on  a  trois  relations  do  la  forme 

X,X3  +  YiY2  +  ZA==0 

A'  B^  C 

''''  (^1  -  a)(^  -  a)   +  [(t,  -  P)(t,  -  /J)  "^  (t,  -  y)(t,  -  y )  " 

Or  si  Ton  remarque  que 

A  A  (^2-OA 


<j  —  a     ^  —  a       (^  —  a)(<2  —  a) 
on  voit  que  T^uation  pr^^dente  peut  s'(5crire 

A +  B 7.  +  C =  A +  B 7.  +  O 


tj-a  h-P  ^1-7  ^2 -a  ^  +  P  ^2~y 

ou  AX,  +  BY,  +  CZ,  =  AX2  +  BY,  +  CZ^ . 

Ces  expressions  sont  evidemment  ^gales  k 

AXj  +  BYj  +  CZ^. 

Les  trois  points  consider^s  sont  done  k  la  m^me  distance  du  plan 

AX  +  BY  +  CZ  =  0 

or  11  est  facile  de  verifier  que  ce  plan  est  le  plan  normal. 


Isoperi metric  Q^n-gons  applied  to  fludiiig 
by  a  new  constr action. 

By  R  B.  Andbbsox,  M.A. 


1.  Let  AB  be  the  half-side  of  any  «-gon,  OB  its  in-rodius  (r), 
ftnd  OA  its  c  ire  urn -nidi  us  (R).  Draw  OA,  to  bisect  ^AOB  and 
AAiO  A.  to  it  meeting  OB  in  C.  Then  A,B,||  to  AB  ia  the  half-side 
of  a  2n-gon  iiaving  the  same  perimeter  as  the  n-gon,  OB,  its  in- 
railius  (r,),  and  OA,  its  circum-radius  (R,). 

Since  1),  bisects  BC  and  AOB,A,  is  similar  to  OAiC 


20B,  =  0B  +  0C  =  0B-h0A, 
OAi'  =  OB,  .OC  =  OB,  .OA, 


r  +  R] 
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meter  =  2  units,  0B(  -  r)  vanishes,  R  =  O A  =  AB  -  J  and  Fig.  27  is 
modified  to  Fig.  28.      Also,  circumference   of  the  circle  =  2  ▼  27rA; 

.  •.   k  —  — .     Then,  applying  (a)  and  (6),  we  have 

IT 

r^=  .  314,  208,  718,  257,  8(7)       Rj^  .  320,  364,  430,  968  ^ 

r,=  .  317,  286,  574,  613,  ...  R,=  •  318,  821,  788,  7...    L..(c) 

r5=  .  318,  054,  181,  6(5)  R^=  •  318,  437,  75       ...  J 

Thus  for  the  2' .  2-gon  the  radii  agree  to  only  3  places.  When  m 
is  large  the  following  results  will  greatly  reduce  the  labour  of 
finding  k. 

2.  OAj  bisects  l  AfiCi,  .-.  A,C,  bisects  lCAjBi  and 
CCi>2B,B2.     Thus  BBi>4B,B2,  BiB,>4B.,B3,  etc., 

and  BBj  +  B^B,  +  etc.,  > 4(BiB2  +  B3B3  +  etc.), 

i.c.  BK>4BiK  or  k-r>A{k-r,) 

.'.  finally  k - r„^^> i(k  - rj)  and  for  a  close  value 

rm<k<i{ir^-r^i)y (d) 

Thus  by  (c)  k  -  J(4r,  -  r,)  =  i(2R,  +  n)  =  •  318,  309,  89. 

Figure  28. 

To  find  a  similar  relation  between  the  circum-radii  I  draw 
AjD  II  A,C  and  A^E  bisecting  l  CiA^D.  The  four  adjacent  acute 
angles  at  Aj  are  equal  .-.  C,Ci<CiE<ED,  CD  or  C,D>2C,C2. 
Thus  CCi>4CiC»  CiC2>4C2C3,  etc.,  and,  as  before,  CK  or 
R  -  ifc>4C,K  or  4(Ri  -  k).  Finally  R^j  -  A;>  4(R^  -  k)  and  for  a 
close  value 

R^>A:>J(4R„-R^_,), (e) 

Thus  by  (c)  without  using  r^ 

i{4Ra  -  R4)  =  •  318,  309,  74,  K-^r,  -  r,)  =  •  318,  310,  05 

A;  =  arith.  mean  =  -318,  309,  89  as  above. 

When  r„  and  R„  agree  to  p  places  p-l  more  can  be  found 
correctly  by  treating  the  new  circum-radii  as  if  they  were  in-radii. 


Hence  a  third  mctliod  of  contraction  when  k  has  to  be  found  to  a 
larg«  number  of  decimals.     Galling  the  radii  (after  B„)a„  Oj,  a^.-.a. 


.:  oddin'' these  X  — 2  equations  we  iret 
q     _  I  =  3a.  very  nearly 

.-.'-!('.+ 2R.) •(/) 

without  findiDg  the  x-  3  intervening  terms. 

3.  A  fourth  contraction  may  be  derived  from  (d),  thus : 

4{i-r„}     <k-r^,    gives    "  =  J{4r„     -r^,) 

and  lG(A-H)<i-u 

.'.  for  a  close  value  A  =  -j'g{lGM  -  t),        ...  ...  ...  ...     (ff) 

Thus,  using  (c) 

«  =  ?j(4*-,-n)  =  -318,  310,050,  7 
„=»(4r,-rj)  =  -S18,  312,520,  7 


.   hy  (?) 
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On  the  use  of  the  Hyperbolio  Sine  and  Cosine  in 
connection  with  the  Hyperbola. 

By  Lawkencb  Crawford,  M.A.,  B.Sc. 

The  excentric  angle  notation  in  tlie  ellipse  is  extremely  useful, 
and  in  part  we  can  replace  it  by  the  hyperbolic  sine  and  cosine  in 
connection  with  the  hyperbola. 

Take  the  hyperbola  arja^  -i^jlr^  1,  then  the  coordinates  of  any 
point  on  it  may  be  written  rtcosh<^,  6sinh</),  for  cosh'<^-sinh'<^  =  l. 
The  objection  to  its  use  in  all  cases  is  that  tlie  hyperbolic  cosine  of 
an  angle  is  always  positive,  so  that  (acosh</),  6sinh<^)  can  only  repre- 
sent any  point  on  the  branch  on  the  positive  side  of  the  axis  of  y, 
for  any  point  on  the  other  branch  we  must  take  its  coordinates  as 
(  -  ocosh^,  6siuh^). 

Figure  28. 

Take  up  the  discussion  of  conjugate  diameters  in  this  notation. 

Take  a  series  of  parallel  chords,  joining,  first,  points  on  the  same 
branch,  and  let  QQ'  be  one  of  them,  to  tind  the  locus  of  their 
middle  points. 

The  line  joining  the  points  {x^y^{x^y^  on  the  hyperbola  has  the 
equation 

,  \  if  we  take  Q  as  the  point  (acosha,  ftsinha),  Q'  as  (acoshjS,  isinh^) 
the  equation  of  QQ'  is 

— (cosha  +  cosh^)  -  -^(sinha  +  sinh/J)  =  1  +  coshacosh^  -  sinhasinh/J 

%.e,    2 — cosh    ^    cosh— ^ 2-r-sinli— — -cosh— — ^  =  1  +  coshfa  -  B\ 

a  2  2  6  2  2  ^       f^) 


=  2cosh2-^"^ 
2 


ue.  — cosh    -     -  -^-smh — — -  =  cosh  - . 

a  2         6  2  2 


If  then  we  are  to  have  a  series  of  parallel  chords  we  must  joia 
points,  parameters  n  and  /3,  such  that 

— coth°     "  ia  constant. 

i.e.  such  that  a  +  /3  is  constant. 

Join  then  points,  parameters  X  -f-/i  and  ^-  Pt  keeping  X  constant 
and  varying  /i,  then  we  shall  get  a  series  of  parallel  chords,  the 
gradient  of  which  is 


X+fi  +  X-fi 


Now  the  middle  point  of  the  line  joining  the  points, 
(acoEhA-H/i,  &giDhA.  +  /i)  and  (acoshX  -  ft,  b&inhk-it) 
is  {Ja(c08hA  +  /i  +  coahA-/i),  ^&(sinhA-(-/i-f-BinhA -^;} 
t.?,  (ncoshXcosh/i,  fcsinhXcosh^) 

,-.  this  point  lies  on  the  line  y=  — tanhA.a; 

,-.  the  locus  of  the  middle  points  of  this  series  of  parallel  chorda, 
gradient  — cothX,  is  the  line  y  =  — tanhA  .  x 

Let  us  draw  now  a  series  of  chords  parallel  to  thb  latter  line, 
y  B  — tanhA .  x,  and  find  locus  of  middle  points  of  them. 
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7  R 

The  gradient  of  this  line  is  — tanh  --^ ,    and  we  wish  it  to 

be  — tanhX ,  so  join  points,  parameters  y  and  S,  so  that  y  =  v  +  X, 
8  B 1/  -  X  and  keep  X  constant  but  vary  v,  then  we  get  a  series  of 
parallel  chords,  gradient  — tanhX. 

The  middle  point  of  the  line  joining  the  points 


(ctcoahv  +  X,  6sinhv  +  X)    (  -  ocoshv  -  X,  6sinhv  -  X) 
is  (osinhvsinhX,  6sinhvcoshX) 

.'.  this  point  lies  on  the  line  y  =  — cothX  .  Xy  which  is  therefore  the 

a 

locus  of  the  middle  points  of  this  series  of  parallel  chords,  but  this 

line  is  parallel  to  our  original  scries  of  parallel  chords, 

.".    we  have  the  lines  y  —  — tanhX  .  ar,  y  =  — cothX  .  a:   bisect  each 

a  a 

chords  parallel  to  the  other. 

Thus  the  product  of  the  gradients  of  two  conjugate  diameters  is 


a" 

The  line  y  =  — tanhX .  x  cuts  the  original  hyperbola  in  P,  which 

a 

is  the  point  (acoshX,  &sinhX),  while  y  =  — cothX .  aj   cuts  the   con- 

jugate  hyperbola,  a^/a^  -y^lb^=  -  1  in  the  point  (asinhX,  ftcoshX), 
say  D. 

These  simple  expressions  for  the  coordinates  of  P  and  D  give 
readily  the  theorems  for  example  that  CP*  -  CD^  =  a^  -  b\  that  PD 
is  bisected  by  the  asymptote,  and  that  tangents  at  P  and  D  to  the 
original  and  conjugate  hyperbola  respectively  meet  on  the  same 
asymptote. 

Taking  also  again  Q  as  the  point  (rtcoshX  +  /i,  bsinhX4-/x),  and 

Q'  as  (acoshX  -  /x,  6sinhX  -  /i),  and  V  as  the  middle  point  of  QQ',  we 

easily  prove 

QV9 :  CV2  -  CP  : :  CD= :  CP^ 

which  gives  the  equation  of  the  hyperbola  referred  to  the  two  con- 
jugate diameters  CP,  CD  as  axes. 


Seventh  Meeting,  May  lOtk,   1895. 


Wm.  Fbddic,  Esq.,  M.A.,  I>.So,,  in  the  Chair. 


Proof  of  B.  Theorem  In  Oonios. 
By  R.  F.  MuiHHEAii,  M.A. 

I. 

Id  text  books  of  Plane  Coordinftte  Geometry,  two  methods  are 
usually  given  Eor  investigating  the  condition  that  the  genera) 
equation  of  the  second  degree : 

■^  =  (ur  +  6y=  +  «'  +  2/ys  +  2gz^  +  2kj^J  =  0 

may  represent  a  p.iir  of  t'eal  or  imaginary  straight  lines. 

The  first  is  by  identifying  r^  with  the  product  of  two  linear 

factors,  say  XX'  =  (/«  +  mi/  +  nz){l'x  +  ni'i/  +  n'z). 
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The  object  of  this  Note  is  to  point  out  a  short  way  of  performing 
the  elimination  required  in  the  former  method,  by  forming  the 
determinant  which  is  the  product  of  the  two  zero  determinants 


I,    I' f  o 


n,  71,0 


and 


m\  m,  0 


n,    w ,  o 


The  product  is  the  symmetrical  determinant 

W  +  I'l,  Im'  +  Vm,  ln'+  I'n 
ml^  +  m'ly  mm'  -^-rn'm^  mn*-\-m'n 
nV  -{-  n'ly    nm*  +  w'?m,  nn' +  nn 

which  is  of  course  identically  equal  to  zero. 

But  if  ^  is  identical  with  XX'  the  determinant  is  obviously  the 
same  as 

a     h     g 

8x        h     h    f 

9    f    c 

Thus  the  discriminant  of  <^  is  zero  if  </>  represents  a  pair  of  straight 
lines. 

Of  course  XX'  =  0  is  the  standard  form  when  we  have  a  pair  of 
real  straight  lines ;  and  can  only  represent  an  imdginary  pair  when 
some  of  the  coefficients  are  imaginary.  The  standard  form  for  a 
pair  of  imaginary  lines  (or  point-ellipse)  would  bo  X^  +  X'*  =  0,  where 
A  = /ic  +  my  +  fiz,  etc. 

In  this  case  the  identification  with  <^  gives 

a  =  ^  +  Z'*,  f=  mn  4-  m!n\  etc.,  etc. 


And  the  elimination  of  ^,  m,  n,  l\  m\  n   can  hero  be  performed  by 
squaring  the  zero  determinant 


I     V     o 


in   rn    o 


n    71    o 


and  substituting  a  for  P  +  ^'^  /for  m7i-\-m'n\  etc.,  in  the  result. 


II. 

It  occurred  to  oie  recently  that  this  method  of  getting  the  con- 
dition iJMci-iHt»Minf=0  b;  multiplying  two  determinants,  might  be 
capable  of  application  to  discuss  the  discriminant  in  the  general 
case,  I  have  only  had  leisure  to  make  a  beginning  in  this  direction, 
and  none  to  look  up  the  literature  of  the  subject;  but  the  following 
results  seem  interesting,  and  are  new  to  me. 


e  general  expression  <^  put  into  the  form 

pX?+p'K'^+p"\"', 

where  pp'p"  are  constants  and  X.  =  lx  +  my  +  ne,  etc.  ;  thus  we  have 

a  =  pP  +p'P+p'T'',  /=pmn  +  p'm'n' +p"m"n",  etc.,  etc. 
and  the  discriminant 


the  product 


whicli  may  be  written 


f  e    I 

p/;  p'l;  p'T 

]nn,  p'm',  p"m" 

p»i,  p'n;  p"n" 


s  obvionsly 
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there  are  8  independent  ratios  between  the  coefficients  of  the  latter 
expression,  and  only  5  in  <^. 

Again,  it  appears  that  the  discriminant  may  vanish  in  virtue  of 
p"  being  zero,  in  which  case  the  value  of  A"  might  be  anything 
whatever ;  in  fact,  it  seems  that  in  such  a  case,  while  two  sides  of  a 
self -conjugate  triangle  must  pass  through  the  centre  of  the  conic,  the 
position  of  the  third  is  quite  indeterminate,  a  result  which  is  obvious 
also  from  the  geometrical  point  of  view. 


Tbeorems  is  tlie  Prodaots  of  Belated  Quantities. 
By  F.  H.  Jackson,  M.A. 
gl.  Let  (x),  denote  the  function 

,„_M^     ■■  -■--2.--H,. 


K-l)--; 


In  Gamma  Functions  the  tibove  may  be  written. 

rw   _  „   r(,-i)        _r(i,-_^L 


'     'r(K-..-r)   ' '■r(i-»)      * ' 


By  using  the  theorem  (I)  I  shall  obtain  a  purely  algebraical  proof 
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§  2.  A  fundamental  property  of  the  function    (j*)„    is 


(x)„  x{x-  n)^  =  {x)„ 


+«i 


whence  we  get    {x)^_^  x  (a;  -  n  +  r),  x  (oj  +  r  -  «)^_  =  (j;  +  r  -  «)„ 


Now  the    («  +  1)"    term  on  the  left  side  of  (1 )     =  (  -  1) 
which  may  be  written 


(x  +  r-  8\ 


r -8  \  8 


(-1) 


,  {x)„_ r{^ -n  +  r),'{.c  +  r  - 8),_, 


r  -  8    \  8 


Since     (x  +  r  -  «)^,     — when    r   and    8   are  botli  integers — may  be 
written  in  the  form 


{x  +  l){x  +  2){x  +  3)-    (.r  +  r  -  «)  =  (  -  \y-'(  -  X  -  1),. 
the  («+  ly*  term  =  (  ~  1) ; j 


r  —  8    \  8 


The  expression  od  the  left  side  of  (1)  uiay  be  written 


(-l)^^j(-^-l).+ 


r      [ 


r-1 


1 


{-X-  \\_^{x  -  n -\- r)^ 


+  j-r2"T2^  ''^~  ^^'-'^•^*  "''■*■  ''^'  +••■*■(-  ^)'(''  - 


i;  -  /t  +  r)^  \ 


(4) 


By  Vandermonde's  theorem*  the  expression  witli  the  large  bracket 

=  (-a;-l+a;-n  +  r),.  =  (r  -  n  -  1  )^ 

ESxpression  (4)  becomes 
which  proves  theorem  (1). 


See  §7. 


r(»-H) 


,  (»-+l)(x  +  2)--(x  +  «) 


lleptaciiig     (  )„     by  Gamma  Functions,  the  theorem  (1),  after  mul- 
tiplication throughout  by     \r       becomes 


-'r(:.  +  r-n)' 


r(»+r-i) 


'■r(,+r 


-1) 

r(.t+i) 


'r(a,-«+l)     >  ''r(j!-n  +  r+l) 
Bubatitute  y  tor     x  +  r+1,     then  (6)  becomes 

r(ii-i)    .  „   r(y^2) 


r(s-»)    '  Tto- 


■,  +  A- 


+  (-!)■ 


r(j,-»-2) 
r(v- 


-W.p 


Remembering  that     r(y)  =  (y- l)r(y-  1) 


division  throughout 
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§4.  To  consider  the  expansion  in  general  of    /(p^-^y)     in  the 
form  Po  +  Pi(a:)i  +  VJipc)^  +••••+  P^(ir)^  +  •  •  •  • 

where  Po  •  Pj  •  P,--  ••  are  functions  of  y  only  or  constants.  Assume 
that  f{x  +  y)  is  capable  of  being  expanded  in  a  convergent  series 
of  the  above  form  then 

y];a;  +  t/)  =  Po  +  P,(x-X  +  P,(:c),+ •  •• +P,(.t),+  •.. 

By  giving  x  the  values  0  •  1  •  2  •  3  •  ••  in  succession  we  obtain  tlie 
following  equations  to  determine     Pq  •  P,  •  Pj  •  •  • 

Ay)     =  P. 

y(y+l)  =  P<,+  P, 


yj;y  +  r)  =  Po  +  r-P,  +  r-»-lPj+...  Ir -P 


From  which  we  obtain 

Ay) 


p.= 


0 


Pi 


|_0_  |_0_ 


1    10  10  11 


p^_y(y+^)   Av+^-i),/o/+^-2)  ..  ,(  ^y  m 


r    10  r-1  I  1         lr-2  I  2  '    |0   Ir 


which  is  that 


r*>90  u=r 


J{x  +  y)=-2  :i{-iy-^}^--^-r^(x) (7) 

r-0  ««-0  \r  —  8    \S 


subject  to  the  convergence  of  the  series. 


§5.  The  expansion  of  (x  +  y),,     n  being  unrestricted. 
The  coefficient  of     x,     will  be 


P,= 


ii+ik  _  0/+^-')-  4.  ijit 


n_\^       \n-J_\l  -  |n-2  |2 


-  -  -  ■  +(-1)' 

(by  Theorem  (1)). 


This  is  tlie  generalised  form  of  Vatiderntonde'e  Theorem  ;  the  proof 
depends,  as  will   be  seen  on  reference  to   §  2,  No.  4,    on  Vander- 
monde's  Theorem  for  positive  integral  values  of  the  suffix. 
To  expand     a'     in  a  aeries  of  form  (7) 


(K-ir 
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§  6.  Writing 

?in-l--w-r+l.  .      ,  . 
•   •   •  + r^ {y)„«rWr+  • 

divide  both  sides  by     (y)„ . 

Then     ^—^=1  +n   ^'^^"-^^^^'  +  ^*'^~  ^    (//)«-^(^)2  . 
(y)-  (?/)«  1 2   '  r         (v/)„ 

Now  it  is  easily  seen  that     ■^^~-  =  — 

(?/)„       ?/  -  w  +  1 


(y)n-.  _  1 

(y)n        (2/-W  +  1), 

and     ^  ,  f '*  =  —-! :£i— .     ^_^  ^      where    H    denotes  Gauss's 

(y)n        n^a?  +  y  -  n)      n(.r) 

n  Function.     Therefore 

U(x  +  y)  •  Il(y  -7i)  (x), 

—  1  +  71  " 


U{x  +  y  -  n)  n(x)  (y  -  w  +  1 ), 


2!       (y-n+l)(//-n  +  2)  r!         (y-n+1)/ 

Replacing    n  by  -  a,  a?  by  -  /?,  and  y  -  n  +  I  by  y     we  have 

n(y-a-j8-l)n(y-l)  g-^      gg  +  l-yS-^+l 

n(7-)8-l)n(y-g-l)  l-y  l-2yy  +  l     "*■  ^' 

=  Fi(«.  /8,  y) 

§  7.  If  in  §  2,  result  (4),  we  had  assumed  the  truth  of  Vander- 
monde's  Theorem  for  unrestricted  values  of  the  suffix,  Theorems  (1), 
(2),  and  (3)  would  have  been  proved  for  all  values  of  r .  Since  we 
have  proved  Vandermonde's  Theorem  for  unrestricted  values  of  the 
suffix,  the  proofs  of  §§  2  and  3  may  be  repeated  with  r  unrestricted. 
The  use  of  (-l)*"  in  §2  can  easily  be  avoided.  When  r  is  un- 
restricted,    (r)r    must  be  used  instead  of 


IsogoualB  of  a  Triangle. 

By  J.  S.  Mackay,  M.A.,  LL.D. 

Definition. — If  tioo  angles  have  the  same  vertex  and  the  same 
bisector,  the  iides  of  either  angle  are  Uogonal*  to  each  ot/ier  mitk 

renpecl  to  the  other  angle. 

Thua  the  isogonal  of  AP  with  respect  to  l.  BAO  is  the  image 
oE  AF  in  tlie  bisector  of  l.  BAO.  It  is  indiffereat  whether  the 
bisector  of  tlio  interior  l  BAC  be  taken,  or  the  bisector  of  the  angle 
atljaceiit  to  it ;  the  isogonal  of  AP  remains  the  same. 

Ft  follows  from  the  delinition  that 

(I)  Tlie  internal  and  the  external  bisectors  of  ^  BAC  are  their 
own  isogonals. 

{'!)  Tlie  line  joining  the  orthocentre  of  a  triangle  to  any  vertex 
is  isogonal  to  the  line  joining  the  circumcentre  to  that 
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U. 


(a)  If  P^Q  he  any  two  points  taken  on  a  pair  of  lines  isogonal 
with  respect  to  angle  BACy  the  distances  of  P  from  A  By  AC  are  in- 
versely proportional*  to  those  of  Q  from  A  By  AC. 

Figure  29. 

If  the  quadrilateral  AQ^QQi  be  revolved  through  two  right 
angles  round  the  bisector  of  j.  B  as  an  axis,  it  will  become  homo- 
thetic  to  the  quadrilateral  AP^PPj ;  therefore 

PPi  :  PP,  =  QQa :  QQ, 

{a')  If  Py  Q  he  any  two  points  and  if  the  distances  of  P  from 
A  By  AC  he  inversely  proportional  to  those  of  Q  from  A  By  ACy  then 
APf  AQ  are  isogonal  with  respect  to  l  BAG, 

This  may  be  proved  indirectly. 

(1)  The  points  P^   (?,   (?2   Pi  are  coitci/clicf 

Since  P^Pj  QiQa  are  antiparallel  with  respect  to  l  BAG ; 
therefore  Pj  Pj  Q,  Qa  are  concyclic. 

(2)  The  centre  of  the  circle  P1Q1Q2P2  w  tfie  mid  point  of  PQ, 

For  the  perpendicular  to  P^Q,  at  its  mid  point  goes  through  the 
centre  of  the  circle ;  and  this  perpendicular  bisects  PQ. 
So  does  the  perpendicular  to  P2Q2  at  its  mid  point. 

(3)  PiPi  is  perpendicular  to  AQ 
and      QiQ^   „  „  „  A  P. 


*  Sir  James  Ivory  in  Ley  bourn's  Mathematical  Bqyository,  new  series,  Vol.  I., 
Part  II.,  p.  19  (1806).  The  mode  of  proof  is  due  to  Professor  Neuberg.  See  his 
excellent  memoir  on  the  Recent  Geometry  of  the  Triangle  in  Rouch^  and  Com- 
beroufiae*8  Traits  de  OSanUtrie,  First  Part,  p.  438  (1891). 

t  This  and  the  two  following  theorems  are  due  to  Steinor.  See  Gergonne's 
AnnaUs,  XIX.,  37-64  (1828),  or  Steiner's  Gesammclte  Wcrke,  I.,  191-210  (1881). 
The  proof  given  of  (1)  is  Professor  Neuberg's.  See  the  reference  in  the  preceding 
note. 


For  AP  is  a  diameter  of  the  circunicircle  of  AP,P, ;  therefore 
the  isogonnl  of  AP  with  respect  to  iP,APj  is  the  perpendicnlar  * 
from  A  to  P.P^ 

(4)  The  circumcentre  of  either  of  the  triangles  AP,Pj  AQ,Qi 
and  the  orthocentre  of  the  other  are  collinear  with  the  point  A, 


(5)  Trinmjh  PP,P^  is  Inversely  timilar  f  to  QQJ^,. 

This  follows  fmni  the  demonstmtion  of  §  1 ;  or  it  may  be  thu 
proved : 

-  PP,P,  =  ^  PAP,  =  L.  QAQ,  =  i  QQ,Q,. 


Similarly 


^PP,P,=  ^QQ,Q^ 


(C)  If  IT,  QQ^meetalD 
and  PP.,  QQ,     „     „  E, 

tlien  AD,  AB  are  itoytytuxlti  with  respect  la  i.  BAC. 


FiGUBE   i. 


Join  P,Q,^  P,Q,. 


Since  P,Q,   P,Q,  are  concyclic, 
therefore  J.  AQ,P,  =  i.  AQ,P. 

therefore  tlipir  complements  are  equal 
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^  -• 

(a)  If  ABC  he  a  iriavgh^  and  if  AP^  AQ  he  isogmud  with  respect 
io  A,  then* 

BP'BQ  :  CP'CQ  =  AB' :  A(P 

Figure  31. 

About  APQ  ciFcumscribe  a  circle,  cutting  AB,  AC  in  F,  E  ; 
join  FE. 

Because  l  BAP  =  l  C AQ 

therefore  arc  FP  =  arc  EQ 

therefore  FE  is  parallel  to  BC 

therefore  AB  BF  =  AC  :CE 

therefore  AB*   :  ABBF=  AC^ :  ACCE 

therefore  AW   :  BPBQ  =  AC-  :  CPCQ. 

A   second   demonstration    will    be   found   in   C.    Adams's    Die 
merkwurdigsten    Etgenschafteyt,    des    geradlinigeii    Dreiecks,    p.    I 
*(1846),  and  a  third  in  Professor  Fuhrmann's  Synthetische  Betveise, 
p.  94  (1890). 

(a)  If  ABC  he  a  triangle  and  BC  he  dixnded  at  P  and  Q  so  that 

BP'BQ  :  CP'CQ^AB" :  AC^ 

then  t  -4jP,  AQ  are  isogonaU  tvith  respect  to  A. 

This  may  be  proved  indirectly. 

t 

(I)   If  AQ   be  the  internal  or  the  external  median  from    A, 
then   BQ  =  CQ,    and  the  theorem  becomes  % 

BP  :  CP  =  AB» :  AC^ 

*  Pappus's  Mathematical  Collection^  VI.  12.  The  same  theorem  diflferently 
stated  is  more  than  once  proved  in  Book  VII.  among  the  lemmas  which  Fapi>us 
gives  for  Apolloniiis's  treatise  on  Determinate  Section.  The  proof  in  the  text  is 
taken  from  Pappus. 

t  In  Pappus's  Mathematical  Collection,  VI.  13,  there  is  proved  the  theorem  : 

If  BPBQ  :  CPCQ  >  AB^  :  AC'^ 

then  L  BAP  >  i.  CAQ. 

t  Adams  (see  the  reference  to  him  on  this  page)  gives  (l)-(4),  (6),  (8).  His 
proof  of  (4)  is  different  from  that  in  the  text. 


(2)  If  AQ  fie    th«    internal  or  the    external   median  from   A 
and   L  BAG  he  right,  then  AP  i$  perpendicular  to  BC. 

FiauRRB  32,  33. 

Since  ^ACB=  ^CAQ-  ^BAP 

therefore  l  AOB  +  l  CAP  -  l.  BAP  +  i  CAP 
=  aright«iigle. 

(3)  If  AP  and  AQ  coincide,  then  AP  ia  either  the  iaternal  or 
the  external  bisector  of  :.  A,  and  the  theorem  becomes 

BF:CF  =  AB':AC' 
or  DP  :  CP  =  AB  :  AC 

a  known  result,  namely,  Euclid  VI.  3,  or  the  cognate  theorem. 

(■I)  ISPC  I' :  nqCQ  =  AP  :  AQ'. 

This  follows  from  the  theorem  of  §2  by  considering  APQ  as 
the  triangle  and  AB,  AC  as  the  isogonals. 

{:i)  IfAP,  AQ  H-kifh  are  isni/'mnl  n'uh  ret/ieet  to  l  BAC  nteel  the 
i,rle  vfAUC  in  R,  S,  then  APAS^AQAR. 
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(8)  If  APR  becomes  the  diameter  of  the  circumcircle   ABC 
then  AQ  becomes  perpendicular  to  BC,  and 

AQAR=ABAC, 

a  theorem  of  Brahmegupta's. 

See  Chasles's  ApercUy  2nd  ed.,  pp.  420-447. 

(9)  If  AP,  AQ  coincide,  then  AP  becomes  either  the  internal  or 
the  external  bisector  of  z.  A. 

Hence  in  the  first  case 

ABAC  =  APAS 

=  APPS  +  AF 
=  BPPC  +  AF ; 

and  in  the  second  case 

ABAC  =  APAS 

=  APPS  -  AP- 
=  BPPC  -  AF. 

(10)  In  triangle  ABC,  AI\  AQ  are  isogonaU  toith  respect  to  A  ; 
through  B  draw  BE paraHel  to  AP  meeting  CA  in  E ; 

„      C    „     CF       „      „  AQ        „      BA   „  F; 
then  EF  is  antiparallel  *  to  BC  with  respect  to  A . 


Figure  35. 

For  ^ABE=  ^BAP=  /.CAQ=  ^ACF; 
therefore  the  points  E,  B,  C,  F  are  concyclic. 

The  same  thing  would  happen  if  BE,  CF  were  drawn  parallel 
to  AQ,  AP. 

(11)  In  triangle  ABC,  AP,  AQ  are  isogonal ;  from  P  and  Q 
perpendiculars  are  drawn  to  BC ;  tluse  perpendiculars  are  inter- 
sected at  D,  E  by  a  perpendicular  to  AB  at  B,  and  at  D\  E'  by  a 
perpendicular  to  AC  at  C,     To  prove  f 

BDBE  :  CD'  CE'  =  AB^ :  AC\ 


•  Mr  Emile  Vigarie. 

t  Mr  Emile  Vigarie  in  the  Journal  de  Mathematiqnes  EU'nientairci,  2nd  series*, 
IV.  224  (1885)  says  that  thlB  theorem  was  communicated  to  him  by  his  friend  Mr 
Th.  Valiech. 


Draw  AX  piTpendicuUr  to  DC. 

The  siiiiilnr  trinnglea  BDP,  BEQ,  ABX  givp 


IID 

;11P    . 

. AB : AX 

BE 

;B(J   . 

=AB: AX 

therefore 

liD 
MP" 

BE 
BCJ 

AB- 
"a5F 

SiuiilArly 

CD' 
CP 

■CE' 
•  OQ" 

AC 

'ax^ 

therefore 

BD 

CTv 

■  BE 

CP  -CQ 

■  bp-bq' 

AB- 
"AC 

therefore 

BD 
CD' 

•  BE 
■CE' 

AC 
AB' 

AB" 
"AC 

(12)   If  in  (11)  AQ  be  the  ^mdUm*  from 
e»  ISD:fW  =  A/f:AC'. 


FiGUKK   3fi. 


For  BE  ;BQ  =AB:AX 

and  CE'  ;  CQ  =  AC  :  AX  ; 

therefore  BE  :  CE'  =  AB  :  AC, 

whence  the  rtisult  follows. 


173 

Figure  37. 

Let  BO,  BO'  be  isogonals  with  inspect  to  B 

and        CO,  CO'         „         „         „         „  C; 

then       AO,  AO'  are  „         „         „  A. 

Denote  the  distances  of  O  from  the  sides  by  pi  p2  p^  and  those 
of  O'  by  q^  q.  q^ 

Then  ;?,  q^  =  p.  q^  and  p^  q^  =  p^  q.^ 

therefore  pz  qz  =Pi  q-s 

therefore  AO,  AO'  are  isogonals  with  respect  to  A. 

Another  demonstration  will  be  found  in  C.  Adams's  Eigenachaften 
des...Dreieck8,  pp.  7-8  (1846). 

Points  such  as  O,  O'  determined  by  the  intersection  of  pairs  of 
isogonal  lines  will  be  called  isogonal  points,  or  simply  isogonals,  with 
respect  to  the  triangle  ABC. 

They  are  sometimes*  called  isoyonally  conjugate  points,  or  isogoDial 
conjugates,  but  more  frequently  on  the  continent  of  Europe  inverse 
points  with  respect  to  the  triangle  ABC. 

The  designation,  invei'se  points,  was  suggested  about  the  same 
time  in  Scotland  and  in  France.  See  a  paper  read  before  the  Royal 
Society  of  Edinburgh  on  20th  March  18G5,  by  the  Rev.  Hugh 
Martin,  and  printed  in  their  Iransactions,  xxiv.  37-52  :  and  an 
article  by  Mr  J.  J.  A.  Mathieu  in  the  Xotivelles  Annates,  2nd  series, 
IV.  393-407,  481-493,  529-537  (1865). 

Perhaps  the  adoption  of  tlie  nomenclature  proposed  by  Mr  G.  de 
Longchamps  in  the  Journal  de  Math^matiques  £lhfientaires,  2nd 
series,  V.  109  (1886)  would  be  advantageous. 

(1)  .1 BOC  4-  L  BO'C  =  180"  +  A. 

Figure  37. 

For  ^BOO  =  A  4- ABO  4- ACO, 

=  A  +  CBO'  4-  BCO', 

and  L.  BO'C  =  A  4-  ABO'  4-  ACO'  j 

therefore      l  BOC  4-  l  BO'C  =  2 A  4-  B  4-  C, 

=  180°  4- A. 

*  Professor  J.  Nenberg'8  Minwire  sur  le  TtUra^dre,  p.  10  (1884). 


(2)  In  triangle  ABC,  AP,  BP,  CP,  are  concurrent  at  O,  and 
thttir  isogonals  AQ^   BQ.j  CQ,  are  concurrent  at  O'. 

Figure  36. 

Suppose  BPs  BQ,  to  form  one  straight  line 
and  CP,  CQ,  „      „       „         „  „; 

then  the  points  O  O'  coincide.'* 

There  are  four  cases. 

(rt)  I£  BPj  CPj  bisect  the  interior  angles  B,  C,  then  AP,  bisects 
the  interior  angle  A. 

(i)  If  BP.  CPj  bisect  the  exterior  angles  B,  C,  then  AP,  bisects 
the  interior  angle  A. 

(e)  If  BP,  bisects  the  interior  angle  B 
and  CPj       „        „    exterior     „      C, 

then        AP,       „        „    exterior     „      A. 

(d)  If  BPj  bisects  the  exterior  angle  B 
and  CP,       „        „    interior     „      C, 

tlien        AP,       „        „    exterior     „      A. 

Hence  the  six  bisectors  of  tlie  angles  of  a  triangle  meet  three  by 
three  in  four  points. 

FiCJDBE  30. 
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Positions  of  Itvo  isogonal  points  with  reference  to  a  triangle. 

(1)  Any  point  on  a  side  has  for  isogonal  point  the  opposite 
vertex. 

(2)  A  vertex  has  for  isogonal  point  any  point  on  the  opposite 
side. 

(3)  A  point  inside  the  triangle  has  its  isogonal  point  also  inside 
the  triangle. 

(4)  If  a  point  be  outside  the  triangle  and  situated  in  the  angle 
vertically  opposite  to  l  BAG,  for  example,  its  isogonal  point  will  be 
outside  the  triangle  and  situated  in  that  segment  of  the  circumcircle 
(remote  from  A)  cut  off  by  BO. 

(5)  If  a  point  be  outside  the  circumcircle  and  situated  within 
the  angle  BAG,  for  example,  its  isogonal  point  will  be  outside  the 
circumcircle  and  situated  within  the  same  angle. 

(6)  If  a  point  be  on  the  circumference  of  the  circumcircle,  its 
isogonal  point  will  be  at  infinity. 

The  truth  of  these  statements,*  which  are  not  quite  obvious,  may 
be  ascertained  by  the  construction  of  a  few  figures.  Of  the  last 
statement  the  following  proof  may  be  given  : — 

Figure  39. 

If  AD,  BE,  CF,  be  three  parallel  lines  drawn  through  the  ver- 
tices of  a  triangle  ABG,  their  three  isogonals  will  be  concurrent  at 
a  point  on  the  circumference  of  the  circumcircle.  f 

Because     AD,  BE,  GF  are  parallel, 

therefore    arc  AE  =  arc  BD,  arc  BG  =  arc  EF. 

Make  arc  GP  equal  to  arc  BD ;  join  AP,  BP,  CP. 

*  They  are  all  given  by  Mr  J.  J.  A.  Mathieu  in  NouvelUs  Aniialcs^  2nd  series, 
IV.  403(1865). 

t  Professor  Eugenio  Beltrami  in  Mcmorie  del  VAccademia  delU  Scienzc  del 
lUituio  di  Boloffna,  2nd  seriets  II.,  383  (1863). 


Since 

«rcCP  =  ftreBD, 

therefore 

»  CAP --/.BAD, 

and  AP  b 

isogon»l  to  AD. 

Since 

»rcCP  =  aroAE, 

therefore 

iCBP=  ^ABE, 

»nd  BP  is 

isogonal  to  BK 

Since  E 

ire  BC  =  arcEF,  arc 

ftrcBP  =  arcAF; 

therefore 

^BCP=^ACF, 

and  CP  is  isogonal  to  CF. 

Hence,  if  P  be  a  poiut  on  the  circumcircle  of  ABC,  the   point 
isogonal  to  it  is  t}ie  point  of  concurrency  of  AD,  BE,  CF. 

(1)  AD  is  perpendicular*  to  the  Wallace  line  P  (ABC). 
This  follows  from  §  1,  (3). 


If  three  atignlnr  ti-aitsversals  <nit  the  opposite  sides  v. 
points,  their  i»ogunah  wilt  also  ctil  the  oviposits  siden  ii 


three  eoiliiiear 
three  oollitiear 
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T^                             BD  •  CE  •  AF 
Now  _  1  . 

CD  •  AE  •  BF  "  ^  ' 

.,       -                      BD'CE'AF 
therefore  =  i  • 

CD'AE'-BF        ^' 
therefore  D',  E',  F'  are  collinear. 


§6. 


If  0  he  any  point  in  the  plane  of  triangle  ABC^  and  AO  BO  CO 
meet  the  circumcircle  in  A^  B^  C,  and  D  E  F  he  tJ^  projections,  of 
O  on  BC  CA  AB  the  triangles  A^B^Ci  DEF  are  directly  similar ^ 
and  the  point  0  of  triangle  DEF  corresponds  to  that  point  of  A^BiC^ 
which  is  isogonal*  to  0, 

Fl(iURK  41. 

For  the  points  O  F  B  D  are  coney clic  ; 

therefore  l.  FDO  =  :.  FBO 

=  /.  B,A,0. 

Similarly  u  EDO  =  l  C, A,(  ). 

The  demonstration  may  be  easily  seen  to  apply  to  the  more 
general  case  where  A,  B,  C,  are  taken  inverse  to  0  with  any  otlier 
constant  of  inversion.* 

(1)  If  0  be  the  orthocentre  of  ABC,  it  must  be  the  incentre  or 
an  excentre  of  DEF,  and  therefore  the  incentre  or  an  excentre  of 
AiBjCj. 

(2)  If  O  be  the  circumcentre  of  ABC,  it  must  be  the  orthocentre 
of  DEF,  and  therefore  the  circumcentre  of  A,B,Oi. 

(3)  If  O  be  the  incentre  of  ADC,  it  must  be  the  circumcentre 
of  DEF,  and  therefore  the  orthocentre  of  AiB^C,. 

(4)  If  O  be  an  excentre  of  ABC,  it  must  be  the  circumcentre  of 
DEF,  and  therefore  the  orthocentre  of  AjBjC,. 


*  Mr  E.  M.  Langley  and  Profesftor  Neulxjrg.  (1)— (4)  are  Mr  Langlpy's.  See 
the  SeverUeenth  General  Report  of  the  Association  for  the  Improvement  of  Oeometrical 
Teaching,  p,  Ao  (ISOl.) 


IJ  two  point!  be  isogonal  uHth  respect   to  a  iriangt 
projections  on  the  sides  of  the  triangle  are  coneyclic.* 

Figure  43. 

Let  O,  0'  be  isogona]  with  respect  to  ABC,  and  le 
jy,  E',  F  be  their  projections  on  the  sides  BC,  CA,  AB. 

Then  EF  is  antiparallel  to  E'F  with  respect  to  A  ; 
therefore  E,E'  F,F',  are  concyclic. 

Similarly  F,F'   D,D'    „ 

and  D,D'  E,E'    „         „  ; 

therefore  the  six  points  are  concyclic. 


If  0  0'  he  isogonal  points  witli   reg}>eel  to  ABC,  and  D  E  F 
UEF  he  their  respective  projections  on  BC  CA  AB,  tiitn 
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EigJuh  Meeting^  Friday,  June  \Ath,  1895. 


John  M*Cowan,  Esq.,  M.A.,  D.Sc,  President,  in  the  Chair. 


Summary  of  the  Theory  of  the  Refraction  of  their  approxi. 
xnately  Axial  Pencils  through  a  Series  of  Media  bounded 
by  coaxial  Spherical  Surfaces,  with  Applications  to  a 
Photographic  Triplet,  &c. 

By  Professor  Chrystal. 

[The  Paper  will  Up.  jyuhlished  in  the  next  Volnnie.\ 


On  a  Diophantine  Equation. 
By  R.  F.  Davis,  M.A. 

In  the  consideration  of  Question  12612  appearing  in  the  Educa- 
tional I'imes  for  January  of  tliis  year,  proposed  by  tlie  liev.  Dr. 
Haughton,  F.R.S.,  of  Trinity  College,  Dublin,  the  following 
Diophantine  Equation  suggests  itself  : 

What  values  of  x  make  Sr'  -  8.i;  4- 1 G  -  □  '/ 

Since  it  may  be  written  8.i;(.f^  -  1 )  +  1 6  =  □  it  is  obvious  that 
a;  =  0,  ±1  are  solutions.     Also  that  x  =  2  is  a  solution.     Moreover 

3 

a:=  — r-  when  substituted  I'ives  -  27  +  12  +  IT)  =  1   and  is  therefore 
2 

a  solution, — marking  approximately  a  limit  to  tlie  negative  root. 

I.  Put  Sa^  -  8a;  +  16  =  (pxP  +  a:  -  4)'-  ;  then  after  reduction  and 
division  by  a-*,  we  have 

/?*.r2-2u(4-;>)+l -^<;>  =  ()  (A) 


It  will  be  found  tliiit  the  roots  nf  this  equation  are  rea)  and 
nitioual  when  8/)' -8;n+ 16  -  □ 

which  is  t/ie  KOtne  DwphatUitie  Eqitation   ok  tJiat   with   ichieh   tm 
Hlarleii. 

Hence  tlie  values  of  j;  obtained  by  experiment  may  be  used  for 
p  in  the  equation  (A)  ivitli  the  certainty  of  obtaining  one  or  more 
fresh  solutions. 


Thus  put  jikO  and  w 


I  get 


ax+    1=0     a;  = 


"-10,r+    9  =  0     ,r=  +  I  or  9 
,~_    4-.«+15  =  0     a:  =  4.  4r  > 


all  depending  on  the  fact  that  if  one  root  of  a  quadratic  equation  be 
real  and  rational,  so  is  the  other  root. 


IT.  Tlie  equation  (A)  may  be  wiitten 
=  16..' 


OB&inbnrjIj  giathtmatital   ^atitt^. 
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A  Snmmary  of  the  Theor?  of  the  Befi*aotioD  of  Thin 
Approximately  AT^'ftl  Penoile  throtiffb  a  series  of  Media 
bounded  hy  Coaxial  Spherioal  Surfaces,  with  ac^lioation 
to  a  Phott^raphio  Triplet,  etc. 

By  FrofesBor  Cbrtbtal. 

The  optical  theory  referred  to  in  the  title  of  this  communication 
is  now  fully  half  a  century  old* ;  and  has,  moreover,  been  well  ex- 
pounded in  the  standard  English  treatises  of  Pendiebury  and  Heath. 
Still,  notwithstanding  its  elegance  and  simplicity,  and  it£  great 
practical  importance  as  giving  the  first  approximation  to  the  theory 
of  the  great  majority  of  the  optical  instruments  in  ordinary  use,  its 
nitration  into  the  strata  of  popular  knowledge  has  been  remarkably 
slow.  It  seetus,  therefore,  to  be  worth  while  to  ofl'er  a  brief  sum- 
mary of  its  leading  principles,  freed  as  much  as  possible  from  the 
detailed  calculations  which  become  necessary  when  the  constants  of 
the  optical  system  have  to  be  deduced  from  the  data  of  construction, 
and  to  indicate  methods  for  experimental  verification.  In  giving 
this  summary,  I  shall  omit  the  demonstrations  of  some  of  the  pro- 
positions, which  can  be  found  by  those  who  desire  them  in  the  well 
known  Treatise  on  Geometrical  Optics,  by  Heath. 

The  whole  theory  may  be  made  to  depend  on  two  elementary  pro- 
positions regarding  the  refraction  of  a  thin  pencil  at  a  single  spherical 


X   denote  the  distances  of  P  and  P',  both  measured  from  a  point  0 

in  tlis  axis  in  the  same  direction  (which  we  take  to  he  tliat  in  which 

the  light  is  proceeding,  altvays  in  our  diagrams  from  left  to  right), 

then 

Aaxc'  +  Bx  +  Cx'  +  'D  =  0         -         -         -      (1), 

where  A,  B,  C,  D  are  constants  depending  on  the  radius  of  the 
refi'octing  surface  and  on  the  indices  of  refrax^tion  of  the  media  of 
which  it  is  the  boundary,* 

The  fact  that  the  correspondence  is  direct,  i,e,,  that  if  P  moves 
then  P'  always  moves  in  the  same  direction,  imposes  a  certain 
restriction  upon  A,  B,  0,  D,  viz.,  that  BC-AD  must  always  be 
negative,  as  we  shall  see  presently. 

The  Law  of  Conjugate  Focal  Planes  is  accurate  to  a  first  approxi- 
mation only,  viz.,  we  must  suppose  that  the  square  of  the  distance 
of  the  point  of  incidence  on  the  spherical  surface  from  the  axis  is 
negligible  in  comparison  with  x,  x',  or  the  radius  of  the  surface. 
To  this  degree  of  approximation  the  points  corresponding  to  the 
points  in  any  plane  area  (the  object)  perpendicular  to  the  axis  at  P 
generate  another  similar  plane  area  (the  image)  perpendicular  to  the 
axis  at  F. 

The  residual  phenomena  which  arise  when  we  proceed  to  higher 
orders  of  approximation  are  included  under  the  various  heads  of 
Spherical  Aberration,  Astigmatism,  Distortion,  and  Curvature  of 
the  Image,  with  which  we  have  nothing  to  do  at  present. 

Since  the  object  and  image  are  similar,  all  that  is  necessary  in 
order  to  determine  the  one  when  the  other  is  given  is  to  know  the 
ratio  of  similarity,  t.«.,  the  ratio  of  the  distance  between  any  two 
points  in  the  one  to  the  distance  between  the  corresponding  points 
in  the  other.     Regarding  this  ratio,  we  have  the  following 

Law  of  Hblmholtz. 

If  P  and  jS*  be  the  linear  dimensions  of  an  object  at  P  and  its 
image  at  P",  P  and  P"  being  axial  points,  and  a  and  a  the  inclina- 
tions to  the  axis  of  an  incidefit  ray  through  P  and  the  corresponding 
emergent  ray  through  P,  then 

/jLpt&na  =  /jL'P't&na     '         -         -         -     (2); 

*  See  Heath,  §  41-46.  The  theory  is  here  stated  throughout  for  refraction  only ; 
the  case  of  reflection  may  be  included  by  putting  /i= — 1  for  every  refracting 
surface. 


where  /i  atui  fi  are  tin  refractive  itulicet  of  Qi»  madia  in  the  order 
of  the  passage  of  the  rays.* 

These  laws  can  at  once  be  extended  to  any  number  of  cosLzial 
spherical  surfaces.  For,  if  P,'  be  the  conjugate  of  P*  in  the  second 
surface,  P,'  the  conjugate  of  P,'  in  the  third  surface,  and  bo  on, 
then,  since  each  of  these  points  is  in  direct  projective  correspond- 
ence with  the  one  immediately  preceding,  the  last  of  all,  which  u 
the  image  point  corresponding  to  F  after  refraction  hy  the  whole 
system,  will  be  in  direct  projective  correspondence  with  P. 

(Analytically,  this  involves  merely  the  repeated  application  of 
the  easily  verified  proposition  that,  if 

A*a;'  +Bx  +Ca^  +I>  =0, 
A'x'x"  +  B  V  +  C  V  +  D'  =  0, 

where  A,  B,  C,  D  are  constants,  and  DC- AD,  E'C-A'D*  both 
negative,  then 

A"xx"  +  B"x  +  C"x"  +  D"  -  0, 

where  A",  B",  C",  D"  are  constants  depending  on  A,  B,  C,  D  ■ 
A',  B',  C,  D'  and  such  that  B"C"  -  A"D"  is  negative.) 

It  follows  therefore  that,  if  P  and  F  be  eonjugaU  fod  wUh 

respect  to  any  sj/item  of  coaxial  spherical  surfaces,  and  x  and  ^ 
denote  the  distances  of  P  and  P  from  any  fixed  paint  0,  iken 

Akc' +  Bx  +  C-e' +  D  =  0 


Pbihcipal  Foci,  Moment,  Double  Points,  and  Stationary 

Points  of  a  System. 

If  A  do  not  vanish^  a  condition  which  we  shall  indicate  when 
necessary  by  calling  the  system  Nonrtelescopic^  then  the  equation  (3) 
can  always  be  thrown  into  the  form 

(x-g){x'-g)^-f    -         -         -         -     (5), 

where  g=  -C/A,  g  =  -  B/A,  and  y^^  -(BC-AD)/A«,  so  that 
9i  ^9  y  Aro  ^  f^  finite  constants,  and  y  may  be  taken  to  be  either 
positive  or  negative.  The  constant  y*  we  shall  call  the  Moment  of 
the  System, 

We  see  at  once  from  (5)  that,  when  a;  =  Qo,  x  =^g\  and,  when 
x^gj  as' =  00.  The  two  points  F'  and  F  thus  determined  we  call  the 
Principal  Foci  of  the  System.  The  planes  through  F  and  F'  per- 
pendicular to  the  axis  we  call  the  Principal  Focal  Planes,  The 
optical  property  of  these  points  is  that  any  nearly  axial  pencil  of 
parallel  incident  rays  finally  converges  to  or  diverges  from  a  point 
in  a  plane  perpendicular  to  the  axis  through  F',  and  that  any 
incident  pencil  converging  to  or  diverging  from  a  point  in  a  plane 
perpendicular  to  the  axis  through  F  finally  emerges  as  a  parallel 
pencil. 

When  it  is  necessary  to  distinguish  between  these  points,  we 
may  speak  of  F'  as  the  Principal  Focus  for  incident  rays,  and  F  as 
the  Principal  Focus  for  emergent  rays. 

If  we  denote  (see  Fig.  2)  the  distances  of  the  two  conjugate  foci 
P  and  P'  from  F  and  F'  respectively  by  u  and  u\  the  former 
distance  being  reckoned  positive  when  measured  in  a  direction 
opposite  to  the  passage  of  the  light  through  the  system,  and  the 
latter  positive  when  measured  in  that  direction,  then  we  have  the 
important  relation 

uu'  =  y'      .....     (6). 

If  p  and  p'  denote  the  distances  from  F  and  F*  of  any  pair  of 
conjugate  foci  P  and  P*  for  incident  and  emergent  rays  respectively, 
and  V  and  v  the  distances  of  any  otlier  pair  of  conjugate  foci  Q  and 
Q'  for  incident  and  emergent  rays  from  P  and  P'  respectively,  the 
conventions  as  to  sign  for  p  and  p'  and  for  v  and  v'  being  the  same 
as  for  u  and  u\  then  from  (6)  we  deduce  at  once 

pjv+p'jv'^l        ....     (G*). 


Retarning  to  the  equation  (5),  and  taking  the  principal  focui  for 
emergent  rays,  F,  for  origin,  if  we  denote  the  distance  FF  by  ^  3 
being  positive  or  negative  according  aa  P*  is  right  or  left  of  F  (the 
passage  of  the  light  being  supposed  from  left  to  right  as  usual),  then 
(5)  may  be  written 

«(«'-S)--7'  ■  -  -  -  (7). 
Let  now  y  denote  t^e  distance  between  any  incident  focus  F  and  its 
conjugate  P*,  then  we  have  from  (7) 


The  points  for  which  y  vanishes,  i.e.,  the  points  whose  conju- 
gates are  coincident  with  themselves,  are  given  by 


-dx  +  y'  =  0- 


(9) 


These  points  we  may  call  the  Double  Points  of  the  Optical  System : 
the  image  of  any  object  (actual  or  virtual)  placed  at  a  double  point 
has  the  same  position  aa  the  object,  although  it  is  not  in  general  of 
the  Bame  size. 

The  double  points  are  real,  coincident,  or  imaginary  according  at 
o'>  =  <  4y-,  We  name  the  optical  system  Nyperboltc,  Parabolic,  or 
Elliptic  aceordinglij. 

When  the,  double  jioinls  are  real  they  lie  right  or  left  of  F  accord- 
ing ash  is  positive  or  negative. 

Farther,  Eince  the  sum  of  the  distances  of  the  double  points 


In  every  system  there  are  ttoo  real  pairs  of  stationary  points. 
Each  pair  is  symmetrically  sittuUed  unth  respect  to  F  and  Fy  the 
incident  points  of  the  two  pairs  lie  at  a  distance  y  right  and  left  of  F 
respectively.  In  Elliptic  or  Parabolic  systems  the  stationary  distances 
are  both  minima.  In  Hyperbolic  systems  one  of  the  stationary  dis- 
tances is  a  maximum  the  other  a  minimum ;  the  incident  point 
corresponding  to  the  maocimum  altvays  lies  on  tlie  same  side  of  F 
asF. 

Magnification,  Principal  Points,  Principal  Focal  Lengths,  and 

Nodal  Points. 

In  order  to  deduce  a  rule  for  calculating  the  dimensions  of  the 
image  of  any  given  object  we  must  combine  the  Law  of  Conjugate 
Focal  Planes  with  the  Law  of  Helniholtz. 

Let  Pp  (Fig.  3)  be  a  linear  object  of  length  fi  in  the  plane  of  the 
paper,  Vp*  its  image  of  length  fi'  also  in  the  plane  of  the  paper. 

It  is  obvious  that  PF  and  F'P  are  incident  and  emergent  parts 
of  an  axial  ray.  Let  pY  and  Q/?'  be  incident  and  emergent  parts  of 
another  ray,  Q'  being  a  point  in  the  Principal  Focal  Plane  for 
incident  rays.  Since  pF  and  PF  converge  to  a  point  in  the  principal 
focal  plane  for  emergent  rays,  Q'p'  is  parallel  to  F'P'.  If  we  now 
join  Q'P',  and  take  this  for  the  emergent  part  of  a  third  ray,  then, 
since  Q'  is  in  the  principal  focal  plane  for  incident  rays,  the  incident 
part  of  this  third  ray  will  be  PQ  parallel  to  pY, 

Now,  by  the  Law  of  Helmholtz, 

/i^tanQPF  =  /i'/^'tanQ'FF', 

that  is, 

fi/SUinFFp  =  ^'^'tanFQ>'. 

Hence,  u  and  u'  having  the  same  meanings  as  in  (6), 

li^iu^li'p'^ju. 
Hence 


/S'" 

P"^ 

u' 

•         t 
u 

= 

/ 

F' 

It" 

= 

F 

t 
F 

by  (B).     Hence  we  baye 

f-V(7v)-V(^)7--V(fH  -  <->■ 

iU«  uppor  or  lower  signs  to  be  taken  according  as  the  imag^  is 
dvn-t  or  inverted  or  vice  versa.  By  means  of  this  relation  the 
iiMKiiitii'Atioii  of  an  object  placed  at  any  given  point  may  be 
iwloulaUH). 

Tliero  are  two  pairs  of  conjugate  foci  for  which  the  magnification 
u  unity  corresponding  to 


{12). 


t'\>r  ono  of  these  pairs  the  image  is  equal  to  the  object  and  erect; 
fur  lliii  other  equal  and  inverted.  Which  is  which  depends  on  the 
)kluHilut«  sign  of  y,  a  quantity  whose  square  alone  has  hitherto  been 
ittilinwl ;  so  that  we  cannot  distinguish  between  tlie  two  pairs 
witliout  farther  examination  of  the  special  system.  We  know, 
howtiver,  that  there  are  always  two  real  pairs  of  the  kind  described. 
'I'hti  pair  for  which  the  image  is  erect  are  called  the  prmeipal 
jtuinU  of  the  system  (H,  H');  the  other  pair  we  may  call  the 
•tvli-prineipal  poinU  (K,  K'). 

Tlie  diiitances  of  the  principal  points  of  incidence  and  emergence 
from  the  principal  foci  of  incidence  and  emergence  respectively  are 
-iilli^U  tin:  princivitl  foual  k-iigtlis  of  tlio  Kvstcni.     If  wy  denote  these 


It  will  be  observed  that  in  the  general  case  which  we  are  now 
considering  the  principal  points  coincide  neither  with  the  stationary 
points  nor  with  the  double  points.  The  magnification  for  the 
former  is  ±  ^/(fl/f^') ; 

for  the  latter         ±  ^/(ft/ft'){^/2y  ±  7((8/2y)=  -  1)}. 

The  line  joining  the  points  where  any  incident  ra/y  and  its 
corresponding  emergent  ray  meet  the  jrrincipal  planes  of  incidence  and 
emergence  respectively  is  parallel  to  the  aocis, 

A  similar  proposition  holds /or  the  anti-principal  planes^  with  Hie 
variation  that  the  joining  Ihie  passes  through  the  point  bisecting  KK\ 

To  prove  the  first  of  these  propositions  we  have  only  to  remark 
that,  since  the  principal  planes  are  conjugate,  the  points  Q  and  Q' 
(Fig.  4)  in  which  any  ray  meets  them  are  conjugate  foci,  and  so  also 
are  the  principal  points  H,  H'  themselves.  Hence  H'Q'  is  the 
image  of  HQ ;  and  therefore  by  the  fundamental  property  of  the 
principal  points  H'Q'  =  HQ,  both  being  like  directed.  Hence  QQ' 
is  parallel  to  HH'.  A  similar  proof  establishes  the  second 
proposition. 

By  means  of  the  principal  planes  we  can  readily  construct  in 
a  variety  of  ways  the  emergent  ray  corresponding  to  any  given 
incident  ray. 

Let  the  incident  ray  meet  the  principal  focal  plane  of  emergence 
in  R  (Fig.  5),  and  the  principal  plane  of  incidence  in  S.  Draw 
SS'  and  RT'  parallel  to  the  axis  meeting  the  principal  plane  of 
emergence  in  S'  and  T' ;  then  S'P'  parallel  to  T'F'  is  the  emergent 
ray  corresponding  to  PS,  as  is  at  once  obvious  if  we  notice  that 
RS,  RT  form  a  pencil  diverging  from  a  point  in  the  principal  focal 
plane  of  emergence.     P  is  of  course  the  conjugate  of  P. 

We  can  also  construct  the  conjugate  of  any  point  P  not  lying  on 
the  axis  as  follows  : — 

Let  PR  (Fig.  6)  parallel  to  the  axis  meet  the  principal  plane  of 
emergence  in  R',  and  PF  meet  the  principal  plane  of  incidence  in  S. 
Then  the  parallel  to  the  axis  through  S  meets  R'F'  in  P'  the  con- 
jugate of  P. 

Similar  constructions  can  be  efiected  by  means  of  the  anti- 
principal  planes,  if  we  replace  the  parallels  to  the  axis  by  lines 
drawn  through  the  middle  point  of  FF'. 


By  roeanB  of  Helmholtc's  Iaw  and  the  relktioiiB  of  (13)  and  (16) 
we  find 


*r 


(18), 


where  a  &nd  a'  are  the  inclinations  to  the  axis  of  any  incident  ray 
passing  through  P  and  the  corresponding   emergent  ray  passing 

through  the  conjugate  focus  P". 

We  see  from  (18)  tiiat  in  every  optic<U  sytUm  there  are  Itco  real 
pairs  of  axial  conjugates,  given  by 


<19). 


which  have  tiie  jirojierty  tliat  the  earresptnuiing  inetdenl  and  emergent 
rays  paesing  through  them  make  equal  angles  with  the  axis.  For  one 
of  these  pairs,  wliicb  are  called  the  nodal  points,  the  incident  and 
emergent  rays  are  parallel  :  for  the  other  pair,  which  may  be  called 
the  antinodal  puinls,  the  incideut  and  emergent  rays  are  equally  but 
oppositely  inclined  to  the  a.xis. 

By  conEidering  a  figure  in  any  special  case  it  is  easy  to  see  tliat 
if  N  and  N'  (Fig.  7)  be  the  nodal  points,  H  and  II'  the  principal 
points,  then  N  and  K  on  the  one  hand  and  K'  and  H'  on  the  other 
must  always  lie  on  the  same  side  of  F  and  F'  respectively. 

From  (IG)  we  see  that  the  magnification  corresponding  to  the 
nodal  points  is  +/!/'  =  uju. 


11 

Since /A » /a',  we  have  from  (IS)     f=^f  =  y     -        -         -     (13'). 

Hence  the  stcUionary  points  and  the  nodal  points  coincide  tvith  the 
principal  points.  It  is  therefore  sufficient  in  any  such  system  to 
confine  our  attention  merely  to  the  four  points  F,  F',  H,  H'.  Since 
these  are  now  symmetrically  disposed  about  the  middle  point  of 
FF',  we  may  speak  of  this  point  as  the  centre  of  the  system  and  call 
the  system  symmetrical. 

The  fundamental  formula  (4),  (15),  (16),  (17),  (18)  now  become 

)3tana  =  )8'tana'  -         -       (4'); 

W=/^  -        -        -     (15'); 

— +  -7  =  -7'        -         -         -         -     (17); 

tana      _  w 

taTa  =  -^7  -         -         -      0»). 

Classification  of  Symmbtbioal  Optical  Systems. 

Since  symmetrical  systems  are  of  great  importance,  it  seems  to 
be  worth  while  to  classify  the  fundamentally  distinct  kinds  that  can 
arise  and  to  indicate  how  typical  models  of  them  can  be  constructed 
for  the  purposes  of  laboratory  instruction. 

We  may  suppose  one  of  the  four  determining  points  F,  F',  H,  H' 
kept  fixed.  There  arise  therefore  as  many  distinct  cases  as  there 
are  distinct  topological  arrangements  of  the  three  remaining  points 
relative  to  F  and  to  each  other.  Bearing  in  mind  the  symmetry  of 
the  system,  we  thus  get  the  following  eight  distinct  cases  : — 

F  H  H'F,  F  H'H  F,  H'F  FH,  H'FF  H  ; 
FH'H  F ,  FH  H'F ,  H  FF  H',  H  F  FH'. 

To  remove  the  latent  ambiguity  arising  from  the  indeterminate 
sign  of  y  in  the  general  theory  we  divide  the  eight  systems  into  two 
classes,  viz.,  Inverting  Systems^  which  give  an  inverted  image  of  a 
distant  object ;  and  Erecting  Systems,  which  give  an  erect  image  of  a 
distant  object.  By  considering  the  construction  given  above  for  the 
image  of  a  non-axial  point,  it  is  easily  seen  that  a  system  is  Invert- 
ing or  Erecting  according  as  the  direction  of  FH  is  the  same  as  or 
opposite  to  the  direction  of  the  passage  of  the  light  through  the 


system.  If,  therefore,  we  suppose,  as  hitherto,  the  light  to  pass 
from  left  to  right,  we  see  at  once  that  the  first  four  systems  above 
set  down  are  inverting  and  the  rest  erecting. 

The  following  table  indicates  farther  the  nature  of  the  systems 
as  to  the  reality  of  the  double  points  and  the  nature  of  the  stationary 
distances  HH'  between  the  principal  points  and  KK'  between  the 

anti-principal  points. 


Inverting 
Systems. 

Erecting 
Systems. 

FH'HF 
FH  H'F 
HF'FH' 
HFFH' 

Nature  as  to 
Double  points. 

Kyperbolic 

Elliptic 

Elliptic 

i  Elliptic  or  ) 
1  HyperbolicJ 

HH' 

KK' 

FHH'F 
FH'HF 
H'FFH 
H'F'FH 

aiaximum 
Minimum 
Minimum 

Minimum 

Minimum 

Minimum 

Minimum 

(Minimomor) 
iMaximnm     j 

There  are  of  course  transition  cases  such  for  example  as  a  system 
for  which  FF'  =  0,  FH'  =  0,  FH  =  0,  or  HH'  =  0.     The  last  corree- 

'  of  tlio  older  theory,  which  still  c 
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between  the  leiuee  bei 
formaln  given  by  Heath, 

HH'.-o'/(/+/-t); 

FF  .  (3//- .■)/(/+/ -c) 

FH  -(//)/(/+/-c); 

FH'.  (//-.■)/(/+/-.).  I 

KK'- (4//- -»■)/(/+/-»)  ; 

The  following  table,  therefore,  gives  the  oonditione  of  construc- 
tion for  our  eight  types : — 


(positive),  then  by  spedalising  the 
we  find 


(20) 


f 

1 

FHH'F 

'>/+/■ 

Jf<o\ 

FHHF 

'</+/■ 

r/>o 

//><:' 

3 

H'F  F'H 

'</*/ 

IT>0 

c->//>W 

4 

H'FFH 

'</+/ 

ff^'i 

fr<v 

s 

1 

G 

FH'H  F 

«</+/ 

ff>0 

FHH'F 

'>/+/ 

//>«• 

7 

HFFH' 

<>/+/ 

//>" 

f>Jf>\<! 

S 

HFFH' 

<>/+/ 

f/>0 

jr<i'' 

The  only  systems  for  which  lenses  of  negative  focal  length  are 
absolutely  required  are  (1)  and  (5).  All  the  others,  except  (7),  can 
be  constructed  with  two  identical  lenses  of  equal  positive  focal 
length  placed  at  the  proper  distance  apart.  Perhaps  the  simplest 
way  to  work  out  a  complete  set  of  models  is  to  take  advantage  of 
the  fact  that  (5)  can  be  derived  from  (1)  merely  by  altering  c;  and 
that  (2),  (3),  (4)  can  be  converted  into  (G),  (7),  (8)  respectively  by 
changing  the  signs  of /and/". 

The  following  table  gives  a  conveaient  set  of  models.  As  it  is 
convenient  to  know  the  positions  of  the  anti-principal  points  when 
the  combinations  have  to  be  measured  experimentally,  I  have  indi- 
cated them  by  the  letters  KK'  in  the  table : — 
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With  six  lenses  which  can  he  bought  for  a  few  shillings,  and  a 
couple  of  draw-tubes  for  adjusting  them  at  different  distances  apart, 
apparatus  can  be  constructed  by  means  of  this  table  for  illustrating 
the  various  typical  systems  and  for  exercising  students  in  measuring 
their  constants. 

Telescopic  Systems. 
Hitherto  we  have  supposed  that  the  constant  A  in  the  equation 

Aa»:'  +  Ba?  +  Caj'  +  D  =  0  -         -         -     (3) 

does  not  vanish.  We  shall  now  briefly  consider  systems  for  which 
A  =  0.     In  this  case  the  equation  (3)  reduces  to 

Ba;  +  Cx'  +  D  =  0      ....     (23) 

We  may  pass  over  the  cases  where  either  B  =  0  or  C  =  0,  which  are 
of  no  practical  interest.  They  correspond  to  systems  having  an 
infinitely  small  focal  length. 

A  system  in  which  A  =  0,  B  4=  0,  C  4=  0  we  shall  call  a  Telescopic 
System. 

The  special  case  where  B  =  -  C  is  worthy  of  separate  considera- 
tion.    The  equation  (23)  in  this  case  takes  the  form 

x'  =  x-d  ....     (24), 

where  cf  is  a  constant  positive  or  negative  according  to  the  nature 
of  the  system.  The  meaning  of  (24)  is  that  the  conjugate  focus  P' 
corresponding  to  any  given  point  P  always  lies  at  a  fixed  distance 
d  from  P  in  the  direction  of  the  passage  of  the  light  or  in  the  con- 
trary direction  according  as  d  is  positive  or  negative.  In  particular, 
we  see  that  to  a  point  at  infinity  corresponds  a  point  at  infinity. 
Hence  any  incident  pencil  of  parallel  rays  emerges  as  a  parallel 
pencil.  It  is  obvious  infact^from  the  more  general  equation  (23), 
that  this  is  a  property  of  any  Telescopic  System,, 

Let  P/?  (Fig.  9)  be  any  linear  object  in  the  plane  of  the  paper 
perpendicular  to  the  axis  of  the  system  and  meeting  it  in  P,  and  let 
P'/?'  be  the  image  of  Pp.  To  the  incident  ray  jdQ  parallel  to  the 
axis  will  correspond  the  emergent  ray  p'Q'  also  parallel  to  the  axis. 
Let  PQ,  P'Q'  be  any  incident  and  corresponding  emergent  rays 
through  P  and  P',  then  Q  and  Q'  are  conjugate  foci.  Hence,  if 
QM  and  Q'M'  be  perpendicular  to  the  axis,  it  follows  from  (24)  that 
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MM'  =  rf=PF.     Hence  PM'  =  PM.     Now,  by  Helmholtz's  Law,  we 

Hence  /.jff/PM  =/j8^/FM' ; 

and  therefore,  since  P'M'  =  PM, 


m^-  ±  vwc') 


(25). 


In  gyslemg  of  the  pregent  kind,  therefare,  the  itnage  is  altoaya  ahifted 
through  a  constant  distance  depending  on  the  nature  of  the  sj/item  ; 
thf  TtvtgnificatioH  is  coiislaid  and  depends  merely  on  the  initial  and 
Jinal  media  ;  and  the  image  may  be  erect  or  inverted  aeeording  to  the 
nature  of  the  gyttetn. 

If  the  initial  and  final  media  be  the  same,  the  image  is  equal  to 
the  object.  A  plane-parallel  plate  of  glass  is  an  example,  and  lenses 
can  be  constructed  having  the  same  property,  aa  may  easily  be  seen 
by  working  out  tlie  cliuracteristic  equation  (3)  for  a  pair  of  coaxial 
spherical  surfaces  and  then  applying  the  conditions  A  —  0,  B  +  C  =  0. 

Next  suppose  B  +  C  4=  0.  Then,  by  shifting,  the  origin  through 
a  distance  A  =  -  D/(B  +  C),  the  equation  (23)  may  be  reduced  to  the 

,'-fa  ....    (26), 

where  A  =  -  B/C.  The  definite  point  0  which  is  now  the  origin  we 
may  call  tlie  centre  of  the  telesco/iic  system. 

We  see  from  (2(i)  that  the  law  of  conjugate  foci  reduces  now  to 
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Hence  P'/p  =  ±  V(/^//i')      -        -        -     (27) ; 

tana'/tana  =  ±  Jifi/kfi)       -         -         -      (28). 

From  (27)  and  (28)  we  see  that  the  magnification  of  the  image  is 
constant ;  and  so  also  is  the  ratio  of  the  tangents  of  the  inclinations  to 
the  axis  of  any  indd&iit  and  corresponding  emergent  rays.  The  image 
may  be  erect  or  inverted  according  to  circumstances. 

We  may  call  the  telescopic  system  Erecting  or  Inverting  accord- 
ing as  the  image  of  an  infinitely  distant  point  is  erect  or  inverted. 

Taking  the  simple  case  where  the  astronomical  telescope  consists 
of  a  field  glass  of  focal  length  f  and  an  eye  piece  of  focal  length  g 
placed  at  a  distance  apart  equal  to  f+g,  if  we  take  the  common 
principal  focus  for  origin,  the  equation  (23)  is,  if  we  neglect  the 
thickness  of  the  lenses,  and  suppose  the  field-glass  turned  towards 
the  incident  rays, 

-g'x+f'x'-2fg/(f+g)  =  0  -  -  -  (29). 
Hence  we  have 

/'       =2/i//(J-ff)      -  -  -  .  (30); 

l'-g=9if+gW-g)  -  -  -  (31;. 

The  centre  therefore  lies  at  a  distance  from  the  eye  lens  somewhat 
exceeding  its  focal  length. 

From  (29)  we  see  that  k  —  g^jf^.  Hence,  since,  under  ordinary 
circumstances,  ft  =  ft',  we  have 

P^IP  -±9lf  '        -        -    (32); 

tana'/tana  =  ±//^  -         -         -     (33): 

the  latter  ratio,  for  reasons  into  which  it  is  not  necessary  to  enter 
here,  is  commonly  called  the  magnifying  potver  of  the  telescope. 

Modification  of  a  Symmetrical  Photographic  Doublet  bt  the 

INTRODUCTION  OF  A  ThIN   LeNS   BETWEEN  ITS   ELEMENTS. 

For  the  purposes  of  landscape  photography  it  is  essential  to  have 
a  series  of  lenses  of  widely  difierent  focal  length.  The  best  possible 
arrangement  would  of  course  be  to  have  a  specially  constructed  lens 
for  each  of  the  focal  lengths  required  ;  but  such  a  battery  of  lenses 
is  expensive,  and,  if  doublets  are  used,  it  is  heavy  to  carry.  More- 
over, while  the  requirements  of  pictorial  perspective  absolutely 
demand  variability  in  the  focal  length  of  the  photographer's  lens,  for 
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many  purposes  the  utmost  refinement  in  definition  And  flatness  of 
field  is  not  necessary,  or,  it  may  be  not  desirable. 

For  general  photographic  purposes  the  handiest  lens  is  b,  sym- 
metrinal  doublet  of  the  rapid  rectilinear  or  euryscope  type ;  and  it 
has  long  been  known  that  the  focnl  length  of  such  a  combination  can 
be  varied  witliin  wide  limits  without  destroying  its  efficiency  as  a 
photographic  instrument  by  inEertiiig  between  its  elements  a  thin 
lens  of  positive  or  negative  focal  length.  As  an  example  of  the  fore- 
going general  theory,  we  propose  to  calculate  the  efTect  of  such  a  lens 
in  shifting  the  principal  points  and  in  altering  the  focal  length  of 
the  doublet. 

We  shall  suppose  the  thickness  of  the  inserted  lens  to  be  negli- 
gible ;  i.e.,  we  shall  take  its  principal  points  to  be  coincident  with 
the  middle  point  of  the  substance  of  the  lens ;  and  in  the  first 
instance  we  shall  suppose  the  inserted  lens  to  be  actinically  achro- 
niatised,  so  that  it  has  no  "  focal  difference,"  in  other  words  that  its 
principal  foci  for  the  rays  of  maximum  visual  and  maximum  chemical 
intensity  coincide. 

I*t/(Fig.  II)  be  the  focal  length  of  each  of  the  components  of 
the  doublet,  F  and  <l>  tlie  focal  lengths  of  the  doublet  itself  and  of 
the  adjuster  respectively,  we  take  ^  to  be  positive  as  usual  when  the 
adjuster  is  of  positive  focal  length. 

Let  L  (Fig.  i  1 )  be  the  position  of  the  adjuster ;  C  the  central 
point  of  the  doublet ;  H,  H',  K,  K'  the  principal  points  of  the  com- 
ponents of  the  doublet ;  P,  F,  Q',  Q  successive  congugate  foci  with 
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If  we  put  (A'  -  h)/+  hh'  =  ^•»,  /+  A  =  /,  /-  A'  =  m, 
80  that  *•  =  (2/- 1  -  m)/+  (J-  m){l  -f)  =/^  -  Im, 


}    (38) 


then  we  may  replace  A,  h\fhy  k^  /,  w,  or  by  l^m^f\  where  it  will  be 
observed  that  I  and  m  are  the  distances  from  the  central  point  of 
the  doublet  of  the  outer  and  inner  principal  focal  points  of  either  of 
its  elements. 

If  now  we  substitute  the  expressions  just  found  for  aj'  +  rf  and 
y'  -dvci  (36),  we  get 

</»(/  -x){ie-dl^  (m  +  d)y\  +  <^Z  -  y){ie  -^dl^{m-  d)x) 


Hence  the  characteristic  equation  for  the  triplet  is 


where 


A  ary  +  By  +  Cic  +  D  =  0 

B=(Ar^  +  flK)(m  +  rf)  +  (^-M<^. 
C  =  (A;»  -  e^)(w  -  c^)  +  (yfe^  - /m)<^, 

D=  J^  -  drl^  -  1h?l^. 


(39), 


(40). 


For  the  coordinates  of  the  principal  focal  points  of  the  triplet  we 
have 


,_      C      (Im  ^  l^)<f>  -  (1^  ^  dl)(m  -  d) 
^  ~  "  A  ""  2w0  +  m*  -  rf* 

Also,  if  F3  be  the  principal  focal  length  of  the  triplet, 


(41). 


whence 


F  =  = 


F,= 


BC-AD 


AD     /    (fe'  +  lm)<l>    \\ 
A»       "W^  +  m^-c^/  ' 


'     2m<f>  +  m^-d^     2m^  +  m»-flP 


(42). 


If  <^  =  00  ,  F3  =  F  ;  so  that  F  =/72w,  and  we  may  put  the  last  equa- 
tion into  the  form 

F<^ 

*^»"<^  +  ^-cP/2m 


(43). 


so 

I*  Xt  x'  ^  the  coordinates  of  the  principal  points  of  the  triplet,  we 

hftVP 


X=.9-F.= 


(44). 


CaBE  nHBRE  THB  AD.ltJBTER  18  CrXTRAL. 

Then  rf  =  0  ;  and  we  have  Fj  =  V4I{^  +  im)  -         -  (45) ; 

whence  <^  -  ^mFJ(P  -  F,)  -         -         -     (46)  t 

tliese  formuls!  give  the  focal  length  of  the  triplet  corresponding  to  a 
given  adjuster  and  the  focal  length  of  the  adjuster  required  to  pro- 
duce a  triplet  of  given  focal  length. 

The  coordinates  of  the  principal  points  now  become 

X  =  x'=  -l:^!m  =  l-rini=-/+/.-2F  -     (47): 

Since  these  are  the  values  of  x  *'^'l  x'  given  by  the  general 
forniube  (44)  when  (^  =  ac  ,  we  see  that  a  central  adjuster  leaves  the 
principal  points  of  the  doublet  unaltered. 


NokCbwtral  Adjubtrb. 


21 

while  each  is  shifted  towards  the  inserted  lens  through  a  distance  X 
which  is  given  approximately  by 

X  =  Fef/(</>  +  Jm)  .         -         -     (48); 

or  X  =  cf(F-F,)/iw  -  -      (49) 

The  result  just  stated  may  be  put  into  another  form.    Reverting 
to  the  expression  for  F3  when  d  =  0,  we  have 

I 1^     jn^      J_    /^h' 

F;  "¥"*■  2F<^  ■"¥"*■  2F</>  ' 

Now  I       2^     2A' 

Hence  1        1       h' 

7  =  2F"**7^* 

A  first  approximation  to  the  value  ofy*isy*=2F 
For  a  second  approximation 


/"2F"^4F»  ' 
and  for  a  third  approximation 


1  _J_  r       1^      K^\ 
/"2F\^'*"2F"*"  2FJ  ' 


J 
Hence,  to  a  third  approximation,  we  get 

/-/i=21?^l--jp-^,j  . 

To  the  same  degree  of  approximation 

1       1       1        A'        h"' 


F3"'F^</)      </)F     4F</) 
If,  therefore,  h^ji¥^<l>  be  negligible,  we  get 

In  other  words,  the  triplet  behaves,  qua  focal  length,  as  if  the 
doublet  were  replaced  by  a  thin  lens  of  its  own  focal  length  placed 
at  its  centre  and  the  adjuster  were  placed  at  the  inner  principal 
point  of  one  of  its  components.     This  agrees  with  what  we  have 
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already  wid  regarding  the  indifferenoe  of  the  poutiou  of  the  a4inster 
BO  far  as  the  focal  length  of  the  triplet  is  concemed. 

When  a  negative  adjuster  is  used  to  lengthen  the  focus  of  the 
doublet,  there  is  a  practical  advant^^  in  placing  it  as  near  the 
back  component  as  possible,  because  the  effect  of  this  is  to  shift 
the  principal  points  forward  (A.  being  negative)  so  that  less  camera 
extension  is  required.  Thus,  for  example,  mj  camera  scarcely  allows 
me  to  use  the  back  lens  (/=  18-06")  of  my  Voigtlander's  Euryscope 
as  a  single  landscape  lens,  whereas  I  can  readily  use  the  Euryscope 
adjusted  to  a  focus  of  20"  by  inserting  an  adjuster  for  which  ^  —  -  16 
near  the  back  lens. 

In  practice  the  simplest  method  for  obtaining  data  for  the  con- 
struction of  adjusters  of  a  given  symmetrical  doublet  is  to  measure 
the  focal  length  of  the  doublet  itseU ;  this  gives  F ;  then  to  measure 
the  distance  behind  the  central  point  of  the  doublet  (usually  the 
place  where  the  diaphr^m  is  put)  of  the  inner  principal  focal  point 
of  its  front  element ;  this  gives  m.  The  formulie  (45)  (46)  will  then 
give  F,  or  ^  as  may  be  required.  If  there  is  any  reason  to  doubt 
the  accuracy  of  the  approximation  when  the  adjuster  is  non-eentraJ, 
the  more  accurate  formula  (4S)  may  be  used. 

The  following  table  gives  the  results  of  several  (visual)  experi- 
ments made  to  test  the  foregoing  results.  The  doublet  was  the 
Euryscope  above  mentioned  ;  and  the  formula  used  for  calculating 
F,  wasFj  =  9-85.^/(^  +  8-2). 
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Chromatic  Abbbbation  Caused  bt  a  Non-Aohbomatic  Adjuster. 

Hitherto  the  adjusting  lens  has  been  supposed  to  be  actinically 
achromatic.  As  a  matter  of  fact,  the  lenses  used  in  my  experiments 
were  simple  lenses  of  crown  glass.  It  is  easy  to  calculate,  by  means 
of  the  formulse  given  above,  the  chromatic  aberration  or  actinic  focal 
difference  produced  by  the  non-achromatic  adjuster.  The  elements 
of  the  Euryscope  itself  are  approximately  corrected  for  actinic  chro- 
matism :  We  have  therefore  only  to  deal  with  the  dispersion  of 
the  adjuster  itself.  Assuming  the  lens  to  be  of  hard  crown  glass, 
and  taking  the  rays  of  maximum  visual  and  maximum  chemical 
intensity  respectively  to  be  D  and  G,  we  may  suppose  ^4,=  1*5167, 
/*o  =  1  '5280  :  hence  w  =  3ft/(/AD  ~  1 )  =  *^22,  say. 

From  the  approximate  formulae  for  the  triplet  we  have 

l/F,  =  1/F  +  ^miF<l,,  X  =  d(F  -  F.)/Jr». 
Hence*  .  /  1  \     im  _  /  1  \      imm 


'(i)=*?'(l)-^ 


therefore  aF^  =-^mF8(o/0;  (51) 

8X  =  -  ddF^^m  =       (fFgw/i^.  (52). 

Let  us  suppose  the  adjuster  placed  behind  the  centre  of  the  doublet 
as  before  ;  let  u  and  v  be  the  distance  of  object  and  image  (corres- 
ponding to  the  ray  D  of  the  spectrum)  from  the  first  and  second 
principal  points  of  the  triplet  respectively  ;  and  let  us  calculate  the 
longitudinal  aberration  of  the  ray  G.  This  is  caused  partly  by  the 
shifting  of  the  principal  points  and  partly  by  the  alteration  of  the 
focal  length.  The  first  principal  point  is  shifted  to  the  right  through 
dX  ;  and  u  as  measured  from  the  new  first  principal  point  is  increased 
by  the  same  amount :  v  as  measured  from  the  new  second  principal 
point  is  increased  by  an  amount  dv  which  is  given  by 

^x/^t«+^^?/t?«=^F3/F3^ 

that  is,  by  (51)  and  (52) 

=  -  imv'talFj^Kl}  -  cfr'Fjw/w''^.  (53). 


See  Heath,  §182. 
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To  this  must  be  added  the  ehift,  3X,  of  the  second  principal  point 
to  the  right.  If,  therefore,  a  denote  the  whole  longitudinal  aberra- 
tion of  the  ray  G,  we  have 

B>F^     <ov'^m    <a^F^ 


(54). 


If  1 


'taking  d^ii". 


jnsider  only  the  cMirrcction  for  very  distant  objects,  we 
'  •» ,  V  a  F, :  we  then  get 

u  =  <«(d-im)FV.^  -    (53). 

",  and  (i>»  '023,  we  lind 


iTPJ^ 


(06), 


by  means  of  which  we  can  calculate  the  actinic  focal  difl'erencc  for 
any  given  adjnster.  Thus,  for  example,  when  <^—  —  1E>'89"  and 
F,  =  20'35",  u  ^  +  '32"  ;  that  is  to  say,  the  camera  must  be  racked 
out  a  little  over  -2"  after  the  view  has  been  focussed  on  the  ground 

EXPBRIUEKTAL   DETERHISATION   OF  TDK  CONSTANTS   OF   A 

Syumltbical  System. 

Since  this  paper  is  intended  mainly  for  the  use  of  laboratory 
otudents,  a  word  or  two  on  the  experimental  determination  of  the 
characteristic  points  of  a  symmetrical  optical  system  may  not  be 
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If  now  we  determine  the  position  P  of  any  axial  object  P,  we 
can  find  FP  and  FF  and  hence/,  by  the  equation  FPFF  =/»  and 
it  only  remains  to  note  whether  the  system  is  erecting  or  inverting 
in  order  to  be  able  to  lay  down  the  principal  and  anti-principal 
points  H,  H'  and  K,  K'.  In  the  case  of  a  convex  lens,  for  example, 
this  is  readily  done  by  a  method  given  by  Gauss,  which  consists  in 
focussing  a  microscope  on  an  object  in  the  axis  of  the  lens  in  contact 
with  its  surface,  first  through  the  lens  and  then  after  the  lens  has 
been  removed :  the  amount  by  which  the  draw- tube  has  been  dis- 
placed between  the  two  focussings  is  the  distance  between  P  and  F, 
from  which  FP  and  FF  can  be  found. 

We  may  also  determine  the  principal  or  the  antiprincipal  points 
directly.  For  this  purpose  two  identical  photographic  negatives 
O  and  O'  of  the  same  object,  say  a  divided  scale,  may  be  used. 
O  i6  placed  perpendicular  to  the  axis  of  the  system  and  its  image 
received  on  O'  similarly  placed  as  a  focussing  screen,  so  that  the 
two  scales  overlap.  When  the  image  of  O  is  exactly  of  the  same 
size  as  O',  O  and  O'  are  in  the  positions  H,  H'  or  elseK,  K'  respec- 
tively. The  coincidence  may  be  very  accurately  determined  by 
observing  O'  and  the  image  of  O  by  means  of  a  microscope  or  other 
magnifier  of  moderate  power  carefully  focussed  on  O'  beforehand. 

These  measurements  are  susceptible  of  considerable  accuracy  if 
monochromatic  light  of  sufficent  intensity  be  used,  and  the  experi- 
menter is  provided  with  an  optic  bench  fitted  with  telescope  and 
low  power  microscope  with  micrometer  eyepiece  and  micrometer 
displacement  screw,  together  with  arrangements  for  fixing  and 
centering  the  systems  to  be  measured. 

The  observations  quoted  above,  which  are  probably  accurate  to 
about  1%,  were  made  in  my  own  library,  with  white  light,  the  only 
apparatus  available  being  a  small  pocket  telescope,  the  debris  of  a 
toy  microscope,  a  steel  measuring  tape  and  a  couple  of  retort  stands. 


Addreea  on  Oelestial  Fhotc^raphy 
(  With  LoMUra  lUiutrationsJ. 


By  Mr  Alsx.  Morqak,  M.A.,  B.Sc. 


Second  Meeting,  December  ISlk,  1895. 


Wm.  Pkddib,  Esq.,  D.Sc,  F.R.S.E.,  President,  in  theChnir. 


Note  on  the  Circlee  of  Curvature  of  a  PlBue  Curve. 
By  Profbbsob  Tait. 


When  the  curvature  of  a  plane  curve  continuously  incrvaaes  or 
diminishes  (as  is  the  case  with  a  logarithmic  spiral,  for  instance)  no 
two  of  its  circles  of  curvature  can  intersect  one  another. 

This  curious  remark  occurred  to  me  some  time  ago  in  connection 
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A  Beduotion  Formula  for  Indefinite  Intefirrals. 

Bt  Gborob  a.  Gibson. 

On   p.   403  of  Greenhill's   Calculus  (2nd   Ed.)   the  following 
sentence  occurs  : —  "  By  differentiation  of  the  integral 


J: 


ILr  +  K  dx 


Aa:*  +  2Bar  +  C      J{aa?+2bx  +  c) 
with  respect  to  A,  B,  or  C  we  can  deduce  the  results  of 

/(x)  dx  „ 


(Aar»  +  2Ba;  +  C)"      J{aa^  +  26a;  +  c) 

For  the  evaluation  of  the  typical  form  in  which  /(x)  is  a  linear 
function,  especially  when  A,  B,  etc.,  are  given  numbers,  the  method 
of  differentiation  does  not  seem  very  suitable ;  be  that  as  it  may,  it 
may  perhaps  be  of  some  interest  to  investigate  a  formula  of  reduc- 
tion analogous  to  those  in  use  for  the  integrals  in  which  Arc^  +  2Ba;  +  C 
is  replaced  by  a  linear  function  and  ,/(x)  is  a  constant.  I  had 
occasion  lately,  in  class  work,  to  use  such  a  reduction  formula ;  but 
so  far  as  I  can  find  none  of  our  text-books  contains  the  reduction, 
except  Robert's  Integral  Calculus^  §  50.  I  propose  to  apply  the 
method  so  beautifully  used  by  Hermite  in  his  Caurg  (4»«°>«  Ed., 
Jj6<pn  IV.)  to  effect  the  reduction  in  the  case  mentioned.  It  should 
be  stated,  however,  that  every  method  seems  likely  to  be  very 
laborious  in  practice,  even  when  the  constants  are  small  numbers. 
At  the  same  time  the  reduction  is  of  great  theoretical  interest  if  the 
use  of  complex  constants  is  to  be  avoided  in  a  course  on  the  Integral 
Calculus, 

Let  R  =  (M?  +  26a;  +  c,  S  =  Aar  +  2Ba:  +  C 

S'  =  ^  =  2(Ax  +  B),       T  =  JRS' 
S  is  supposed  to  have  only  complex  factors. 


ss 

If  T  be  prime  to  S  and  to  Hx  4-  K,  then  by  th«  theory  of  parti&l 
fractions 

ttc  +  K    P»  +  Q    I^-Hx-H 


BT 


S 


where  obviously  L  =  -  aP,  and  the  oonstanta  have  to  be  determined 
in  the  usual  way.     Hence 


Ha:  +  K  =  (Pa:  +  Q)T  -  <oP;f' +  Ma:  +  N)S. 
Substituting  this  value  of  Ha:  +  K  in  the  integral  we  get 


foPa?  +  Ma!  +  Jf  , 
-J-g=VR-* 


Integrating  by  parts  the  first  integral  on  the  right  we  have 
fH£+K  -1       (Fn-Q)^B        1      r  F{x)dx 


F(«).(2n-4)oPx'  +  {(2. 


-2)M-36P-<.Q)«  +  (2«-2)N-6Q. 


If  n  =  2,  F(x)  is  linear  and  the  formnla  of  reduction  has  been 
obtained ;  butifn#2,wemay  write 
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If  it  should  happen  that  Hx  +  K  is  not  prime  to  T,  then  (i.) 
ILc  +  K  =  A;(Aa:+B),  (ii.)  H;c  +  K  is  a  factor  of  R,  say  R  =  (Ha;  +  K) 
(a'x  +  b').     In  case  (i.)  we  have 

k      px  +  q     Ix  +  m 

or  A;=    (px  +  q)R     +{lx  +  m)S 

and  H.r  +  K  =  ^(px  +  ^)RS'  +  (Ix  +  m){Ax  +  B)S 

and  we  proceed  as  before.     In  case  (ii.) 

1  (P^  +  ?)  Ix-k-m 

S(Aa:  +  B)(ax  +  6') "      S       "^  ( Aa:  +  B)(a'x  +  6') 

and  Ha;  +  K  =  J(;)a;  +  ^)RS'  +  {Ix  +  m)(Rx  +  K)S 

If  R  were  not  prime  to  S,  this  would  mean  S  =  ^R  and  the 
integral  then  belongs  to  a  well-known  form. 

In  applying  the  method  to  a  numerical  example  the  first  step  is 
to  find  P,  Q  ;  we  may  take  a  very  simple  case  by  way  of  illustration. 

T    .  f       2a;  + 1  dx 

Let 


_  r 2a;+l 


By  decomposing 


4)"      V(a^-2a;  +  3) 
2a;+l 


(ar*  +  2a;  +  4)(a;  +  l)(a;"  -  2a;  +  3) 


we  get       57(2a;  + 1) - (9a;+  ll)(a;+  1)R  -  (9a;»  -  16a;-  6)S 
BO  that 

-(9a;-fll)7R      r(2n  -  4)9a;" -  (2n -  3)16a; -  12n  -  4  , 
^'^■"     (2n-2)S*-^     "J  (2w-2)S*-VR 

-  (9x  +  1 1 )  7R      f(34n  -  60)a;  +  42w  -  70  _ 

+      7" T^a«-i — Tfi dx 


r(34n  -  6 
J        (n- 


(2n  -  2)S«~'     ^  J        (n  -  l)S»-»  ^R 


9(n-^f 
"   n-1    J 


cfa; 


2,  this  gives 

57ii  = 


28  ■" 


(9x  +  U 


To  integrate  (8x+U)/S^  we  may  take  Greenhill's  method;  or 
we  may  use  the  biline&r  substitution  x  =■  (py  +  g)/(t/ +  1)  and  choose 
p,  q  (which  can  always  be  done)  so  as  to  make  the  integral  take  the 


dx 


fH^+K  dx 

JAa^  +  C      J{a^ 


-I 


jAa?  +  C 


+  ') 


(Aa?  +  C)  V(rf  + 1)  ^  "(Ai?  +  C)  V(«^  +  ') 


The  firet  of  these  is  integruted  by  putting  aa?  +  e=^  and  the 
second  by  putting  a  +  ear"*  =  s". 
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Some  Properties  of  Parabolic  Curves. 
Bt  George  A.  Gibson,  M.A. 

If  the  tangent  at  a  point  P  on  the  parabolic  curve  cy  =  Qd^  meet 
the  axis  of  x  at  M,  it  is  a  well-known  property  that  the  area 
between  the  radius  vector  OP  and  the  arc  OP  is  n  times  that 
between  the  arc  OP  and  the  two  tangents  OM,  MP,  O  being  the 
origin  and  n>l.  The  converse  is  also  true  ;  for  taking  any  point 
O  on  a  curve  as  origin  and  the  tangent  at  O  as  axis  of  a;,  let  us  seek 
for  the  locus  of  P  if  the  area  between  OP  and  the  arc  OP  be  n  times 
the  area  between  the  arc  OP  and  the  tangents  OM,  MP. 

The  area  between  the  chord  OP  and  the  arc  OP  is 


hxy-  \ydx 


and  the  area  between  arc  and  tangents  is 


I 


0  -'/' 


where  p  =  dyjdx.     Hence 

\xy^\ydx  =  n\ydx-''^ 

Differentiating  with  respect  to  x^  the  differential  equation  of  the 
curve  will  be 

ny*    dp 


This  may  be  written 


c/a;\  J)  1     dx\  y  f 


••—  =  —  +  0 

p     y 

dx      \  C 

*•«•  -J--  —  X  =  — 
ay     ny         n 


the  integral  of  which  ii 


If  B  =  0,  we  have  the  form  ey  =  x'' ;  and  in  general  if  Aa;  +  By  =  0 
be  taken  as  axis  of  y  in  a  system  of  oblique  coordinates,  the  equation 
takes  the  same  form  ry  =  .■e". 

If  M  were  a  positive  proper  fraction,  the  axes  would  simply  be 
interchanged. 

Consider  more  particularly  the  parabola  3f=iay.  In  this  case 
the  area  between  OF  and  the  curve  is  l^/24a  if  b  is  the  abscissa  of 
F,  while  the  area  between  the  arc  and  the  tangents  is  £7480.  It 
will  be  noticed  that  b^liSa  is  the  area  between  the  chord  OF*  and 
the  arc  OF'  of  the  parabola  k*  +  ay  =  0  where  fi/2  is  the  aliBcissa  of 
F*.  But  bl2  is  the  abscissa  of  M  while  the  ordinate  of  a^  +  ay  =  0 
for  the  abscissa  bl'2  is  -  b-^'ia,  that  is,  the  intercept  made  by  the 
tangent  at  P  on  the  axis  of  y.  In  fact  a?  +  oi/  =  0  is  the  locus  of  a 
point  which  has  for  coordinates  the  intercepts  made  by  the  tangent 
at  P  on  the  axis  of  x  and  j/.  (Compare  Forsyth's  Diff".  Eqitatiotu, 
p.  41  ex.  9.)  How  far  does  this  property  hold  for  the  general 
parabola?     In  pther  words  what  is  the  solution  of   the  following 
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The  area  cat  off  by  the  chord  OF  from  the  locns  of  F  ia 


J: 


both  areas  being  positive.     Hence 

Differentiating  with  respect  to  x  and  noting  that 

dx~'  p^     dx 

dpjdx  =  0  gives  no  solution.     Hence  the  equation  of  the  locus  of  P 
is  given  by 

p'ar*  -  2xyp  -  (w  -  l)y*  =  0 

or  X2)  =  y{\±  Jn) 

the  integral  of  which  is  cy  =  x^-^^,  giving  only  one  solution, 
cy=ia?  when  w=l. 

If  n  be  not  a  square  each  curve  is  transcendental,  but  if 
n  =  m',  we  have  cy  =  a^^*  or  cy  =  x^"**.  The  solution  cy  =  a:'"^ 
evidently  does  not  satisfy  the  conditions  of  the  problem,  the  axis 
of  X  not  being  the  tangent  at  0,  but  obviously  the  other  solution 
cy  =  a5"*+^  does. 

To  find  the  locus  of  P'  we  have 


^  "*      m4.1 

c 


c  = -i  ^i   V  = 


cm** 


and  therefore  A  **+*  4 ri  =  0 

These  are  parabolic  curves  which  for  m^i  reduce  to  the  ordinary 
parabola. 
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With  regard  to  the  solution  cy  =  a:*-",  it  may  be  noted  that  when 
m  is  greater  than  two  the  axes  are  asymptotes  and  a  similar  proposi- 
tion holds  for  the  two  loci.  Using  the  form  3f*~^y  =  kas  the  equation 
to  the  locus  of  P  we  find  for  the  locus  of  P*  the  equation 


f-'-i- 


km" 


The  area  bounded  by  the  tangent  P&t,  the  part  of  the  axis  of  x 
from  M  to  -I-  00  and  the  arc  from  P  to  the  same  end  of  the  axis 
of  icis 

May 
2{m- !){«»- 2) 

On  the  other  hand  the  area  bounded  by  the  line  OY",  the  positive 
part  of  the  axis  of  x  and  the  arc  of  the  locua  of  P*  from  P*  to  the 
positive  end  of  the  axis  of  x  is 


2(»,-2)-2(m-l)(™-2) 

and  is  therefore  n*',  i.e.,  n  times  the  former  area. 

When  m  is  less  than  1  the  tangent  at  the  origin  to  the  curve 
cy  =  a?~^  is  the  axis  of  y  and  a  similar  proposition  to  that  given  for 
the  curve  cy  =  af"+'  holds  if  M  and  N  be  taken  on  the  axes  of  y  and  x 

reaper  timely,  whilt;  if  tii  be  greater  tbau  1  but  le:$s  tb^n.  2  the 
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Development  of  snx,  cnx,  dnx,  by  means  of  their 

addition  theorems. 

Bt  J.  Jack,  M.A. 


Taking  the  three  addition  theorems  and  clearing  away  the 
fractions, 


sin  xcnydny  +  snycnxdnx 


sn  x  +  y=  -{  (1) 

+  k^  sin'  X  sin'y  sin  x  +  y 


I  en x cny  " an xsiny dn X dn y 


en  a:  +  y=  <  (2) 

(  +  Ar*  sin^a;  sin^y  cos  a;  +  y 


I  dnxdny-k^snx sin ycnxcny 

dnx  +  y=  .|  ^  (3) 

(  +  A:"  sin'aj  sin'y  rfn  a;  +  y 


Let  snx  =  a^x  +  a^  +  a^a:"  +  . . . 

cnx  =  tto  +  a^  +  a^a^  +  a^  +  . . . 
dnx  =  bQ-^  h^  +  b^x*  +  b^  +  . . . 


Substitute  in  (1)  (2)  (3)  the  expansions  for  sina;,  siny,  sina;  +  y 

cosaj,  cosy,  cosa:  +  y,  dnxy  dny^  dnx  +  y,  and  then  pick  out  the 
coefficients  of  y  in  (1),  (2),  (3).  Then  equate  the  like  powers  of  x 
in  the  resulting  series. 

From  (1)  a^^ajbffit^ 

3a^  =  diidobi  +  Oj^o) 
5aj  =  a(ajb^  +  aj)^  +  aj)^ 
and  so  on. 


From  (3) 


From  (3) 


Similarly 


«.=<».* 

-8,H-a,V»,S.) 

-4a,.a,S,(o,i,  +  , 

Oii-) 

-6^.o,4.(»,6,  +  . 

"A+o« 

ud  so  on. 

i.-V 

-24, -*■«,».(«,».) 

-«..i'o,Va,a,  +  «A) 

-  66,  =  A*a,ao(<»ia.  +  0,0,  +  a.a.) 

and  so  on 

1,        6,-1,        o, 

«>«i«mi»<cJ, 

o.=  -^,6.= 

1.2   ' 

ij  =  H<h(<^  +  6])  =  — 

<•,•(!  *m 

o,'a  +  4f)  , 

■     1.2.8.4     ■*'- 

1.2.3 

o,'i'(4  +  i') 
1.2.3.4     ' 

37 


Third  Meeting,  Jantiary  lOth,  1896. 


Dr  Pbddib  in  the  Chair. 


Ssonmedians  of  a  Triangle  and  their  oonoomitant  Circles 

By  J.  S.  Mackay,  M.A.,  LL.D. 

NOTATION 

=  vertices  of  the  fundamental  triangle 
=  mid  points  of  BO  CA  AB 

—  points  of  contact  of  sides  with  incircle 
=  other  triads  of  points  defined  as  they  occur 
=  points  of  contact  of  sides  with  first  excircle 

And  so  on 

=  centroid  of  ABO 
=  incentre  of  ABC 
=  1st  2nd   3rd   excentres  of  ABC 

=  quartet  of  points  defined  in  the  text 

=  insjmmedian  point  of  ABC 

=  1st  2nd  3rd  exsymmedian  points  of  ABC 

=  projections  of  K  on  the  sides  of  ABC 

—  "K" 

And  so  on 

=  circumcentre  of  ABC 

=  feet  of  the  insymmedians 

s   „        „      exsymmedians 

=   „        „      perpendiculars  from  ABC 


A 

B 

C 

A' 

B' 

0' 

D 

E 

F 

D. 

E, 

F. 

« 

G 

I 

I. 

J 

I» 

J. 

J. 
K. 

J, 

K, 

K, 

K, 

L 

M 

N 

L. 

0 

N. 

R 

S 

T 

R' 

S' 

T 

X 

Y 

Z 

ZHTBODUOTOBT 

Dbfinitioh.  The  isogonala  '*  of  the  mediftns  of  a  triacgle  are 
called  the  stftnmediana  j- 

If  the  internal  medians  be  taken,  their  isogonala  are  called  the 
inlsmal  gymmedians  J  or  the  insymnudianf ;  if  the  external  medians 
be  taken,  their  isogonals  are  called  the  external  eymmediant,  or  the 


Tbe  word  aymmedians,  used  without  qualific&tion  or  prefix,  mfty,  as  Id  the 
title  of  this  paper,  be  regarded  as  including  both  imynunedituu  and  exiym- 
laedianB  (cyelitts  include  both  biryeHtts  and  trieycliatn)  ;  frequantlj  however 
when  osed  by  it«eU  it  denotes  Jnaymmediaju,  jiut  a£  the  word  medi&ns 
denotes  internal  medians 

It  ia  hardly  neceaaary  to  aay  that  as  medians  and  symmediaiiB  are  particular 
cases  of  iwgonal  tines,  the  theorem*  proved  regarding  the  latter  are  applicable 
to  the  former.  Medians  and  symmediani  however  have  aome  special  featnrea 
of  interest,  which  are  easier  to  examine  and  recognise  than  the  corresponding 
ones  of  the  more  general  isogonals 

Dbfinition.  Two  points  D  D'  are  iaotomic^  with  reapect  to  BO 
when  they  are  equidistant  from  the  mid  point  of  BC 

It  is  a  well-known  theorem  (which  may  be  proved  by  the  theory 
of  transversals)  that 

If  three  conmtrrenl  ilraight  lines  AD  BE  CF  b«  drawn  from 
l/is  vertices  of  ABC  to  meet  the  opposite  aides  in  D  S  F,  and  if 
D'  i,"  F'  bf.   isoloniic  to  D  E  F  with  w/.ccf  lo  BV  CA  AB.  then 
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Instead  of  saying  that  D  D'  are  isotomic  points  with  respect  to 
BC,  it  is  sometimes  said  that  AD  AD'  are  isotomic  lines  with 
respect  to  angle  A 

§1 

C<yiistructionfor  an  insymmedian 

Figure  12 

Let  ABC  be  the  triangle  ' 

Draw  the  internal  median  AA'  to  the  mid  point  of  BC ; 
and  make  z.  B  A  R  =  l  CAA' 

AR  is  the  insymmedian  from  A 

The  angle  C  A  A'  is  described  clockwise,  and  the  angle  BAR 
counter-clockwise ; 

consequently  AA'  AR  are  symmetrically  situated  with  respect  to 
the  bisector  of  the  interior  angle  B  A  C 

Hence  since  AA'  is  situated  inside  triangle  ABC, 
AR  is  inside  ABC 

The  following  construction^  leads  to  a  simple  proof  of  a  useful 
property  of  the  insymmedians 

Figure  13 

From  AC  cut  oflf  ABj  equal  to  AB 

and    „     AB   „    „   ACi     „      „  AC 

If  B]Ci  be  drawn,  it  will  intersect  BC  at  L  the  foot  of  the  bisector 

of  the  interior  angle  B  A  C 

Hence  if  A  A',  which  is  obtained  by  joining  A  to  the  point  of 
internal  bisection  of  BC,  be  the  internal  median  from  A,  the  corre- 
sponding insymmedian  A  R  is  obtained  by  joining  A  to  the  point  of 
internal  bisection  of  BjCi 

*  Mr  Maurice  D'Ocagne  in  Journal  de  MatMmatiquet  AUmentairet  et  Sp4cialeSj 
IV.  5S9  (1880).  This  coDstruction,  which  recalls  Euclid's  pons  asinoT^m,  is  sub- 
stantially equivalent  to  a  more  complicated  one  given  by  Const.  Harkema  of  St 
Petersburg  in  SoblomUch's  ZtUschrifi,  XVI.  168  (1871) 
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(1)  BC  and  B,Ci  are  antiparallel  with  respect  to  uigle  A 

(2)  Since  the  internal  mediaD  A  A'  bisects  internally  all  paraJleU 

to  BC,  therefore  the  insymmedian  AR  bisects  internally 
all  antiparallels  to  BG 

(3)  The  insymniedians  of  a  triangle  bisect  the  sides  of  its  orthic 

triangle  * 

(4)  Th«  projections  of  B  and  G  on  the  bUeclor  of  the  interior 

angle  BAC  are  P  and  Q.    If  through  P  a  parallel  be  drawn 
to  AB,  and  through  Q  a  parallel  be  drawn  to  AC,  thne 

paraUela  tvill  interaecl  f  on  the  ineymmedian  from  A 

[The  reader  is  reqaeated  to  m&ke  the  figure] 

Let  A"  be  the  point  of  intersection  of  the  parallels,  and  A'  the 
mid  point  of  BO 

It  is  well  known  X   that  AT  is  parallel  to  AC,  that  A'Q  is 
parallel  to  AB,  and  that 

A'P=J(AC-AB)  =  AQ 
Hence  the  figure         A'PA"Q  is  a  rhombus, 
and  A"  is  the  image  of  A'  in  the  bisector  of  angle  A 
Now  since  A'  lies  on  the  median  from  A 
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» 

The  symmedian  point  has  three  points  harmonically  associated  with  it ; 
when  it  is  necessary  to  distinguish  it  from  them,  the  name  insynmiedian  point 
will  be  used 

The  insymmedian  point  and  the  centroid  of  a  triangle  are 
iaogonally  conjugate  points 

(6)  If  XYZ  be  the  orthic  triangle  of  ABC  the  insymmedian 

points  of  the  triangles  AYZ  XBZ  XYC  are  situated  on 
the  medians*  of  ABC 

(7)  The  insyminedian  from  the  vertex  of  the  right  angle  in  a 

right-angled  triangle  coincides  ivith  the  perpendicular  fr&m 
thai  vertex  to  the  hypotenuses^  and  the  three  insyvimedians 
intersect  at  the  mid  point  of  this  perpendicular  X 

The  first  part  of  this  statement  is  easy  to  establish.  The  second 
part  follows  from  the  fact  that  the  orthic  triangle  of  the  right-angled 
triangle  reduces  to  the  perpendicular 

§1' 

Constmctioji  for  an  eocsymmedian 
FiGUBB  14 

Let  ABC  be  the  triangle 

Draw  the  external  median  AA«  parallel  to  BC  ; 
and  make  l  BAR'  =  l  OAAod 

AR'  is  the  exsymmedian  from  A 

The  angle  CAA»  is  described  counterclockwise,  and  the  angle 
BAR'  clockwise ; 

consequently  AA«  AR'  are  symmetrically  situated  with  respect  to 
the  bisector  of  the  exterior  angle  BAC 

Hence  since  AAao  is  situated  outside  triangle  ABC, 
AR'  is  outside  ABO 

The  following  construction  leads  to  a  simple  proof  of  a  useful 
property  of  the  exsymmedians 

•  Dr  Franz  Wetzig  in  Schlomilch's  ZeiitchH/t,  XII.  288  (1867) 

to.  Adams's  Eigenschaften de8...Dreiecks,  p.  2 (1846) 

t  Mr  Clement  Thiry's  Le  troisUme  livre  de  GiomHrie,  p.  42  (1887) 


FlGCBE   15 

From  CA  ctit  off  AB,  equal  to  AB 
and     „     BA   „     „  AC,      „     „  AC 

If  B,C,  be  drawo,  it  will  int«rsect  BO  at  L'  the  foot  of  the  bisector 
of  the  exterior  angle  BAO 

Hence  if  AA.,  which  is  obtained  by  joining  A  to  the  point  of 
external  bisection  of  BC  (that  is,  by  drawing  througl)  A  a  parallel 
to  BC)  be  the  external  median  from  A,  the  correBponding  exsym- 
median  AR'  is  obtained  by  joining  A  to  the  point  of  external 
bisection  of  B,Ci  (that  is,  by  drawing  through  A  a  parallel  to  B,C,) 


(!')  BO  and  B,C,  are  anttparallel  with  respect  to  angle  A 

(2')  Since  the  external  median  AA.  bisects  externally  all 
paraUeU  to  BO,  therefore  the  exsymmedian  AB'  bisecte 
externally  all  antiparallels  to  BO 

(3')  The  exsymmedians  of  a  triangle  are  parallel  to  the  sides  of 
its  ortbic  triangle* 

(4')  The  projections  of  £  and  C  on  the  bisector  of  the  exterior 
anffle  SAC  are  P'  and  Q'.     1/  through  P'  a  parallel  be 
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Three  points  are  thus  obtained,  and  they  are  sometimes  called 
the  exsymmedian  points 

The  three  points  obtained  by  the  intersections  of  the  external 
medians  of  ABC  are  the  vertices  of  the  triangle  formed  by  drawing 
through  ABC  parallels  to  BC  CA  AB ;  that  is,  they  are  the 
points  anticomplementary*  to  A  B  C 

Hence  the  exsymmedian  points  of  a  triangle  are  Uogonally 
conjugate  to  the  anticomplementary  points  of  the  vertices  of  the 
triangle 

(6')  The  tangents  to  the  circumcircle  of  a  triangle  at  the  three 
vertices  are  the  three  exsymmedians  of  the  triangle\ 

Figure  14 
For  L  BAR'  =  l  C AAx 
=  iiACB 
therefore  AR'  touches  the  circle  ABC  at  A 

(7')  When  the  triangle  is  right-angled  two  of  the  exsymmedians 
are  parallel,  or  they  intersect  at  infinity  on  the  perpen- 
dicular drawn  from  the  vertex  of  the  right  angle  to  the 
hypotenuse 

§2 

ITie  distances  of  any  point  in  an  insymmedian  from  the  adjacent 
sides  are  proportional  to  those  sidesl 

Figure  16 
Let  AA'  be  the  internal  median,  AR  the  insymmedian  from  A 
From  R  draw  RV  RW  perpendicular  to  AC  AB  ; 

and    „  A'     „     AT  A'Q  „  „     „       „ 

Then  RW  :  RV  =  AT  :  A'Q 

=AB:AC 

*  See  Proceedings  of  the  Edinburgh  MathenuUical  Society,  I.  14  (1894) 
t  C.  Adams's  Eigenachaften  des...  Dreiecks,  p.  5  (1846) 

X  Ivory  in  Leybourn*s  M<Uhematical  Repositoryy  new  series,  VoL  I.  Part  I.  p.  26 
(1804).    Lhnilier  in  his  iUmens  d' Analyse,  p.  296  (1809)  proves  that 

BW:RV=sinC;sinB 


rAe  dUtanees  of  any  point  in  an  exstfmmedian  Jrom  th^  adjacent 
sides  are  proportional  to  those  aides 

FlOURB  17 

Let  AA«  be  the  external  median,  AR'  the  exsymmedian  from  A 
From  R'  draw  E'V  R'W  perpendicniar  to  AO  AB  ; 

and  from  A^  any  point  in  the  external  medi&n,  draw  A,F   A]Q' 

perpendicular  to  AC  AB 

Then  R'W  :  R'V  =  A,F  :  A,Q' 

=AE:AO 


The  segtnenta  into  which  an  insymmedianjrom  any  vertex  divides 
the  opposite  side  are  proportional  to  the  squares  of  tfie  adjacent  tides* 


FlOURB   1 

Lot  AR  be  the  inaymmedlttu  from  A 
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§3' 

The  segments  itUo  which  an  eocsymmedian  from  any  vertex  divides 
the  apposite  side  are  proportional  to  the  squares  of  the  adjacent  sides* 

Figure  17 

Let  AR'  be  the  exsjmmedian  from  A 
Draw  R'V  R' W  perpendicular  to  AO  AB 


Then 

AB  :  AC  =     R'W 

:     R'V 

therefore 

AB':AC»=ABR'W' 

:  AC-R'V 

=     ABR' 

:    ACR' 

=      BR' 

:     CR' 

§4 
The  insymmedia/ns  of  a  triangle  are  concurrent 

First  Demonstration 

Figure  18 

Let  AR  BS  CT  be  the  insymmedians 

Then  BR :  CR  =  AB» :  AC? 

OS:AS  =  BO«:BA« 
AT:BT  =  CA«:0B2 

therefore  ^  .  2i  .  :^=  .  i 

CR    AS     BT         ^ 

since  of  the  ratios  BR  :  CR    OS:  AS    AT  :  BT  all  are  negative ; 
therefore  AR  BS  CT  are  concurrent 


*C.  Adams's  Etgtmchaften  des  ...  Dreiecks,  pp.  3-4  (1846).  Pappus  in  his 
Mathematical  ColUction,  YII.  119  gives  the  following  theorem  as  a  lemma  for  one 
of  the  propositions  in  Apollonius's  Loci  Plant : 

If  AB«:AC2=BR'  :CR' 
then       BR'*OR'=AR'' 


Sboond  Dehohbt&ation 


Let  BK  CK  the  inaymmedians  from  B  C  cut  each  other  at  K  : 
to  prove  that  K  lies  on  the  iusymmedian  from  A 
Throuji^  K  draw 

EF  ftntiparallel  to  EC  with  respect  to  A 


DE' 


,  AB 


Because  FD'  is  antiparallel  to  CA 
therefore  BK  bisects  FD' 
Similarly  CK  bisecU  DE' 


Now 

.D'DK=^A=iDD'K 

therefore 

KD  =  KD' , 

therefore 

KD=.KD'  =  KE-  =  KP 

Again 

iE'EK=iB=^EE'K 

therefore 

KE  =  KE' 

Similarly 

KF  =  KF'; 
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Let  BB'  and  CC  meet  at  K 

Then  BB'  is  the  locus  of  points  whose  distances  from  AB  and 
BC  are  in  the  ratio  c  :a  ; 

CC  is  the  locus  of  points  whose  distances  from  AC  and  BC  are  in 
the  ratio  b:a; 

therefore  the  ratio  of  the  distances  of  K  from  AB  and  AC  is  c :  6 
that  is,  K  lies  on  AA' 


The  eight  varieties  of  position  which  the  squares  may  occupy 
relatively  to  the  sides  of  the  triangle  may  be  thus  enumerated  : 


(1)  X  outwardly 

(2)  X  inwardly 

(3)  X  inwardly 

(4)  X  outwardly 

(5)  X  outwardly 

(6)  X  inwardly 

(7)  X  inwardly 

(8)  X  outwardly 


Y  outwardly 

Y  inwardly 

Y  outwardly 

Y  inwardly 

Y  inwardly 

Y  outwardly 

Y  inwardly 

Y  outwardly 


Z  outwardly 
Z  inwardly 
Z  outwardly 
Z  inwardly 
Z  outwardly 
Z  inwardly 
Z  outwardly 
Z  inwardly 


If  the  construction  indicated  in  the  enunciation  of  the  third 
demonstration  be  carried  out  on  these  eight  figures 

(1)  and  (2)  will  give  the  insymmedian  point  K 
(3)  „  (4)  „  „  „  first  exsymmedian  „  K, 
(5)    „    (6)     „      „      „    second        „  „     K^ 

(7)    „    (8)     „      „      „    third  „  „     K, 


Now  that  the  existence  of  the  insymmedian  point  is  established, 
it  may  be  well  to  give  that  property  of  the  point  which  was  the  first 
to  be  discovered. 

The  sum  of  the  squares  of  the  distaiices  of  tJie  insymmedian  point 
from  the  sides  is  a  minimum* 


*  •*  Yanto"  in  Leyboum^s  Mathematical  Repository^  old  series,  III.  71  (1808). 
See  Froceedinga  of  the  Edinburgh  Mathematical  Society,  XI.  92*102  (1893) 
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In  the  identity 

(i*  +  y"  +  z*)(o' +  6*  +  c")  -  («e  +  6y  +  «^ 
=  (6s  -  cy)'  +  (ca:  -  as)»  +  (ay  -  bxf 
let  a  b  c  denote  the  sides  of  the  triangle, 

X  y  X  the  distances  of  any  point  from  the  sides 

Then  the  left  side  of  the  identity  is  a  minimum  when  the  right 
nidiis  is  a  minimum 

lint  o'  +  6'  +  c'  is  fixed,  and  so  ia  aa:  +  6y  +  m,  since  it  is  equal  to  2A; 
therefore  ar  +  y^  +  s'  is  a  minimum  vhen  the  right  side  is  0 
Now  the  right  aide  is  the  sum  of  three  squares,  and  can  only  be  0 
when  each  of  the  squares  is  0  ; 
therefore  6i  —  cy  =  ca;  -  oc  =  ay—  bx  =  0 

therefore  — =      -^     =  — 

Hence  the  point  which  has  the  sum  of  the  squares  of  its 
distances  from  the  sides  a  minimum  is  that  point  whose  distances 
from  the  sides  are  proportional  to  the  sides 


[The  proof  here  given  ia  virtually  that  of  Mr  Lemoine,  in  hlfl  paper  com' 
■nuDicated  to  the  Lyons  meeting  (1873)  of  the  AinoriiUion  Pranfaiat  jxmr 
ravanctment  da  Sriencen,  Another  demonstration  by  ProfesfKir  Neuberg  will 
be  found  in  Bouchd  et  d«  Coraberoiwae's   TraiU  ile   Gdomilrit,  Firat  Part, 
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Then  BR  :  OR  =  AB» :  AC 

CS':AS'  =  BC?:BA« 
Ar:BT'  =  CA»:CB« 

therefore  ^^.l^'.^T^ 

CR     AS'    BT' 

since  of  the  ratios  BR  :  OR,  OS' :  AS',  AT' :  BT'  two  are  positive 

and  one  negative ; 

therefore  AR  BS'  CT  are  concurrent 

Hence  also  AR'  BS  CT' ;  AR'  BS'  CT  are  concurrent 

The  points  of  concurrency  of 

AR  BS'  Cr ;  AR'  BS  CT' ;  AR'  BS'  CT 

will  be  called  the  Ist  2nd  3rd  exsymmedian  points,  and 
will  be  denoted  by   Kj    K2    K3 

Second  Demonstration* 

Figure  22 

About  ABC  circumscribe  a  circle ;  draw  BK^  CKj  tangents  to 
it  at  B  C 

Then  BKj  CKj  are  the  exsymmedians  from  B  C  :  to  prove  AKj 
to  be  the  insymmedian  from  A 

Through  Kj  draw  DE  antiparallel  to  BC,  and  let  AB  AC  meet 
it  at  D  E 


Then 

L  BDKj  -  L  AOB  =  L  DBK, ; 

therefore 

BK,  =  DK, 

Similarly 

CKi  =  EK,; 

therefore 

DKi  =  EKi; 

therefore  AK^  is  the  insymmedian  from  A 

From  this  mode  of  demonstration  it  is  clear  that  if  K,  be  taken 
as  centre  and  KjB  or  KjC  as  radius  and  a  circle  be  described,  that 
circle  will  cut  AB  AC  at  the  extremities  of  a  diameter 

*  Profeeaor  J.  Neubeig  in  MathaU,  1. 173  (1881) 


(1)  Z^  intyntmedians  of  a  triangle  paeg  through  the  poUa  oj  the 
sides  of  the  triangle  with  regpect  to  the  cireumcircle 

For  K|  is  the  pole  of  BC  with  respect  to  the  circnmcirole 

(2)  The  six  intemtil  and  external  symmedians  of  a  triangle  meet 
three  and  three  tu  four  points  which  are  collinear  in  pairs  with  the 
vertices 

FiouRB  25 

(3)  If  triangle  ABO  be  acute-angled,  the  points 

ABC  will  be  situated  on  the  lines 

K^K,         K,K,         K,K, ; 
and  the  circle  ABO  will  be  the  incircle  of  triangle  E,E^, 

If,  however,  triangle  ABO  be  obtuse-angled,  suppose  at  0, 
then  the  point  A  will  be  situated  on  K,K,  produced 
B    „     „        „         „  K,K, 
0     „     „        „  „   K,K,; 

and  the  circle  ABC  will  be  an  excircle  of  triangle  KiKjE, 


(4)  Hence  the  relation  in  which  triangle  ABC  stands  to  E,K]K, 
will,  if  ABC  be  acute-angled,  be  that  in  which  triangle  DEF  stiuids 
to  ABC  ;  or,  if  ABC  be  obtuse-angled,  it  will  be  that  in  which  one 


51 


Figure  27 


►    are 


r 


AD   BE   CF 

AD,  BEi  CF, 

ADa  BE,  CFj 

AD3  BEs  OF3 

r  being  called*  the  Gergonne  point  of  ABC,  and  F,  T^  T^  the 
associated  Gergonne  points 

Hence  the  Gergonne  point  and  its  associates  are  the  insym- 
median  points  of  the  four  DEF  triangles 

(7)  With  respect  to  BC 

D  and  D,  are  isotomic  points,  so  are  D,  and  D, ;  and  a  similar 
relation  holds  for  the  E  points  with  respect  to  CA,  and  for  the  F 
points  with  respect  to  AB.     Hence  the  triads 


AD,  BEa  CF3 
AD    BE,  CR 


which  are  concurrent!  at 


J 
J3 


AD3  BE   CF, 
ADa  BE,  CF 

furnish  the  four  pairs  of  reciprocal  points, 

r         r,         Fj        Fj         (Gergonne  points) 
J         J,         Ja         J3         (Nagel  points) 

(8)  Since  AD  passes  through  J, 
BE       „  „        J2 

CF       „  „        J3 

therefore  F  is  situated  on  each  of  the  straight  lines  AJ,  BJ3  CJ3 ; 
in  other  words,  the  triangles  ABC  JjJgJs  are  homologous  and  have 
F  for  centre  of  homology 

*By  Professor  J.  Neiiberg.  J.  D.  Gergonne  (1771-1859)  was  editor  of  the 
AnruUet  de  MoUMmatiques  from  1810  to  1831 

t  Many  of  the  properties  of  the  J  points  were  given  by  G.  H.  Nagel  in  his 
Vntersuehungen  iiher  die  widitigsten  z»m  Dreiecke  gehdrujen  Kreisc  (1836).  This 
pamphlet  I  have  never  been  able  to  procure.  Since  1836  some  of  these  properties 
have  been  rediscovered  several  times 


62 

Since  AD,  passes  through  F, 
BE,  „  „  r, 
OF,      „  „       r,; 

therefore  J  is  sitnftted  on  each  of  the  straight  lines  AFj  Br,  CPj ; 
in  other  words,  the  triangles  ABO  r,r,r,  are  homologoas  and  have 
J  for  centre  of  homology 

Similarly  ABC  is  homologous  with 

JJ,J,  JjJJ,  J/,  J 

the  centres  of  homology  being  respectively 

Ti  r,  r, ; 

and  ABC  is  homologous  with 

r  r,r,      r,r  r,      rj^.r 

the  centres  of  homology  being  respectively 
J,  J,  J, 


(D)  If         v        r,'  r;         r; 

ht  the  painii  of  concurrency  of  lines  drawn  from  A'  B  C",  Qi6  mid 
points  oj  the  sides,  parallel  to  the  Iriada  of  angular  transversals  which 
determine  t/ie  points 
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(11)  The  J  points  are  anticomplementary  to  the  I  points,  and 
the  tetrad* 

IJ         V,         V,        V3 

are  concurrent  at  G  the  centroid  of  ABC 

(12)  J I  Jj  J3  J  form  an  orthic  tetrastigm  * 

FiouRB  26 

(13)  A  I    B I    01    intersect  E  F    F  D    D  E 
at  the  feet  of  the  medians  of  triangle  DEF  ; 

AD    BE    OF   intersect  E  F    F  D    D  E 
at  the  feet  of  the  internal  symmedians 

All  BIi  Oil  intersect  EiF,  FjD,  D,E, 
at  the  feet  of  the  medians  of  triangle  DjEiFi ; 

AD,  BE,  CFi  intersect  EjE,  F,D,  DjE, 
at  the  feet  of  the  internal  symmedians 
Similarly  for  triangles  D^EqFs    D3E3F3 

(14)  The  external  •symmedians  of  any  triangle  are  also  the 
external  symmedians  of  three  oilier  associated  triangles 

Figure  26 

Let  DEF  be  the  triangle 

Circumscribe  a  circle  about  DEF,  and  draw  tangents  to  it  at 
DEF.  Let  these  tangents  intersect  at  A  B  C.  Then  DiEjF, 
DjEjFj  DaEjFj  are  the  three  triangles  associated  with  DEF 

To  determine  their  vertices  it  is  not  necessary  to  find  I,  Ij  I3 
and  to  draw  perpendiculars  to  BC  CA  AB 

Make  CDi  =  BD  CEi^CD,  and  BFi  =  BDi  and  the  triangle 
DjEjFj  is  determined 

Similarly  for  DjE^Fj  D3E3F3 

*  William  Grodward  in  Mathematical  Questumi  from  the  Educational  Times 
II.  87,  88  (1866) 


(15)  I,A'  I^ff  I^C  are  coneurrenl*  at  the  ituymmedian point  o/ 

FiouBK  26 
For  BC  is  ftntiparallel  to  1,1,  with  respect  to   L  1^,1,  and  A'  is 
its  mid  point ; 
therefore  I,A'  is  the  insy mmedian  of  Iilglj  from  I, 


Similnrly  I.B'  „ 

, 

„  I. 

and            J,C'  „ 

..    L 

(16)        I  A' 

LB' 

I,C' 

I.A' 

IB' 

I,C' 

are  concorrant  f 

LA- 

I.B' 

IC? 

respectively  at  the  insjmmedian  points  of  the  triangles 
1 1,1,         LT  I,         LI.I 


The  inlemal  and  external  gymmedians  from  any  vertex  a/re  con- 
jugate harmonic  rays  with  respect  to  the  sides  of  the  triangle  tohiek 
meet  al  that  vertex  J 


Hence  also  for  C  S  A  S'  and  A  T  B  r 

(1)  The  following  triads  of  points  are  collinear  : 

R'  S  T ;     R  S'  T ;     R  S  T ;     R'  S'  T' 

(2)  The/oUotDing  are  Iiarmonic  rcmges* 

A  K  B  K,;      B  K  S  K^]       C  K  T  K^ 
A  K^R  K^)      B  K^  S'K,;       C  A\  T  K^ 

For   B  R  C  R'  is  a  harmonic  range ; 
therefore  A.BRCR'  is  a  harmonic  pencil ; 

and  its  rays  are  cut  by  the  transversals  BKSK,  and  B  K^  S'  K3 ; 
therefore  B  K  S  K,     B  K^  S'  K,  are  harmonic  ranges 

{Z)  IJ  D  E  F  he  the  points  in  which  AK  BK  CK  cut  the 
circunicircle  of  ABC y  then  the  follotving  are  harmonic  ranges 

A  R  D  K^\      B  S  E  K^]      C  T  F  K^ 

Figure  25 

For  KjB    KjC  are  tangents  to  the  circle  ABO,  and  K^DRA  is  a 
secant  through  K^ ; 

therefore  this  secant  is  cut  harmonically  f  by  the  chord  of  contact 
BC  and  the  circumference 

(4)  R'  is  tlispole  of  AK,  with  respect  to  the  circumcircle  % 
Since  AR'  is  the  tangent  at  A 

therefore  AR'  is  the  polar  of  A 

Now  BR'  „    „       „      „  Ki ; 

therefore  R'  is  the  pole  of  AKi 

Similarly  for  S'  and  T 

(5)  RD   S'E    T'F  are  tangents  to  the  circumcircle 

For  AD  is  the  polar  of  R'  with  respect  to  the  circumcircle,  that 
is,  AD  is  the  chord  of  contact  of  the  tangents  from  R' 

*  The  first  of  these  is  mentioned  by  Dr  Franz  Wetzig  in  Schlomilch's  Zeitichrift^ 
XII.  289  (1867) 

fTbis  is  one  of  Apollonius's  theorems.     See  his  Conie*^  Book  III.,  Prop.  87-40 
JC.  Adams's  Eigentchaften  des...DreiecIUf  pp.  8-4  (1846) 
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(6)  The  straight  line  R'ST  ts  the  polar  of  A"  with  respect  to  the 
cimimcirele 

For  AK,  BK,  CKj  pass  through  K  ; 
therefore  their  respective  poles  R'  S'  T'  will  lie  on  the  polar  of  K 

(7)  E'S'T  is  perpendicular  to  OK,  And  its  distance  from  O  is 
equal  to  IVjOiK.,  where  R  denotes  the  radius  of  the  circumoircle 

R'S'T*  is  sometimes  called  Lemoine'g  line 

(8)  R'ST'  is  the  trilinear  polar  *  of  K,  or  it  is  the  line  har- 
monically  assoeiateel  milh  the  point  K 

For  ST  TR  R8  meet  EC  CA  AB 

at  R'    S'    T'  ; 

therefore  R'S'T'  is  the  trilinear  polar  of  K 

(9)  The  three  triangles  ABO  RST  E:,K,K,  taken  in  pairs  will 
have  the  same  axis  of  homol^y,  namely  the  trilinear  polar  of  K 

(10)  The  following  triad*  of  points  are  collinear 

R  B  F;       S"  F  D  ;       T  D  E 
For  BCEF  is  an  encyclic  quadrilateral, 
and  BE  CP  intersect  at  K  ; 
therefore  EF  intersects  IJC  on  the  polar  of  K 
1-  of  K  iuteraccts  BC  at  R'  ; 
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Again  BCEF  is  an  encyclic  quadrilateral,  and 
BE    OF  intersect  at  K 
BC    £!F        ,1         „  XV 
BF   CE        „        „  D' ; 

therefore  triangle  KR'D'  is  self-conjugate  with    respect    to    the 

circumcircle ; 

therefore  KD'  is  the  polar  of  R' 

But  AK  „    „       „      „  R' ; 

therefore  ADD'  are  collinear 

(12)  The  following  triads  of  lines  are  concurrent : 
AK  BF  CE ;        BK  CD  AF ;        CK  AE  BD 

at  D'  ;  E'  ;  F 

and  D'  E'  F  are  situated  on  R'ST 

(13)  The  straight  lines  which  join  the  mid  point  of  ecLch  side  of  a 
triangle  to  the  mid  point  of  the  corresponding  perpendicular  of  the 
triangle  are  concurrent  at  the  insymm^dian  point  * 

Figure  23 

Let  K  Ki  be  the  insymmedian  and  first  exsymmedian  points  of 
ABC; 

let  A'  be  the  mid  point  of  BC  and  let  A'K  meet  the  perpendicular 
AX  at  Pi 
Join  A'Ki 

Then  A'K^  is  parallel  to  AX 
Now  since  A  K  R  Ki  is  a  harmonic  range 
therefore  A'.AKRKj  is  a  harmonic  pencil ; 

therefore  AX  which  is  parallel  to  the  ray  A'K,  is  bisected  by  the 
conjugate  ray  A'K 

§6 

If  L  M  N  be  the  projections  of  K  on  the  sides,  then  K  is  the 
centroid  f  of  triangle  LMN 

*Dr  Franz  Wetzig  in  SohlomUoh's  Zeittchrift,  XII.  289  (1867) 
t  E.  W.  Grebe  in  Grunert's  Arehiv,  IX.  258  (1847) 


FlODKK   28 

Through  L  draw  a  parallel  to  MK,  meeting  NK  produced  in  K' 
Joia  K'M 

Then  triangle  KLK'  has  its  aides  respeotiTel;  perpendicular 
to  BO  CA  AB  ; 

therefore  EL  :  LK'  =  BC  :  CA 

But  1:L:KM  =  BC:0A 

therefore  LK'  =  KM; 

therefore  KLK'M  is  a  parallelogram  ; 
therefore  KK'  blBecte  LU, 
that  is,     KN  is  a  median  of  LMN 

Similarly  KL   KM  are  medians  ; 
therefore  K  is  the  ceatroid  of  LMN 

Another  demouBtration  by  ProfeAsor  Neuberg  will  be  found  in  Mathema, 
I.  173  (1881) 

(1)  The  tides  of  LMN  an-e  prctporlional  to  the  medioTu  of  ABC, 
and  tha  angles  oj  LMN  are  equal  to  the  angles  which  th»  mediaru  of 
ABC  make  with  each  oilier  • 

Since  KL  KM   KK  are  two-thirds  of  the  respective  medians 
of  LMN,  and  are  proportional  to  BC  CA  AB  ; 
therefore  the  medians  of  LMN  are  proportional  to  BO  CA  AB ; 
therefore  tlie  aides  of  LMN  are  proportional  to  tlie  medians  of  ABC 
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(2)  If  LMN  be  considered  as  the  fundamental  triangle,  K  its 
centroid,  and  if  at  the  vertices  LMN  perpendiculars  be  drawn  to 
the  medians  KL  KISI  KN  a  new  triangle  ABO  is  formed  having 
K  for  its  insymmedian  point 

(3)  The  sum  of  the  squares  of  the  sides  of  the  tria/agle  LMN 
inscribed  in  ABC  is  less  than  the  sum  of  the  squao'es  of  tlie  sides  of 
any  other  inscribed  triangle  * 

The  proof  of  this  statement  depends  on  the  following  lemma  : 

Given  two  fixed  points  M  N  and  a  fixed  straight  line  BC ; 

that  point  L  on  BC  for  which  NL*  +  LM'  is  a  minimum  is  the 

projection  on  BC  of  the  mid  point  of  MN 

(4)  If  through  every  two  ve7'tices  and  the  centroid  of  a  triangle 
circles  be  described^  the  triangle  formed  by  joining  their  centres  urill 
have  for  centroid  and  insymmedian  point  the  circumcentre  and  the 
centroid  of  the  fundamental  triangle  f 


Figure  39 

Let  Oi  Oa  O3  be  the  centres  of  the  three  circles,  and  let  the 
circles  Og  O3  cut  BC  in  the  points  E  F 

Join  AG  cutting  BC  in  its  mid  point  A',  and  draw  O2P  OsQ 
perpendicular  to  BC 

Then  A'BA'F  =  A'AA'G  =  A'CA'E 

therefore  A'F  =  A'E 

and  A'Q  =  AT 

Now  OjA'  bisects  BC  perpendicularly  ; 
therefore  OiA'  passes  through  the  circumcentre  of  ABC 
and  bisects  O2O3 
therefore  OjA'  is  a  median  of  triangle  O1O2O3 

Similarly  for  OjB'  and  O3C' ; 
therefore  O  the  circumcentre  of  ABC  is  the  centroid  of  OjOaO, 


*  Mr  Einile  Lemoine  in  the  Journal  de  M^^tfUmaiiquu  EMnerUaires,  2nd  seriea, 
III.  62-3  (1884) 

t  This  theorem  and  the  proof  of  it  have  been  taken  from  Professor  W.  Fuhr- 
mann's  SyrUhetische  Betoeise  planimetrischer  Sdtze,  pp.  101-2  (1890) 


Again  if  through  ABO  perpendicnUn  be  drawa  to  the 
medians  AO  BO  CQ  these  perpendiculars  will  form  a  triangle 
UVW  whose  vertices  will  be  situated  on  the  circumferences*  of 
Oj  O,  0]  and  which  will  be  similar  to  the  triangle  OiO,0} 
Also  the  triangles  UTW  0,0,0,  have  G  for  their  centre  of 
similitude 

Now  triangle  UVW  has  G  for  its  insymmedian  point ; 
therefore  G  is  also  the  insymmedian  point  of  triangle  OidO, 

(5)  If        L,  M,  if,  £,  if.  IT,        L,  M^  N, 

be  ike  projectiom  on  BC  CA   AS  of 

K,  A,                   A-, 

t\en                 K^N^L^Mj  K,L,Af^y,        K^,N,L, 

are  parallelograms  f 

FiflUEK  40 

The  points  E^  L,  B  N,  are  concyclic 
therefore  l  L,K,N,  =  i.  ABC 

The  points  K,  M,  0  L,  are  concyclic 
therefore  e,  K,L,M,  =  l  K,C  M, 
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§7 

If  AK  £K  CK  he  produced  to  meet  the  etrcumcircle  in  D  E  F 
the  triangle  DBF  has  the  same  insymmedians  as  ABC 

FiBST  Dbmonstration 

Figure  29 

From  K  draw  KL  KM  KN  perpendicular  to  BC  CA  AB 
and  join  MN  NL  LM 

Since  the  points  B  L  K  N  are  concyclic 
therefore  l  KLN  =  l  KBN 

=  Z.EBA 
=  -lEDA 

Since  the  points  0  L  K  M  are  concyclic 

therefore  l  KLM  =  l  KOM 

=  Z.FCA 

=  z.FDA 

Hence  l  MLN  =  ^  EDF 

Similarly         l  LMN  =  l  DEF  or    l  MNL  =  l  EFD 
and  triangles  LMN  DEF  are  directly  similar 

But  since  z.  KLN  =  l  KDE 

and  L  KLM  =  l  KDF 

therefore  the  point  K  in  triangle  LMN  corresponds  to  its  isogonally 

conjugate  point  in  triangle  DEF 

Now  K  is  the  centroid  of  triangle  LMN  ; 

therefore  K  is  the  insymmedian  point  of  triangle  DEF 

Second  Demonstration 

FlQURB  25 

Let  AR'  BS'  CT'  be  the  exsymmedians 

Since  AK  is  the  polar  of  R',  and  BC  EF  both  pass  through  R' 
not  only  will  the  tangents  to  the  circumcircle  at  B  C  meet  on  the 
polar  of  R'  but  also  the  tangents  at  E  F 
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But  the  tangents  at  E  F  meet  on  the  insj'mmediaii  of  DEF  from  D ; 
therefore  the  inaymmedian  AD  is  commOD  to  triangles  ABC  DEF 

Similarly  for  the  insjrmmedians  BE  CF 

The  cosynimedian  triangles  ABO  DEF  are  homologona,  the 
insymmedian  point  K  being  their  centre  of  homology,  and  B'ST* 
their  axis  of  homology 

(1)  If  two  trianfflea  be  cotymmediati  the  sides  of  the  otie  are 
proportional  to  the  medians  of  the  other* 

For  triangle  DEF  ia  similar  to  triangle  LMN 

Or  thus : 
Let  G  be  the  centroid  of  ABC 
Join  OB  GC 

Then  l  EDF  =  i.  EDA  +  i.  ADF 

=  i.  KBA  +  i.  KCA 
=  i.GBO+  i.GCB 
since  the  points  G  K  are  isogonally  conjugate 

Similarly  l  DEF  =  l  GCA  +  l  O  AC 

and  L  EFD  =  l  GAB  +  l  GAB 

A  reference  to  the  Proeeedinye  of  the  Ediiiburgh  Mathematical 
Society,  I,  25  (1894)  will  show  that  this  proves  the  theorem. 


Hence  DEF  = 
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3AR' 
4R 


n 


^ 3A     a'6V      /    3A    y 
27Aa»6V 


64mi'm2'm3' 

The  values  of  m^  m,  m,  are  given  in  the  Proceedings  of  the 
Edinburgh  Mathematical  Society,  I.  29  (1894) 

(3)  If  BD    CD  he  joined,  DR    DR'  are  an  insymmedian  and 
an  eocsymmedian  of  triangle  *  DCB 

Figure  24 

Draw  AAj  parallel  to  £C  to  meet  the  circumcircle  at  A^ 
and  let  A^Ki  meet  the  circle  at  D^ 

Then  triangle  ACKi  is  congruent  to  A^B  Kj 

therefore  lO  A  D=z.B  A^Di 

therefore  DDj  is  parallel  to  BC 

Now  since  BC  is  the  polar  of  Kj  and  AAj  DDj  are  parallel, 
therefore  ADj  AjD  intersect  on  BC  at  its  mid  point  A' 

Again  l  CDR  =  l  CDA 

=  L  BDAi 

=  L  BDA' 

therefore  DR  is  isogonal  to  the  median  DA' 
But  DR'  is  a  tangent  to  the  circumcircle  at  D  ; 
therefore  DR'  is  an  insymmedian 

(4)  Hence  BR  BK,  are  an  insymmedian  and  an  exsymmedian 
of  triangle  BDA ; 

CR  OKi  an  insymmedian  and  an  exs3rmmedian  of  triangle  CAD 

(5)  AR'^  +  BK,^  ^  K,R^ 

Let  0  be  the  centre  of  the  circumcircle  ABC 

■  ■  •   ^  -  -         ^- 

*  C.  Adams  in  his  Eigenschafien  de8...Dreicck8,  pp.  4>5  (1846)  gives  (3)-^7) 


64 


Then  AB''=       OR"        -0A» 

o.OA'*  +  A'R''-OA' 

BK,*=       A'B»      +A'K,' 

=.OB=-OA''  +  A'K,» 

therefore       AR"  +  BK,»  =  A'R**  +  A'K,* 

==K,R'» 

(6)  OE  is  perpendicular  to  KyR 
For    R'  is  the  pole  of  AE, 

and  Ki  „   „      „     „  BC 

therefore  K,R'  is  the  polar  of  R 
therefore  OR   is  perpendicular  to  E,R' 

(7)  A  if  is  a  mean  proportiotieU  between  A'R  and  RR 
Since  B  R  C  R'  form  a  harmonic  range, 

and  A'  is  the  mid  point  of  BC 
therefore  B  R' :  A'R'  =  RR' :  OR' 

therefore  A'R'  ■  RR'  =  BB'  •  OR' 

-AR'" 


(8) 


ABCD=AC-BD=iAD-£C 
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This  name  was  suggested  to  Mr  Tucker  by  Professor  Neuberg 
in  1885 

The  first  systematic  study  of  harmonic  quadrilaterals  was  made 
by  Mr  Tucker.  In  his  article  "  Some  properties  of  a  quadrilateral 
in  a  circle,  the  rectangles  under  whose  opposite  sides  are  equal," 
read  to  the  London  Mathematical  Society  on  12th  February  1885, 
he  states  that  in  his  attempt  to  extend  the  properties  of  the  Brocard 
points  and  circle  to  the  quadrilateral  he  "  was  brought  to  a  stand 
at  the  outset  by  the  fact  that  the  equality  of  angles  does  not  involve 
the  similarity  of  the  figures  for  figures  of  a  higher  order  than  the 
triangle.  Limiting  the  figures,  however,  by  the  restriction  that 
they  shall  be  circumscriptible "  he  arrived  at  a  large  number  of 
beautiful  results  all  of  which  cannot  unfortunately  be  given  here. 

Starting  with  the  encyclic  quadrilateral  ABCD  whose  diagonals 
intersect  at  E,  and  investigating  the  condition  that  a  point  P  can 
be  found  such  that 

lFAB=  z.PBC=  z.POD=  Z.PDA 

he  finds,  by  analytical  considerations,  that  a  condition  for  the  exist- 
ence of  such  a  point  is  that  the  rectangles  under  the  opposite  sides 
of  the  quadrilateral  must  be  equal.  He  then  shows  that  if  there  be 
one  Brocard  point  P  for  the  quadrilateral  there  will  be  a  second  P' ; 
that  the  lines 

PA  PB  PC  PD;        FA  FB  FC  T'D 

intersect  again  in  four  points  which,  with  P  P'  lie  on  the  circum- 
ference of  a  circle  with  diameter  OE,  where  O  is  the  centre  of  the 
circle  ABCD. 

Next,  if  through  E  parallels  be  drawn  to  the  sides  of  the  quad- 
rilateral, these  parallels  will  meet  the  sides  in  eight  points  which  lie 
on  a  circle  concentric  with  the  previous  one. 

Lastly  he  shows  that  the  symmedian  points  (pi  p^)  of  ABD 
BCD  lie  on  AC ;  the  symmedian  points  (o-j  o-j)  of  ABC  ADC  lie 
on  BD ;  the  lines  Opi  Op^  Oo-i  Ocr^  are  the  diameters  of  the 
Brocard  circles  of  the  triangles  ABD  BCD  ABC  ACD  respec- 
tively ;  the  centres  of  the  four  Brocard  circles  lie  two  and  two  on 
straight  lines,  parallel  to  AC  BD ;  the  circles  themselves  intersect 
two  and  two  on  the  diagonals  AC  BD  at  their  mid  points,  that  is, 
where  the  Brocard  circle  of  the  quadrilateral  me,ets  the  diagonals. 

Mr  Tucker's  researches  were  taken  up  by  Messrs  Neuberg  and 
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Tfttry,  Dr  Casoy,  and  the  Rev.  T.  C,  Simmons,  and  there  now  exists 
.a  tolerably  extensive  theory  of  harmonic  polygODS.  The  reader  who 
wishes  to  pursue  this  subject  may  consult 

Mr  R.  Tucker's  memoir  which  appeared  in  Mathematical  Quet- 
lions  from  Iht  Educational  Tintes,  Vol.  XLIV.  pp.  125-135  (1886) 

Professor  Neuberg  Snr  le  Qtmdrilatere  Ilarmonique  in  Mathent, 
V.  202-204,  217-221,  241-248,  2C5^269  (1885) 

Dr  John  Casey's  memoir  (read  26th  January  1886)  "On  the 
harmonic  hexagon  of  a  triangle  "  in  the  Proceeding*  of  the  Royal 
Irish  Academy,  2nd  series,  Vol.  IV.  pp.  545-556 

A  memoir  by  Messrs  Gaston  Tarry  and  J.  Neuberg  Sur  la 
Polyijonei  et  lea  Polyedres  liarmoniques  read  at  the  Nancy  meeting 
{188C)  of  the  Association  Fran;aise  pour  I'avaticement  det  seienets. 
See  the  Report  of  this  meeting,  second  part,  pp.  12-26 

A  memoir  by  the  Rev.  T.  C.  Simmons  (read  7th  April  1887) 
"  A  new  method  for  the  investigation  of  Harmonic  Polygons  "  in 
the  FroceedingH  of  the  London  Mathematical  Society,  Vol.  XVHI. 
pp.  289-304 

Dr  Casey's  Seqif.1  to  the  Firgt  Six  Books  of  the  Elements  of 
Euclid,  Cth  edition,  pp.  230-238  (1892) 


Thk  Cosine  or  second  Lruoine  Circle 

If  through  the  inaymmedian  point  of  a  triangle,  antiparalleh  be 
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[This  theorem  was  first  given  by  Mr  Lemoine  at  the  Lyons  meeting  (1873) 
of  the  AsHOcicUion  Fran^ise  pour  Pavancement  des  sciences^  and  the  circle 
determined  by  it  has  hence  been  called  one  of  Lemoine*s  circles  (the  second). 

The  existence  of  the  circle  however,  and  the  six  points  through  which  it 
passes  were  discovered  by  Mr  Stephen  Watson  of  Haydonbridge  in  1865,  and 
its  diameter  expressed  in  terms  of  the  sides  of  the  triangle.  See  Lady'H  and 
OerUknuin^s  Diary  for  1865,  p.  89,  and  for  1866,  p.  55 

In  the  same  publication  Mr  Thomas  Milboum  in  1867  announced  a  neat 
relation  connecting  the  diameter  of  this  circle  with  the  diameter  of  the  circum- 
circle,  and  here,  as  far  as  the  Diajy  is  concerned,  the  inquiry  seemed  to  have 
stopped] 

(1)  The  figures  DD'E'F   EE'FD   FFD'E  are  rectangles  ♦ 

It  may  be  interesting  to  give  the  way  in  which  these  three 
rectangles  made  their  first  appearance. 

(2)  Three  rectangles  may  he  inscribed  in  any  triangle  so  that  they 
may  have  each  a  side  coincident  in  direction  with  th^  respective  sides 
of  the  triangle^  and  their  diagonals  all  intersecting  in  the  same  point, 
and  one  circle  may  be  circumscribed  about  all  tlie  three  rectangles  t 

Figure  30 
Let  ABC  be  the  triangle 
Draw  AX  perpendicular  to  BC  ; 
and  produce  CB  to  Q  making  BQ  equal  to  OX 
About  ACQ  circumscribe  a  circle  cutting  AB  at  P 
Join  PC ;  and  draw  BE  parallel  to  PC  and  meeting  AO  at  E 
From  E  draw  ED'  parallel  to  AB  and  EF  perpendicular  to  AB, 
and  let  these  lines  meet  BC  AB  at  D'  F 

About  D'EF  circumscribe  a  circle  cutting  BC  CA  AB  again  in 
D  E'  F'.  The  six  points  D  D'  E  E'  F  F  are  the  vertices  of  the 
required  rectangles 

Draw  CZ  perpendicular  to  AB, 
and  let  ED'  meet  CP  at  R 

The  similar  triangles  ABX   CBZ  give 

AX:CZ=AB  :  CB 
=BQ :BP 
=  0X  :  BP ; 
therefore  AX  :  CX  =  C  Z  :  BP 


*  Mr  Lemoine  at  the  Lille  meeting  (1874)  of  the  Atsoeiation  Fran^aUe  pour 
Vavancement  des  tcienees 

t  Mr  Stephen  Watson  in  the  Ladjfz  and  GetUleman*t  Diary  for  1865,  p.  89,  and 
for  1866,  p.  55 
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But  E  F  :  C  Z  =  AE  :  AO 

=  AB  :  AP 
=  ED' :  ER 
=  ED' :  BP  ; 

therefore  E  F  ;  ED'  =  C  Z  :  BP  ; 

therefore  AX  :  CX  =  EF  :  ED' ; 

therefore  the  right^ngled  triangles  AXO  FED'  are  simil 

Hence  i.XAC=  ^EFD'=  ^D'E'E; 

therefore  D'E'  U  parallel  to  AX 

Now  L.  FE'D'  =  L  FED'  =  a  right  angle  ; 

therefore  FE'  is  parallel  to  BC, 

and  DD'E'F  is  one  of  the  rectangles 
Again  because  l.  EFF'  is  right, 

therefore  EF  is  a  diameter  ; 

therefore  L  F'D'E  is  right,  as  well  as  l.  F'DE    l  F'E'E  ; 

therefore  EE'F'D  FFD'E  are  the  other  rectangles 

(y)   Tojind  Ihf.  dinmetfr*  nf  the  drrln  DBF 
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=  BO'  +  CA=-2BC0X 


Hence 
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2A  _     a'  +  b'-hc' 

EF  "  2c 

icA 


and  EF  = 

a^  +  b'  +  c" 

Lastly              D'F :  EF             =  AC  :  AX 
therefore         D  F : =      b  : 

therefore  D'F  =     -^-^5 — 5=  the  diameter 

a"  +  6'  +  c^ 


The  following  is  another  proof 

Figure  19 

Triangles  AEF'   ABC  are  similar 
and  AK  is  a  median  of  AEF' ; 
therefore  EF  :  AK  =  B  C  :  wii 

AKBC 


therefore  EF'  = 


2abc 


a«  +  6*^  +  c« 


For  the  value  of  AK,  namely,         1 — 

see  Formulae  connected  with  the  Symmedis^ns,  at  the  end  of  this 
paper. 

(4)  I/d  denote  the  diameter  0/ circle  DEF, 
and  D      „        „         „  „      „      ABC, 

then*   — -I =  —  J I 

1      a^j^b'^e         1       4A 
For  —  = — -  = : 

d  labc  D     2a6c 

rf'^D-  4a-6V 

*  Mr  Thomas  Millboum  in  the  Lady^t  and  Oentleman^t  Diary  for  1867,  p.  71, 
and  for  1868,  p.  75 


(a'  +  y  +  c^'  +  4c*a*  -(a'-^+c^' 


(5)  TAe  centra  ^(Ae  cicc/e  D^f  is  the  ineymmedian  point  of  tha 

triamjU  ABC 

FlQUBE  30 

Because  i  EFD'  =  _  XAC 

therefore  their  complemeots  are  equal 
that  is  i  D'FH  =  ^  ACX  : 

therefore  1>'F  is  antiparallel  to  CA  with  respect  to  ]> 
Hence      E'D  „  „  „  AU    „         „       „  C 

and  P'E  „  „  „   BC     „  „       „  A 

But  these  antiparallels  are  all  bisected  at  the  centre  of  the 
circle  DEF ; 
therefore  the  centre  of  the  circle  is  the  in sy minted ian  point  K 


71 


Figure  19 

For  L  DEF  =  l  DD'F 

=  z.A 
and  L  EFD  =  l  EE'D 

=  ^B 

therefore  EFD  is  similar  to  ABO 

In  like  manner  for  FD'E' 

Now  since  EFD  F'D'E'  are  similar  to  each  other  and  are 
inscribed  in  the  same  circle  they  are  congruent 

(8)  The  angles  which  F  D  D  E    E  F 

make  with  A  B  B  C   C  A 

are  equal  to  the  angles  which  F'D'  D'E'  E'F 

make  with  B  C  C  A   A  B 

The  Triplicate  Ratio  or  First  Lbmoine  Circlr 

If  through  the  insymmedian  point  of  a  triangle  parallels  be  draton 
to  the  three  sides,  the  six  points  in  which  they  meet  the  sides  tvill  be 
coney  die 

First  Demonstration* 
Figure  31 

Let  K  be  the  insymmedian  point  of  ABC, 
and  through  K  let  there  be  drawn  EF'  FD'   DE* 
respectively  parallel  to  BC    CA    AB, 

the  D  points  being  on  BC,  the  E's  on  CA,  the  F's  on  AB 

Then  AFKE'  is  a  parallelogram; 
therefore  AK  bisects  FE' ; 
therefore  F  E'  is  antiparallel  to  BC  ; 
therefore  F  E'  „  „        „  EF ; 

*  This  mode  of  proof  is  due  to  Mr  R.  F.  Davis.  See  Fourteenth  General 
Report  (1888)  of  the  Association  for  the  Improvement  of  Geometrical  Teaching, 
p.  39. 
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therefore  the  points  E    E'   F   F"  are  concyclic 
Hence        „         „       F    F    D  D'    „ 
and  „        „       D  D'  E   E'   „ 

Kow  if  these  tliree  circles  be  not  one  and  the  same  circle,  their 
radical  ftxes,  which  are  DD"   EE'   FF  or  BC  CA  AB,  must  meet 
in  a  point,  the  radical  centre 
But  BC  CA  AB  do  not  meet  in  a  point ; 
therefore  these  three  circles  are  one  and  the  same, 
that  is,  the  six  points  D  D'   £  £'  F  F'  are  concyclic 

Second  Dkmokbteation 


Figure  '62 

I^t  O  be  the  uireumcentre  of  ABC,  and  lot  OA  OK  be  joined. 

Because  AFKE'  is  a  parallelogram 
therefore  AK  bisects  FE'  at  U  ; 
therefore  FE'  is  antiparallel  to      BC 
therefore  OA  is  perpendicular  to  FE' 
If  therefore  through  U  a  perpendicular  be  drawn  to  FE' 
it  will  be  parallel  to  OA,  and  will  pass  through  0', 
the  mid  point  of  OK 

Hence  also  the  perpendiculars  to  BF'  and  ED'  through  their  mid 
points  V  and  W  will  pass  through  O' ; 
tliat  is,  0'  the  iiiid  point  of  OK  is  the  centre  ot  s.  circle  which  paa 


73 

The  parallels  drawn  through  K,  the  symmedian  point,  to  the 
sides  of  ABC  are  often  called  Lemoine's  parallels,  and  the  hexagon 
they  determine  DD'EE'FF  Lemoine's  hexagon. 

(1)  If  E'F  F' D  D* E  be  produced  to  meet  and  form  a  triangle^ 
tlien  the  incirch  qf  this  triangle  will  have  O  for  its  centre,  wid  iti 
radius  will  be  hcUfthe  radius  of  the  circumcircle  of  ABC 

For  0'U  =  JOA       0'V  =  pB      0'W  =  pC; 

therefore  0'U  =  0'V  =  0'W; 

and  O'U  is  perpendicular  to  E'F,   O'V  to  F'D,  O'W  to  D'E 

(2)  The  figures  DD'EF     EE'FD'     FF'DE' 
are  symmetrical  trapeziums ; 

therefore  E'F  =  F'D  =  D'E 

(3)  Triangles  FDE  E' F' D'  are  directly  similar  to  ABC  and 
congruent  to  each  other 

For  ^FDE= -LrFE=  Z.B 

and  ^DEF-^DDT=  Z.C 

therefore  FDE  is  similar  to  ABC 

In  like  manner  for  E'F'D' 

Now  since  FDE  E'F'D'  are  similar  to  each  other  and  are 
inscribed  in  the  same  circle,  therefore  they  are  congruent. 

It  is  not  difficult  to  show  that  if  K  be  any  point  in  the  plane  of  ABC  anil 
through  it  parallels  be  drawn  to  the  sides,  as  in  the  figure,  the  triangles 
DEF  D'ET' are  equal  in  area. 

See  Vuibert*8  Journal  de  MathtnuUitiucs  El^untaircs,  VIII.  12  (1888) 

(4)  Thefolhywing  three  triangles  are  directly  similar  to  ABC  : 

KDD'        E'KE        FF'K 
For  EF'   FD'  DE'  are  parallel  to  the  sides 

(5)  The  follounng  six  triangles  are  inversely  similar  to  ABC  : 
A  E'F      KFE'      DBF'      F'KD      D' EG      ED' K 

For  E'F  F'D  D'E  are  antiparallel  to  the  sides 

(6)  The  triangles*  cut  off  from  ABC  by  E'F  F'D  D'E  are 
together  equ^al  to  triangle  DEF  or  D'E'F' 

*  Properties  (6)— (9)  are  due  to  Mr  Tucker.  See  Quarterly  Journal,  XIX. 
344,  340  (1883) 
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For  AE'P  =  §  AE^KF  =  EKF 

DBF'  =  JBFKD  =  FKD 
irEC  =  lOD'KE  =  DKE 
therefore  AE'F  +  DBF'  +  JTEC  =  DEF  =  D'E'F" 

(7)  The  following  six  angles  are  eqiial : 

DFB    EDO    FEA  D'E'C    FD'B    ETA 

For  the  arcs  E'F  F'D  D'E  are  equal 

(8)  If  each  of  these  angles  be  denoted  by  ui 

_  AFE  =  i.  AE'F  =  B  +  C  -  w 
L  BDF  -  L.  BF'D'  =  C  +  A  -  oj 
^CED=  ^CD'E'^A  +  B-o, 

(9)  The  following  points  are  concyclic  : 

B  C  E'  F         C  A  F  D         A  B  D'  E 

(10)  The  radical  axiin/the  circumc'ircle  and  the  triplicate  ratio 
circle  is  the  Faecal  fitte  of  Lemoine'a  liexaijmi 

Let  FE'  meet  BC  at  X 
Since  the  points  B  F  E'  C  are  concyclic, 
therefore XllXC  =  Xl'XE' 
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FlQURB  33 

(13)  If  ike  chords 

EF  E'F'        FD  F'D'        DE  D'E' 
intersect  in  p  q  r 

tlie  triangles  ABC  pqr  are  homologous  * 

Let  B^  Or  meet  at  T,  and,  for  the  moment,  denote  the  distances 
of  T  from  BC  CA  AB  by  a  /?  y 

Then  a  :  y  =  perp.  on  BC  from  q  :  perp.  on  AB  from  q 

DD'  FF 

from  the  similarity  of  triangles       DD'^     F'F^ 


a^ 

c^ 

Similarly  a  :  fS=                 a' 

:         6^ 

therefore  /3  :  y=                 b^ 

:         c«; 

therefore  the  point  p  lies  on  AT 

(14)  The  intersections  of  the  antiparallel  chords  udth  Lemoine^s 

parallels^  that  is,  of 

E'F    EF'         F'D    FD'  D' E    DE' 

naviely  PQR 

are  collinear  * 

The  quadrilateral  EETF  is  inscribed  in  the  circle  DBF,  and 

EE'     FF         EF     E'F         E'F     EF 

meet  in  A  p  P 

tlierefore  triangle  ApP  is  self -conjugate  with  respect  to  circle  DEF  ; 
therefore  P  is  the  pole  of  Ap  with  respect  to  DEF 

Similarly  Q  „    „       „         A^     „  „        ,;      „ 

and  K  „    „       „         Ar     ,,  „        „      „ 

Now         Ap  Bq  Cr  are  concurrent  at  T 

therefore  PQR  are  collinear  on  the  polar  of  T  with  respect  to 
the  circle  DEF 


*  Dr  John  Ca8ey.    Sw  his  Sc<juel  to  Euclid,  6th  ed.,  p.  190  (1892) 


(15)  ^the  iiUerseclioas  oj 

DE     F-D-         EF    D'E-         FD     E'F' 
he  t  m  n 

Ike  triangles  ABC  Itnn  are  gtmitar  and  oppositely  situated 

Since  the  arcs  K'F  FD  D'E  are  equal 
therefore  i.  E'mF  -  i.  E'nF  =  2o. ; 

therefore  the  points  E'  m  n  F  are  concyclic ; 
therefore  i.E'nw»=  i.E'Fm=  iE'FE; 

therefore  mn  is  parallel  to  EF  and  to  BC 

Similarly  for  the  other  sides 

(16)  The  triangles    pqr    Imn    are  homologous  and  £  is  tiitir 
centre  of  homolo'jy 

For  E'F'D'FED  is  a  Pascal  hexagram  ; 
therefore  the  intersections  of 

E'F    FE  FD'     ED  D'F    DE' 

namely  p  I  K 

are  col  linear 

Similarly  ^  m  K  ;     r  n.  K  are  collincar 


Tuckek's  Circles  * 
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therefore  the  points  E  E'  F   F'  are  concyclic 

Similarly   „        „       F   F'  D  D'    „ 

and  „        „       D  D'  K   E'    „         „ 

therefore  tlie  six  points  D  D'  E  E'  F  F  are  concyclic 

(1)  Tojind  the  centre  of  the  circle  DD'EE'FF'* 

Let     O  O,  be  the  circumcentres  of  ABC  AjBiO, 

Then  O  Oj  K  are  collinear 

and  OA  is  parallel  to  OiA, 

Now  since  E'F  is  antiparallel  to  BC 

therefore  OA  is  perpendicular  to  E'F 

Hence  if  E'F  meet  AAi  at  U, 

a  line  through  U  parallel  to  AO  will  bisect  E'F  perpendicularly, 

and  also  bisect  00] 

Similarly  the  perpendicular  bisectors  of  FD  and  D'E 

will  bisect  OOi ; 

therefore  the  centre  of  the  circle  is  the  mid  point  of  00, 

(2)  Triangles  FDE  E' F' D'  are  directly  similar  to  ABC  and 
congment  to  each  other 

Figure  34 

Since  FE    D'F    E'D  are  respectively  parallel 
to  BC    CA    AB 

therefore  the  arcs  E'F  FD  D'E  are  equal ; 
therefore  l  EFD  =  /.  D'  F  F  =  <l  A 

SimUarly  l  FDE  =  l  E'DD'  =  lB 

therefore  FDE  is  similar  to  ABC 

In  like  manner  for  E'FD' 

Now  since   FDE   E'F'D'  are  similar  to   each   other  and  are 
inscribed  in  the  same  circle  therefore  they  are  congruent 

•  The  properties  (1),  (2),  (3),  (6),  (7)  are  due  to  Mr  Tucker.    See  Quarterly 
Journal,  XX.  69,  67.  XIX.  348,  XX.  59  (1884,  3) 


(3)  If  T  lie  the  mid  point  of  OO, 

TU=A(OA  +  0,A,) 
BimiUrly,  if  V  W  be  the  mid  points  of  FD  D'E, 

TV-l(0B  +  O,B,) 

T\V  =  ^{OC  +  0,C,) 
Hence    if    E'F    F'D    D'V.    he    produced    to    meet    and    form    a 
triangle  A,B,C, 

T  will  be  the  incentre  of  the  triangle  AJ),C:  and  the  radiutt  of  the 
incircle  will  be  an  arithmetic  mean  between  the  radii  of  the  cireuin- 
circleaof  AlJCand  A.BiC, 

(4)  The  triangle  A,iB,C,  formed  by  producing  E'F  F'D  D'E 
will  have  its  sides  respectively  parallel  to  those  of  K,K,K,  formed 
by  drawing  througli  ABC  tangents  to  the  circumcircle  ABC 

Figure  35 

(5)  Triangles  A^B^C,  KiK.^Kj  have  K  for  their  centre  of 
homology 

(G)  When  tlie  triangle  AjBiC,  becomes  the  triangle  ABC,  the 
Tucker  circle  DD'EE'FF  becomes  the  circumcircle 
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Figure  28 

Let  R  denote  the  foot  of  the  symmedian  AK 
Then  KF  :  KE  =BD  :  CD' 

and  RD  :  RD'  =  BR-BD  :  CR-CD' 

therefore  F'D   KR   ED'  are  concurrent 

§11 
Taylor's  Circle 

Tlie  8ix  projections  of  the  vertices  of  the  orthic  triangle  on  the  sides 
oj  the  fundamental  triangle  are  coney  die 

Figure  36 

Let  the  projections  of  X  on  CA   AB  be  Yi   Z  j 
„  „  „  Y   „  AB  BC  „   Za  Xg 

„  „  „  Z    „  BC  CA  „   Xj  Y3 

Then  AZ  :  AZ,  =  AH  :  AX 

-  AY  :  AYi 
therefore  Y  Z  is  parallel  to  YjZj 

Now    Y3Z2  is  antiparallel  to  Y  Z 
therefore  YjZ,  „  „  .        „  YjZj 

therefore  Yj  Y3  Z  2  Z  j  are  concyclic 
Similarly  Zj  Z^  X3  X2    „  „ 

and  X3  X3   Yj  Y3    „  „ 

therefore  the  six  points  X3   Xo   Yj   Yg  Zg   Z^  are  concyclic 

The  property,  that  the  six  projections  of  the  vertices  of  the  orthic  triangle 
on  the  sides  of  the  fundamental  triangle  are  concyclic,  seems  to  have  been 
first  published  in  Mr  Vuibert*s  Journal  de  Math^mcUiques  AUmtntairei  in 
November  1877.  See  Vol.  II.  pp.  30,  43.  It  is  proposed  by  £utaris.  This 
name,  as  my  friend  Mr  Maurice  D'Ocagne  informs  me,  was  assumed  anagram- 
matically  by  M.  Restiau,  at  that  time  a  r^p^titeur  in  the  College  Chaptal, 
Paris. 
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Tlie   uune   property,  along   with   three   others,    U   givcu    in    CataUa'i 

TK^rimai  el  Prohlime^.  Sth  ed.,  pp.  132-4  (1879).  It  occnn  »bo  in  & 
qiieBtion  proposed  bjr  Profeaaor  Neuberg  in  MeUhaiit,  I.  14  (1881),  and  in  k 
paper  by  Mr  H.  M.  Taylor  in  the  MtiMngfT  of  McUkemaiio,  XI.  177-9  (1882). 
A  proof  by  Mr  C.  M.  Jessop,  somewhat  shorter  than  that  given  by  Mr  Taylor, 
occurs  in  the  Meivenger,  XII.  36  (1883)  and  in  tlie  same  volume  (pp.  181-2) 
Mr  Tucker  examines  whether  any  other  positions  of  X  Y  Z  on  the  sides 
would,  with  a  similar  construction,  give  a  six-point  circle,  and  he  showa  that 
no  other  circle  is  possible  uniler  the  circumstances. 

Hee  also  Vliiltrmediairt  (Um  Maty>iiatkien>,  II.  166  (1893). 

The  projections  of 

XonBY    CZareY,  2, 

Y  „   CZ   AX  „    Z,  X. 

Z   „    AX   BY  „    X,  Yo 
With  regard  to  the  notation  it  may  be  remarked  that  the 
X  points  lie  on  BC  and  on  the  perpendicular  to  it  from  A 


,  CA 


B 


Z       „       „    „  AB   „      „     .,  „  „  „      „     C 

Let  a  notation,  similar  to  that  which  prevails  with  regard  to  the 
sides,  the  semiperimeter,  the  radii  of  tlie  incircle  and  the  excircles 
of  triangle  ABC,  be  adopted  for  triangle  XYZ ;  that  is,  let 
YZ  =  x         ZX=j/         XY  =  ; 

and  let  p  Pi    />]  p^  be  the  radii  of  the  incircle  and  the  excircles 
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(2)  YA        ZA        X3Y3 

or     YaZo         ZjXq         XiYq 
intersect  two  by  two  at  the  mid  points  of  the  sides  of  XYZ 

(3)*  YiZi  =  Z^,  =  X,Y,  =  (r 

Y2Z0  =  Z3X2  =  X3Y0  =  o-j 
YjZj  =  Z3X0  =  X1Y3  =  0*2 

Y2Z]  =  Z2X0  =  XjYq  =  0*3 

(4)  If    X'      Y'      Z'     be  the  mid  points  of 

YZ     ZX    XY 
the  sides  of  triangle  X'Y'Z'  intersect  the  sides  of   ABC   in  six 
concyclic  points 

(5)  Triangles  ABC  X'Y'Z'  are  hiyinologous^  and  the  symmedian 
point  K  is  the  centre  0/ homology 

For  YZ  is  antiparallel  to  BC, 
and  X'  is  the  mid  point  of  YZ ; 
therefore  AX'  is  the  symmedian  from  A 
Similarly  BY'   CZ'  are  the  symmedians  from  B    C 

(6)  t  i^-  Y,Z,  =  ABC        R'  Y^^  =  HCB 

R'  Y^Z^  =  CUA        R'  Y^,  =  BA  H 

Figure  37 

Join    O  the  circumcentre  to  A   B   C 

Then  OA    OB    OC  are  respectively  perpendicular 

to  YZ    ZX    XY 

therefore  2AZ0Y  =  0AYZ 

2BX0Z-0BZX 

2CY0X  =  OCXY 
therefore       2  A  =  R  (YZ  +  ZX  +  X Y) 


*  The  property  that  Y^Zi  is  equal  to  the  semiperimeter  of  XTZ  occurs  in 
Lhuilier*8  tUmmA  d'Analyse,  p.  231  (1809) 

t  The  first  of  these  equalities  is  given  by  Feuerbach,  EigemchafUn  des  ... 
Dreieek$y  §19,  or  Section  VI.,  Theorem  3  (1822).  The  other  three  are  given  by 
C.  Hellwig  in  Grunert's  ArchiVy  XIX.,  27  (1852).  The  proof  is  that  of  Messrs 
W.  E.  Heal  and  P.  F.  Mange  in  Artemas  Martin's  Mathematical  Visitor,  II.  42 
(1883) 


(7)  ThefoUotmng  triangles  are  iwteeles : 

XZZ^        XZ.Y        XZY,        X'Y^Y 
For  triangleB  YZZ,  YZY,  are  righfr*ngled 
Bnd  X'  is  the  mid  point  of  their  hypotenuse 

Similarly  there  are  four  isosceles  triangles  with  vertex  Y' 


and 


Z' 


(8)  Y,Z,  is  antipftmllel  to  BC  with  t 

«spect  to  A 

Z,X,„          „           „  OA    „ 

..  B 

X.Y, AB    „ 

,,      „  c 

(!))  Y,Z,  ispftmllelto         BC 

Z,X.  „       „       „         CA 

X,Y, AB 

(10)  ZjXj  and  Y^X^  inteneet  on  th«  symmedian  Jrom  A 

Let  A,  be  their  point  of  intersection 

Then  AZ[A,Y,  is  a  parallelogram, 
and  AA,  bisects  Y,Z, 

But  Y,Z,  is  antiparallel  te  BC  with  respect  to  A ; 
therefore  AAj  is  the  symmedian  from  A 

Similarly   Y,X,    Z,Y,  intersect  on  the  symmedian  from  B  ; 
and  ZjY,    Z,X,         „  „    „  „  „      0 
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(12)  Sinoe  XYZ  is  the  orthio  triangle  not  only  of  ABC, 
but  also  of  HCB  CHA  BAH,  if  the  projections  of  X  Y  Z  be 
taken  on  the  sides  of  the  last  three  triangles,  three  other  circles  are 
obtained 

These  circles  are 

X^jYjYqZjZo        XiXflYsYiZ^yZj        X^XiYqY-ZiZj 

If  they  be  denoted  by  Tj   Tj  T3  and  the  circle 


XjX,Y,Y^,Zi 

» 

T 

T, 

T 

T. 

T 

T, 

T. 

T, 

T, 

T, 

T, 

T, 

l» 


T,  then 


have  for  radical  axis 


BC 

CA 

AB 

AX 

BY 

CZ 


(13)  The  centres  of  the  circles  T  T^  T^  T^  are  the  incentre  and 
the  excerUres  of  the  triangle  X'Y'Z* 

For  YjZj   Z2X,   XjYj  are  equal  chords  in  circle  T  ; 
therefore  the  centre  of  T  is  equidistant  from  them 
But  these  chords  form  by  their  intersection  the  triangle  X'Y'Z' ; 
therefore  the  centre  of  T  must  be  the  incentre  of  X'Y'Z' 

Hence  T  Tj   T3  T3  form  an  orthic  tetrastigm 

(14)  The  centres  of  T  T,  Tj  T3  are  the  four  points  of  con- 
currency of  the  triads  of  perpendiculars  from  X'  Y'  Z'  on  the 
sides  of  ABC   HCB   CHA   BAH 

See  Proceedinga  of  the  Edinburgh  McUhemcUical  Society,  I.  66  (1894) 

(15)  l^ie  circle  T  hdongs  to  tim  group  of  Tncker  circlea  * 


Figure  36 

For  triangle  ZjXgYg  is  similar  to  ABC  ; 
and  it  is  inscribed  in  ABC 
Hence  its  circumcircle  T  belongs  to  the  group  of  Tucker  circles 

•  Dr  Kiehl  of  Bromberg.    See  his  Zur  Theorie  der  TransversdUn,  pp.  7-8  (1881). 
See  also  Prooeedinoi  of  the  London  MathenuUical  Society,  XV.  281  (1884) 


(16)  Thi  circle  T  cuIk  orthogonally  the  thret  txeireUa  o/  0>£ 
orthic  triangle  XYZ,  and  each  of  the  circlet  T,  T,  T,  euU 
orthogonally*  the  incirele  and  two  of  the  eaxirclee  of  XYZ 

FiauRK  36 
Let    ;>,     /)j    p,     denote  the  perpendiculars  from 
A     B     C     on    Y2    ZX    XY; 

these  perpendicuIorB  are  the  radii  of  the  three  excircles  of  XYZ 
Since  triangles  AYZ   ABC  are  similar, 

therefore  ;>,'  :  AX'        =  A  Z'  :  AC 

therefore  p,=  ;  ACAY,=.  AC  AY.  :  AC 

therefore  /),'  =  AYfAYj  the  potency 

of  the  point  A  with  respect  to  the  circle  T 

Heuue  the  circle  with  centre   A  and  radius  jv,  cuts  the  circle  T 

orthogonally 

Similarly  for  the  other  statements 

(17)  The  squares  of  the  radii  of  the  circles  \ 

T  Ti  T,  T, 

are         i{p'  +  <r')         UPi'  +  O         iW  +  'r^)         i(p,'+0 

FlODEE   36 

The  triangle  X'Y'Z'  is  similar  to  XYZ, 
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(18)  The  sum  of  the  squares  of  the  radii  of  the  circles 
T  Ti  T^  T^  is  equal  to  the  square  of  the  radium  of  the  circumcircle 
of  ABC 

In  reference  to  triangle  ABC,  the  following  property  may  be 
proved  to  be  true 

16R'  =  r»  +  ri'  +  r3«  +  r3«4-a«  +  6'  +  c« 
This  becomes  in  reference  to  triangle  X'Y'Z' 

1 6(iR)« = (ipY + iip^y + (ip,Y + (hp,y + i^xf + {hjjY  +  {^zy 

or      R«      =i(/>^  +  />i'  +  />s^  +  />3^)  +  i(«^  +  /  +  ^^) 

In  connection  with  the  Taylor  circles  it  may  be  interesting  to  compare  the 
properties  given  in  the  Proceedings  of  the  Edinburgh  MathemcUiccU  Society, 
VoL  I.  pp.  88-96  (1894).  These  properties  were  worked  out  before  the  Taylor 
circle  had  attracted  much  attention. 

(19)  If  A'BC  be  the  complementary,  and  XYZ  the  orthic 
triangle  of  ABC,  the  Wallace  lines  of  the  points  A'  B  C  vnth 
respect  to  the  triangle  XYZ  pass  through  the  centre  of  the  circle  T 


Figure  36 

It  is  well  known   that  the   points   A'    B'    C    X    Y    Z  are 
situated  on  the  nine  point  circle  of  ABC 

Since  A'  is  the  mid  point  of  BC 

therefore  A' Y  -  A'Z 

therefore  the  foot  of  the  perpendicular  from  A'  on  YZ  is  X'  the 
mid  point  of  YZ 

Since  BC  bisects  the  exterior  angle  between  XY  and  ZX 
the  straight  line  joining  the  feet  of  the  perpendiculars  from  A' 
on  XY  and  ZX  will  be  perpendicular  to  BC 

Hence  the  Wallace  line   A'   (XYZ)   passes    through   X'   and   is 
perpendicular  to  BC 
that  is,  it  passes  through  the  centre  of  T 

Similarly  for  the  Wallace  lines  B'  (XYZ)  and  C  (XYZ) 


(20)  The  Waliaee  linen  of  tite  poinU  X    Y  Z  with  re»peel  to  the 
Iriani/te  A'R'C  jiiw  through  the  centre  of  the  circle  T 

[The  reader  is  requested  to  make  the  figure] 

Let  the  feet  of  the  perpendiculars  from  X  on  B'C    C'A'   A'B' 
be  L  M  N 

Then  the  points  A'    SI    X   N  are  concyclic 
therefore  :.  A'M  N  =  :.  A'XN 

=  90*  -  i.  B 
=  ^CAO 
therefore  LMN  is  parallel  to  AO 

But  L  is  the  mid  point  of  AX  and  H,  is  utuated  on  AO 
therefore   LMN"   passes  through    the    mid  point  of   H|X,  that  is 
through  T 


(21)  //        //. 


ff. 


If,     be  the  orlltocentreg  of 


triangles         AYZ       ZBX       XYC 
tlie  Uneg  If^X        ll,Y         11^ 

past  through  the  centre  of  circle  T  and 
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Not  only  is  XYZ  the  orthic  triangle  of  ABC  and 

triangles  similar  to 

AYZ        XBZ        XYC  ABC 

but  XYZ  is  the  orthic  triangle  of  HCB  CHA   BAH  and 

triangles  similar  to 

HYZ        XCZ        XYB  HCB 

CYZ         XHZ       XYA  CHA 

BYZ         XAZ        XYH  BAH 

Let  the  orthocentres  of  the  second,  third,  and  fourth  triads  of 
triangles  be  denoted  by 

HI       TT  /       TT  /  XJ  "       XT  "       XJ  *  XT  '"       XT  '"       XT  "' 

The  following  results  (among  several  others)  will  be  found  to  be 
established  in  the  Proceedings  of  the  Edinburgh  MathemcUical 
Society,  I.  83-87  (1894).  They  are  quoted  here,  without  proof,  to 
save  the  reader  the  trouble  or  the  expense  of  hunting  out  the 
reference 

(24)  The  homothetic  centre  of  the  triangles 

XYZ         h;  h;  h;      is      t^ 

VV^  XT  "  XT  "  Xi"  "  T* 

AlZl  ±±1     112     -"8  >»  -^8 

"VVZ  XT  '"XJ  '"XT  '"  T 

2k.X£i  rii    ilj   JI.3  „  ±3 

and  T1T2T3  is  similar  and  oppositely  situated  to  ABC 

(25)  The  point  T  is  the  centre  of  three  parallelograms 

YZH2H3  ZXH3H1  XYHjH2 

and  similarly  T,   Tj  T3  are  each  the  centre  of  three  parallelograms 

Let  the  incircle  and  the  excircles  of  XYZ  be  denoted  by  their 
centres  H  A  B  C 

(26)  The  radical  axes  of 

HA        HB        HC        BC        CA        AB 
are    TjT,  TjT^  TJj  T^T  T,T  T3T 


(27)  The  radical  centres  of 

ABC        HCB        CHA        BAH 
are  T  T,  T,  T, 

(28)  X'    Y'     Z'    nre   the   feet  of   the    perpendiculars    of    the 
triangle  TiT,T, 

(2'.>)  The  homothetic  centre  of  the  triangles 

TiTX  H,'H,"H,"'         is  X 

T,T,T,  H,'H,"H,'"         „  Y 

T,T,T,  H;Ha"H,"'        „  Z 

(:S0)  The  straight  lines 

HT  AT,  BT,  CT, 

piiss  tlirough  the  centroid  of  XYZ 

(31)  If  G'  denote  this  centroid 

HO'  :  TG'  -  AG'  :  T.G'  =  BG'  :  T.G'  =  CG'  :  TjG' 


(32)  If  HGT  be  produced  to  J'  so  that  TJ'  =.  HT  then  J'  will 
txt  the  incontrc  X,Y,Z,  the  triangle  anticomplementary  to  XYZ 

Similarly  J/  J/  J,'  situated  on  AT,  BT,  CTj  so  that 
T|J,'  =  AT,  and  so  on,  will  be  the  first,  second,  and  third  excircles 
of  XjY.Z, 
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Figure  36 

Let  X  X'   y  Y'   Z   Z'  be  the  six  points 

Join  LL'   MM'   NN' 

The  complete  quadrilateral  AFFEBC  has  its  diagonal  AF  cut 
harmonically  by  FE   BC  ; 
therefore      A   U   F   D  is  a  harmonic  range ; 
therefore  E*A  U   F   D  is  a  harmonic  pencil 

Now  FMEM'  is  a  parallelogram  ; 
therefore  MM'  is  bisected  by  EF 

therefore  MM'  is  parallel  to  that  ray  of  the  harmonic  pencil  which 
is  conjugate  to  EF,  namely  EA 

In  like  manner  NN'  is  parallel  to  AB,  and  LL'  to  BO 

Again,  since  YEM'M     Y'EMM'  are  parallelograms, 
therefore  YE  =  Y'E 

Similarly  Z'F  =  Z  F 

therefore  YE  :  Y'E  =  Z'F  :  ZF 

Now     Y  Z'  is  parallel  to  EF  ; 
therefore  Y'Z  is  parallel  to  EF 

In  like  manner  Z'X  is  parallel  to  FD  and  X'Y  to  DE 
Hence   the  two  hexagons   LL'MM'NN'  and  XX'YY'ZZ'  are 
similar,  and  the  ratio  of  their  corresponding  sides  is  that  of  1  to  2 

Lastly,  since  LL'  is  parallel  to  BC 

L  L'LF  =  L  CDE 

=  ^CED 

=  L  MM'F 

therefore  the  points  L  L'  MM'  are  concyclic 
Similarly  the  points  MM'  N  N'  are  concyclic 
and  the  points   N    N'     L     L'  are  concyclic ; 

therefore  all  the  six  points  are  concyclic  * 

Hence  the  six  points  X   X'   Y   Y'   Z   Z'  are  also  concyclic 


*  This  method  of  proof  is  dififerent  from  Adams's 
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(1)  The  centre  oj  Adams' »  circle  ia  the  incentre*  q/  ABC 

For  XX'  Y7'  ZZ'  are  chords  of  Adams's  circle,  and  they  are 
bisected  at  D    E    F  ; 

hence  the  centre  of  Adams's  circle  is  found  by  drawing  through 
D    E   F  perpendiculars  to  XX'   YY'    ZZ' 
These  perpendiculars  are  concurrent  at  I  the  incentre  of  ABC 

(2)  To  Jindltte  centre  qf  the  circle  LL'MM'NN' 

Since  r  is  the  homothetic  centre  of  the  two  circles  XX'YY'ZZ' 
and  LL'MM'KN',  and  I  is  the  centre  of  the  first  of  these  circles, 
therefore  the  centre  of  the  second  circle  is  situated  on  FI 

If  I'  denote  the  centre  of  the  second  circle 
then  ri:rr  =  2:l 

(3)  Since  F  the  Gergonne  point  of  ABC  is  the  insymmedi&n 
point  of  DEF,  the  circle  LL'MM'NN'  is  the  triplicate  ratio  or  first 
liCmoine  circle  of  DEF 


(4)  Besides  the  six-point  circle  obtained  by  drawing  through  F 
the  Gergonne  point  of  ABC  parallels  to  the  sides  of  triangle  DEF, 
three  other  six-point  circles  will  be  obtained  if  through  the  asso- 
ciated Qergonne  points  F^  F,  Fj  parallels  be  drawn  to  the  sides  of 
the  triangles  D,E,F,    DjE,F,    D,E,Fj  respectively 

The  centres  of  these  three  circles  are  the  excentres  of   ABC 
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tu^  tm"  cb^ 

c"  -  6*  c^  -  or  6'  -  o* 


c«  -  6«  c*  -  a»  6'  -  o' 


(2) 


c*  -  b*  c*  -  a*  0*  -  or 

Let  the  three  internal  medians  be  denoted  by 

fltj  9712  ^S 

Their  values  in  terms  of  the  sides  are 

4m,'^=   2a*-   5*  +  2c« 
4m,"=   2a2  +  26«-   c* 

AR  =  ^^        BS-J^,        CT«=^  (4) 

ft'*  +  c'  c*  +  a'*  a'  +  6* 

Figure  12 

Let  A  A'   AR  be  the  internal  median  and  sym  median  from  A 
Then  BRCR  :  BA'CA'  =  AR^  :  A  A'* 

therefore  AR'  =  ^.,    ^.,  '  A  A'' 

BA  •  CA 

^■-^  ^'-^  <^-i^.        w 

Figure  14 
For  AR'«  =  BR'.CR' 

(AR*  +  BR')6»  +  (AR*  +  CRV  =  26V  (6)  ♦ 

and  so  on 

*  Mr  Clement  Tbiry,  Applications  remarqudble»  du  TMorime  de  Stewart,  p.  20 
(18W) 


BK 

OK. 


a'  +  4'  +  t" 
2abm, 


EK- 

SE- 
TK 


2<i'6em, 

(i- +«•)(«■ 

+  6'  +  <?) 

2o4' 

"h 

(«"< 

«•)(• 

+  6'  +  <^) 

2aic 

«h 

(o" +«■)(■''+»'  +  =') 


Since 
therefore 


AS    AKB 
CS'OKB 


AT    ARC 
BT~BKO 


AT    AKB  +  AKO 
^  BT"         BKC 


AKAKBAKO 
RK~BKR~CKE 


BKR+CKR 
AK     AS     AT 
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AKi  = 


BKj  = 


CK, 


2bcmi 
2cafn^ 


RK,= 


sb:^= 


TK,= 


BKi  =  CKi  = 


2a'&cmi 
(6a4.c8)(-o«  +  6«  +  c*) 

2a6'cm3 
2a5c^fn3 


OK,=AKj  = 


AK,  =  BK,= 


KKi  = 


kb:^= 


KK,= 


-a'»  +  6«  +  c« 
4a*6c  fi»i 


1^X8  = 


KjKi^ 


KiK,s= 


(a«  +  6«  +  c«)(-a«  +  5«  +  c») 
(a«  +  6«  +  c«)(a«-6«  +  c«) 

(a«  +  6«  +  c*)(a^  +  6«-c») 

2a^6c 

(a'^-ft'  +  c^Xa'  +  ft^-c^) 

2ahh 

2aM_ 

(-a'  +  ft^'  +  c^Xa^-ft'  +  c^) 


(10) 


(11) 


.       (12) 


(13) 


a 


AKi 


2  --^^  =  6«  ^«  ^  .2  ^  ^»       a«  +  6»  +  c» 


=  C" 


ak;  '  BK",  *  ck; 


=  a'  :  6^  :  c' 


(14)* 


(15) 


Dr  Fntnz  Wetzig  in  Schlomaoh's  ZeiUchrift,  XII.  394  (1867) 
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a(tt*  -  6*  +  3e*) 

a{a?  +  36'  -  c*) 
2(a'  +  *'  +  «') 
i(!la'  +  6*  -  «■) 


<i<c'4-caooaB) 
'      a'  +  W  +  e- 

a(6'  +  aAooaO) 

o'  +  6'+c" 
&(a'  +  oi  coeC) 


AM  . 

AN   . 


(•+6*+c»J 

+  6'  +  3e*)     6(c'+6ecoiiA) 


2(a'  +  i'  +  <?) 


e(3J ->■  +  (!■) 
2(a'  +  fi*4->) 


C(6'+JKiC08A} 

o'  +  6'+c' 

e{o*  + CO  ctwB) 
'^'  +  6'  +  ?"" 


(16)  • 


DISTASCE8  OF  K  FKOM  TBB  BIUBB  OP  ABO 

2aA  ft  sin  A  BinB  BinC 
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The  following  is  another  demonstration  * 

Let  a  p  y  denote  the  distances  of  K  from   BC  CA  AB 


Then 


a 
a 


P       7 


c 


aa     bp     cy 


KL«+KM«  +  KN« 
a-sin'B  sinHU 


aa  +  bP 

+  cy 

a'  +  b^ 

+  c= 

2A 

a'  +  6» 

+  C 

4A» 

a^'  +  b^  +  c* 

bhinH)  sin'A 


sin'A  +  sin^B  +  sin^C     sin'^A  +  sin'B  +  sin'C 

c'sin'A  sin'B  A 

sin'A  +  sin'B  +  sin'-C  "  cot  A  +  cotB  +  cotC 


(18)  t 


Distances  of  Ki   K,  R3  from  the  sides  of  ABC 


(Kx) 


(K,) 


(K3) 


-2a  A 


-a-'  +  ft'  +  c- 


2aA 


a'-b^-^c' 


2aA 


a^  +  b^'C" 


26A 


-26  A 
a'-b'^  +  c^ 

26A 
a'  +  b^-c' 


2cA 


-a«  +  6«  +  c^  -a*  +  b^  +  c' 


2cA 


a'-b'  +  c^ 


-2c  A 


(19) 


*  Mr  R.  Tucker  in  Quarterly  Journal  of  Mathematics,  XIX.  S42  (1883) 

t  The  first  of  these  values  is  given  by  "  Yanto"  in  Leyboum's  Mathematical 

Repotitory,  old  series,  Vol.  III.  p.  71  (1803).    Lhuilier  in  his  EUment  d' Analyse, 

p.  298  (1809)  g^vee  the  analogous  property  for  the  tetrahedron. 

The  other  values  are  given  by  £.  W.  Grebe  in  Grunert's  Archiv,  IX.  251  (1847) 


Grebe,  loeo  cUato,  p.  257,  gives  the  distanoeB  of  K,  from  the 
sides  of  ABC  with  the  following  trigonometrical  equivalents 


a  sinA  sinB  sinC 


=      ^tonC 

=      J6tanC  }■    (20) 

=  -  Jc  tanC 


If  ^  !£,  ^  ^,  denote  the  sum  of  the  squares  of  the  distances 
from  the  sides  of  ABC  of  K  Ej  E,  E, 


sin'A  +  sin'B-sin'O 

ftainAsirBainC 

sin^A  +  sin'B-sin'C 

-csinAsinBsinC 

4-.4-  +  -t  +  4-  (22)* 

li  k  k^  kj  kj  denote  the  distances  from  BC  of  K  E,  K,  K, 

11112  „,., 

T*-t,-k,*T,-X  <-'> 

This  relation  holds  for  any  four  harmonicuUy  associated  points 


97 


For  MN  can  be  found  by  applying  Ptolemy's  theorem  to  the 
encyclic  quadrilateral  ANKM 


LMN  = 


12  A' 


(a«  +  6«  +  cy 


(26) 


Figure  28 


Since  K  is  the  controid  of  LMN, 

LMN  =  8KLK' 

Now  KLK'  has  its  sides  equal  to  EL   EM  EN  and  it  is  similar 
to  ABC 


therefore 


ELE'     EL«  +  EM«  +  EN* 


ABC 


a^^b'^c- 


4A^ 


(a^^b'^cy 


EBC  :  ECA  :  EAB  =  a«  :  ¥  :  c' 


(27)  t 


EjBC  :  EiCA  :  E,AB  =  -  a=  :       h' 


E,BC  :  EjCA  :  E2AB=     a' 
E,BC  :  E,CA  :  E,AB=     a" 


-6« 
6« 


cr 


(28)  J 


AA  •  BB'  •  CC  :  AE,  •  BE^  •  CE^ 

=  AE     BE     CE  :  EE,  •  EE, 

AEo  :  AE3  =  CX  :  BX 
BE3  :  BEi  =  AY  :  CY 
CEi  :  CE2  =  BZ  :  AZ 


(30)  { 


*  Dr  Franz  Wetzig  in  Schlomilch'H  ZeitKhrift,  XII.  29H  (18C7) 
t  L.    C.    Scbulz    von    Strasznicki    in    Baumgrartner   and   D'Ettingshausen'H 
ZtiliArifl  far  Phgiik  und  AfaOienuUik,  II.  403  (1827) 

;  Dr  Franz  Wetzig  in  Schliimilch's  Zeiltehrifl,  XIT.  287,  293,  291  (18(i7) 


FtaoRE  23 

Draw  CZ  perpendicular  to  AB 
Let  the  tangent  at  A  meet  K,C  prodnced  at  K,  and  draw  E^' 
perpendicular  to  GA 

From  tlie  similar  triangles  E,OA'   CAZ 

Z,C  :  CA'-CA  :  AZ 

or  E:,0  :     a    -   b     :  3AZ 

From  the  similar  triangles  E,CB'   OBZ 

K,0  :  CB'  =  CB  :  BZ 

2BZ 


or 

K,C 

;    J    -  a    ; 

Hence 

K,0 

■  AZ-J<rf 
-K,C 

therefore 

K,C 

;  K,O.BZ 

If  k,  kt  ii  denote  the  distances  of  K  from  EC  CA  AB 

V  +  V  +  ^j"  :  a'  +  6''  +  c'  =  JLMN  :  ABO  (31)* 

If   i\'    it,'    k,'     denote  the  distances  of  K, 
A-,"    Aj"    A,"         „        „  „  „  K, 

k,"'  k,'"  i,"'       „       „  „         „  K, 

from    BC   CA   AB 


/-•    -^ 
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abc  :  R«  =  2AKiKiK, :  radius  of  circle  KjKJK:, 

This  follows  from  the  preceding  since 

abc     2A 
2R?""R" 


(34) 


C!08tNK  GlBOLK  OB  SkOOND   LeHOINB  CiBCLK 


AE  = 


BF» 


CD  = 


Figure  19 

26c« 

AF-      2*'"                1 
a»  +  6«  +  c» 

a«  +  6«  +  c« 

2ca« 

BD-      2*^" 

a»  +  6»  +  c» 

a»  +  6»  +  c» 

2a6« 

OE'         ^"'^ 

a^  +  ft^'  +  c* 

a»  +  6'  +  c»           J 

^         (35) 


For  triangles  AEF  ABC  are  similar  and  AK  is  a  median  of  A£F' 


therefore 


AE  :  AB  =  AK  :  m^ 


AE' 


BF=: 


CD'  = 


a'»  +  6«  +  c« 

a«  +  6»  +  c' 

a(a«  4. 6t,c») 
a«  +  6»  +  c« 


c(-a^  +  6«  +  c«) 
a'^+ft'  +  c* 

^^=   a»  +  6»  +  c« 


(36) 


Diy=<;^+^)    EE-  =  ^^f^5-^f>   FF  =  ^-(?±*;:i^>    (37) 


a«  +  6«  +  c» 


a'  +  fc'^  +  c' 


a'  +  6«  +  c* 


FD 


4aA 


a«  +  6'  +  c« 


DE  = 


46A 


a'^  +  ft'  +  c* 


EF  = 


4cA 


dl'^h^  +  c^ 


(38) 


For 


FD«  =  E'D'  -  E'F  =  E'D'^  -  D'D'' 
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BD'CD  =  CE  ■  AB  =  AF- 
BD'  :  CE'  :  AF-^  :  -^  : 
BF   :  CD   :  AE=4-  :  —  ■ 


Triplicate  Ratio  ob  First  Leuoine  Circle 

The  whole  of  the  aubaequent  tmuIU  are  taken  from  two  of  Mr  R.  Taoker's 
papers  in  the  QtiaHerly  Journal  of  HathrmiUie^,  XIX  342-348  (1883)  and 
XX.  67-69  (1SK>).     The  proofs  are  aometimes  different  from  Mr  Tnoker'a 


FiGUBB  32 

6'» 

IE   .        '"' 

a'+i'  +  o" 

'^^^„•+b'-^J^ 

c'a 

BF- 

■"^     »'  +  6'  +  .' 

o'  +  S'  +  c' 

o'i 

r.r,           »»• 
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AF  = 


BD'  = 


CE'  = 


DD' 


a* 


a«  +  6»  +  c« 


c(6'  +  c') 

a'  +  b*  +  c' 

a((r  +  «») 

a'  +  ft'  +  c" 

6(o'  +  6«) 

o»  +  6»  +  c' 

EE'-   . 

b" 

^^    a'  +  b^  +  c' 
a«  +  6«  +  (r» 


CD  = 


a«  +  6*  +  c^ 


(43) 


a^  +  6«  +  c« 


FF  = 


a»  +  6«  +  c« 


(44) 


BD  :  DD'  :  D'C=c^  :  a'^  :  6« 
CE  :  EE'  :  E'A^aJ"  :  b'  :  c" 
AF  :  FF  :  FB=62  :  c2  :  a^ 


EF  = 


a(6'  +  (^ 
a»  +  6»  +  c^ 


FD'  = 


6(c=  +  a=) 


a'  +  fi'  +  c'* 
E'F  =  FD  =  D'E  = 


a^  +  ft^  +  c" 
a6c 


a=  +  62  +  c« 


For  DE'FF'  is  a  symmetrical  trapezium 
therefore  FF  =  ^(DE' -  FF)^  +  KN^ 


*|a^  +  62  +  c-       a^  +  6^  +  c^j    "^  \a2  +  6-  +  c-/ 

__4aW__ 
-  4(aa  +  6^  +  c^)'^ 


DP- — r 

6 


n/6V 


FE  = 


ED  = 


+  (^a*  +  aW  \ 


a'  +  b^  +  c 


-  n/6  V  +  c  V  +  a'b^ 


a 


a'  +  b^-^cF 


Jb^c'  +  ra^  +  d'b^ 


(45) 


(46) 


(47) 


(48) 


•  It  was  this  property  which  siiggested  to  Mr  Tucker  the  name  "triplicate- 
ratio  cirde." 
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For  D  E'  F  P  are  concyclic 
and  DE'FF*  is  a  B;niiDetric^  trapezinm  i 
therefore  DF  ■  E'F  =>  DE'  ■  FF  +  DF  ■  FE' 

that  is  DF=DE'-FF  +  DF' 


KEKF  =  KF  ■  KD'  =  KD  ■  KE' 
=  E'F'  =  FD'=D'E' 


(49) 


For 

KEKF-OD  -BD 

The  mini 

unum  chord  through  K 

.2E'F.2F'D-2D-E 

For 

KE  ■  KF-E'F- 

DD'  ■  EE'  ■  FF  =  E'F  ■  FD  •  IVE 

d'SV 

<50) 


The  hexagon  DD'EE'FF  has  ite 

«•  +  J'  +  c"  +  Sabc 
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then 


F  L     :    DL 


D'L' 

DM 

E'M' 

E  N 

FN' 


E'L'  = 

EM  = 

FM'  = 

FN  = 
D'N' 


a' 

2 


=s        C 


:  a» 

:  6» 

:  6« 

;  c« 


4 


a' 


(56) 


For 


and 


Figure  33 

FL   :  DL-FK  :  D'K  =  AE'  :  CE 
D'L'  :  E'L'  =  CE  :  E  E' 


A  Certain  Linear  Differential  Equation. 
By  F.  H.  Jackbos,  M.A. 
The  SerieB 

u(.)n(ii-n,)  X    n(a)n(a-i-i)n(j3-m)nt;8-,«  +  i)  =^ 
■'     ■^n{«-«)ii(/3)i!  ■^n(u-u)n(a-a+i)n(^)n(;8+i)  "2!    ■" 

(1) 

if  cotiviTgent,  is  a  particular  solution  of  the  Ditferontial  KquatioQ 

[(.).  + "W._,.«D  +  'i'^r.'M._#?D--+    ], 

--l[08),iD  +  >»O8)„«'D'  +  'i!il-V)„<«"D'+    ...    Jj.O     (2) 
in  which 

nw 


Tlie   DitTerentinl    Equation    will  contain   a    finite;    number    or  i 
infinite  nuniiMM'  of  terniii  nccoi'ding  lui  m  and  11.  arc,  or  Are  n 
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Substituting  the  values  of  the  differential   coefficients  in  the 
eiqpression  on  the  left^side  of  equation  (2)  we  have 


(a).[A,«'^ 


TO.  .     m 


] 


+  n.(a)^J  Ai(in,)ia:'^      +  A4(mj)xa;"*«  +  ...  +  A,(m^)iaj'^' +  ...J 


ni  r  lit  TO  TO  1 


•  «  • 

•  •  • 


-(^)JAi(nH)ia'"^"VA,(m,),a;*^»   V  ...  +  A,(m,)ia;'"'' "  V  . . .1 


•  •  • 

•  •  • 


•iirt  -  r!  L 

.     ,        .       TO    -1  l 

+  A,(7W^)^*    ''         +  ...  I 


This  expression  must  vanish  identically  and  we  see  that  a  possible 
relation  between  the  indices  is 

Wj  =  Wlj  —  1 
Wlj  =  TW3  —  1 


m^  =  m,+,-l 
Therefore  7/iy^.,  =  ?w^  +  1  and  m^^j  =  /?jj  +  r. 


The  coeffioieiitB  of  all  the  powers  of  x  moBt  vutish  separately,  the 
coefficient  of  x*      is 

-A,[(™,),(ft.  +  m(m,)^)^,+  ... +-j^,(m,U,(ffi„+     ...] 
which  may  be  written 

-A,>»,[(«.  +  n.(/3)._,(m,-l),  +  ...  +  -3^,(/5)._,(m,-l),+     ...] 

(8) 

This  series  consists  of  a  finite  number  of  terms,  only  when  m 
is  a  positive  integer ;  it  is  convergent  however  for  all  values  of 
m  provided  that  p  +  tn,>Q;  and  Expression  0)  reduces  to 
-A,tn,08+n»,-l)„  {^^roe.  Lon.  ^ath.  Soc.,  Vol.  XXVI.  p.  285). 
Now  A]  is  not  zero  and  we  see  that  a  possible  value  of  m,  is  sero, 
other  valaes  of  m,  are  the  roots  in  m,  of 
<^+nh-l).-0 


that  is  of    L  ' 


{0  +  .«,)(0  +  w,  +  l) 


0  +  m,  +  K) 


;  the  other  values  of  m,  are 
m-fi,  m-|8-l,  m 

The  coefficient  of  x  'is 


-j8-2,  etc., 
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Expresaion  (6)  which  shows  the  relation  between  suooessive  coeffici- 
ents of  series  (A)  is  only  valid  subject  to  the  conditions 

^         ...         ...    (7) 

)8  +  m^+l     >0  ) 

Now  m^  B  m^  +  r  - 1   and  the  possible  values  of  m^  are  zero  and 
m-p-a^  where  a  is  zero  or  any  positive  integer. 
Whennii  =  0 

The  conditions  (7)  become    a  +  r  >  0 

P  +  r  >0 
and  since  the  least  value  of  r  is  1 

a  +  1  >0 

)8+l  >0 
Subject  to  these  conditions 

*y  -  A  Fl  4-  ('')••         ^  4-    (^)n(«+^)..         a^. 

(a).(a-H).    ...   (g  +  r),        af+^  "1      . 

is  a  solution  of  the  Differential  Equation  (2)  provided  the  series  on 
the  Right  side  of  (8)  is  convergent. 

When  !»!  =  m  -  )3  -  8,  the  conditions  become 

Now  the  least  value  of  r  is  1,  therefore 

8<a-P+m+l  ) 

8<  m+1  ) 

and  subject  to  these  conditions 

(a+m-.^--8)^...(a+m-j8-g+r)^ 3^ 

(m-«)^      ...     (m-«  +  r)^     '(m-/3-«+l)...(wi-)8-«+r+l) 

...      (10) 


] 


8  being  zero  or  any  positive  integer  subject  to  the  conditions  (9)  is 
a  solution  of  the  Differential  Equation  (2). 


If  B  =  nandj8  =  m. 
The  Series  (8)  becomes 


.Ari  +  '"k  «^_j:o>+it^, 

'L       (m).ll     (.»).(.» +1).    3] 
.Afl+^ii'    '    ,n(n).n(.+  l)    !■ 
1       n(m)'  1!     n(m)n(m+l)'  21 


The  Series  (10)  becomes 

s  being  zero  or  any  positive  integer  subject  to  the  conditiont 


] 

]<") 

...](12) 


These  series  are  solutions  of  the  DifTerential  fiquntions 


nw[i+i. 


1  ptu^icular  case  of  (2)  when  a  =  h,  /j  = 


jj-0  (13) 
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On  Superposition  by  the  Aid  of  Dissection. 
Bt  R.  F.  Muirhead,  M.A.,  B.Sc. 

What  do  we  mean  when  we  assert  that  one  plane  figure  is  equal 
to  another  ?  In  trying  to  find  a  satisfactory  answer  to  this  question 
I  was  led  to  consider  the  subjects  treated  in  this  paper. 

Euclid's  Axiom  :  Magnitudes  which  coincide  cure  equc^^  may  be 
taken  as  defining  the  nature  of  geometrical  equality :  but  it 
obviously  does  not  apply  to  any  but  congruent  figures.  We  must 
therefore  have  a  more  comprehensive  definition.  I  suppose  the 
conception  tacitly  used  by  mathematicians  is  that  magnitudes  are 
equal  which  can  be  so  dissected  that  for  each  part  of  one  there  is  a 
corresponding  part  of  the  other  wliich  is  congruent  to  it.  This 
would  be  sufficient  for  elementary  Geometry,  while  for  higher 
Geometry  the  method  of  limits  would  be  needed  in  addition,  and 
magnitudes  would  have  to  be  recognised  as  equal  if  pairs  of 
mutually  congruent  parts  could  be  subtracted  from  them  con- 
tinually until  the  remainders  were  botli  infinitesimal. 

Now  the  first  proposition  of  Euclid  in  which  equal  non-congruent 
figures  occur,  is  the  35th  of  Book  I.  But  there  it  is  to  be  noted 
that  the  two  parallelograms  are  proved  to  be  equal,  not  directly  by 
dissecting  them  into  mutually  congruent  parts,  but  by  the  aid  of 
the  axiom  that  if  equals  he  taken  from,  equals^  the  remainders  are 
equal.  However,  a  very  simple  method  of  dissection  rendering 
superposition  possible  in  this  case  is  well  known,  and  is  given  in 
some  school  editions  of  Euclid. 

The  more  general  question  arises,  as  to  whether  any  two  equal 
rectilinear  plane  figures  can  be  rendered  superposable  by  dissection 
into  a  finite  number  of  parts.  I  shall  show  that  this  question  may 
be  answered  in  the  affirmative. 

Prop.  1.  Any  two  rectilinear  figures,  or  systems  of  rectilinear 
figures,  A  and  B,  can  be  dissected  into  pairs  of  equal  triangles,  one 
triangle  of  each  pair  belonging  to  A  and  the  other  to  B. 

By  joining  vertices,  we  can  divide  both  A  and  B  into  triangular 
areas.  Suppose  the  system  A  gives  m,  and  the  system  B,  n  triangles. 
Consider  any  pair  of  triangles,  one  from  A  and  the  other  from  B. 
If  they  are  equal,  cut  off  both,  and  A  is  left  with  m  - 1,  B  with 
n  -  1  triangles.     But  if  the  triangle  in  A  is  greater  than  that  in  B, 
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cut  off  from  the  former  a  part  equal  to  the  latter,  and  cut  off  the 
latter,  and  A  is  left  with  m,  B  with  n  -  1  triangles.  Thus  the  total 
number  of  triangles  is  diminished  by  two  or  one  according  as  the 
triangles  chosen  are  equal  or  unequal.  By  repeating  this  process, 
we  dissect  A  and  B  as  required,  and  the  number  of  pairs  of  con- 
gruent triangles  cannot  exceed  m  +  n. 

Prop.  2.  Any  two  equal  triangles  can  be  made  Buperposable  by 
dissection. 

Case  1.  If  the  triangles  have  two  sides  of  one  equal  to  two  sides 
of  the  other,  and  the  contained  angles  supplementary,  they  may  be 
placed  as  the  triangles  ABO,  DBG  in  Fig.  40.  Then  by  joining  Uie 
mid  points  of  AB  and  BD  to  C  we  divide  the  triangles  into  two 
pairs  of  congruent  triangles  marked  1,  1  and  3,  2. 

Case  2.  If  the  triangles  have  a  side  of  one  equal  to  a  side  of  the 
other,  let  them  be  placed  with  this  as  common  base,  but  on  opposite 
sides  of  it  as  in  Fig.  41,  where  ABC,  DBC  are  the  equal  triangles. 

Join  AD  which  will  be  bisected  by  BO  in  E.  Then  ABE,  DEE 
are  triangles  related  as  in  Case  1,  and  can  therefore  be  dissected  as 
required.  So  also  the  triangles  AEC,  DEC.  Thus  we  have  four 
pairs  of  congruent  triangles  1,1;  3,  2  ;  3,  3 ;  and  4,  4. 

But  this  simple  construction  fails  when  AD  falls  without  the 
given  triangles.  In  such  a  case,  as  in  Fig.  43,  where  the  line  AD 
cuts  BC  produced  in  E,  a  further  construction  is  necessary. 

As  before,  join  £  to  the  mid  points  of  AB  and  AC.     Then  t^e 
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part  of  P  be  then  dissected  in  the  same  manner  as  the  corresponding 
part  of  R  is  dissected  by  the  lines  of  the  second  part  of  the  con- 
struction, and  let  the  parts  of  Q  be  similarly  treated  Then  P  and  Q 
are  obviously  dissected  as  required. 

Prop.  3.  (Corollary  to  the  foregoing).  Any  two  plane  rectilinear 
figures  of  equal  area  can  be  made  superposable  by  dissection. 

I  made  some  attempts  to  carry  out  similar  dissections  for  solid 
figures  bounded  by  plane  faces,  but  though  I  succeeded  in  the  case 
of  parallelepipeds  and  prisms,  I  failed  in  the  case  of  tetrahedra  and 
other  pyramids.  It  is  to  be  remarked  that  precisely  at  this  point 
in  the  theory  of  solids  does  Euclid  discontinue  the  use  of  the 
elementary  methods  of  Book  XI.,  relegating  the  theory  of  pyramids 
(with  that  of  circular  areas,  etc.)  to  Book  XII.  where  a  method  of 
Exhaustions  is  used. 

It  seems  to  me  probable  for  certain  reasons  that  where  I  failed, 
the  problem  is  insoluble,  i.e.,  that  in  general  it  is  impossible  to 
render  two  tetrahedra  of  equal  volume  congruent  by  means  of 
dissection  into  a  finite  number  of  parts,  and  I  am  not  sure  but  that 
this  impossibility  may  be  conclusively  demonstrable.  So  far,  how- 
ever, I  have  not  arrived  at  a  satisfactory  demonstration. 

Probably,  also,  there  is  a  connection  between  the  "superpos- 
ability"  of  two  solids  of  equal  volume  or  of  two  plane  figures  of 
equal  area  and  the  possibility  of  proving  their  equality  by  elementary 
geometrical  methods,  such  that  one  involves  the  other. 

By  "  superposability  "  I  here  mean  capability  of  dissection  into  a 
finite  number  of  pairs  of  congruent  parts,  one  from  each  figure. 

To  prove  this  connection,  it  would  be  necessary  to  show  that  all 
the  axioms  relating  to  geometrical  equality  hold  good  also  with 
regard  to  "superposability,"  using  this  word  in  the  sense  just 
explained.  For  example  we  should  have  to  show  that  if  "super- 
poaahlea  "  be  added  to  "  auperpoaables"  the  wholes  are  "  euperpoaahle" 
etc.  I  find  that  the  only  axiom  which  presents  any  difficulty  is 
that  corresponding  to  Euclid's  Axiom  3,  viz :  if  "  superpoaables  "  be 
taken  from  "superpoaables"  the  remainders  are  "superposable" 
which  again  can  be  made  to  depend  on  this  :  if  congruents  be  taken 
from  congruents  the  remainders  are  "superposable"  I  have  not  yet 
succeeded  in  establishing  this  generally,  but  I  find  that  a  construc- 
tion, of  which  Fig.  42  is  a  particular  case,  goes  a  good  way  towards 
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it :  ill  fact  it  demonstrates  the  axiom  for  soluis  with  tlie  exception 
of  a  special  class  of  caees.  But  into  these  questions  I  shall  not  enter 
further  at  present. 

After  I  had  obtained  practically  all  the  results  given  in  this 
paper,  I  found  that  a  good  deal  had  been  already  done  by  others, 
though  in  a  somewhat  different  way.  In  particular,  the  general 
problem  of  Prop.  S  above  is  completely  solved  in  a  paper  by  Robert 
Brodie,  published  in  the  T.R.S.E.,  Vol.  XXXVI.  part  2,  p.  307, 
entitled  "On  Professor  Kelland's  Problem  on  Superposition,"  in 
which  he  refers  to  some  previous  papers  by  Kelland  in  earlier 
volumes.  Again,  Perigal  (Messenger  of  Malhemalies,  II.  p.  103) 
gives  a  solution  for  the  case  of  Euclid  I.  47,  which  is  generalised  to 
some  extent  by  Harry  Hart  (MesMnger,  VI,  p.  150). 


On  the  Mementar;  Differentiations. 
By  R.  F.  Muiruead,  M.A.,  B.Sc. 
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Dr  Pbddie,  President,  in  the  Chair. 


Note  on  a  Certain  Harmoniccd  Progression. 

Note  on  Continued  Fractiona. 

On  Methods  of  Election. 

By  Professor  Stbggall. 


A  Simple  Method  of  Finding  any  Number  of  Square 
t  Numbers  whose  Sum  is  a  Square. 

By  Artemas  Martin,  LL.D. 

I. — Take  the  well-known  identity 

{W'\-zf  =  v^-^2wz-\'z'  =  {w-zf-\'Aioz       -         -     (1). 

Now  if  we  can  transform  Awz  into  a  square  we  shall  have  two 
square  numbers  whose  sum  is  a  square.  This  will  be  effected  by 
taking  w=^p^,  2  =  q\  for  then  Aioz  ■=■  Ap^q^  =  {2pqy  and  we  have 

(^'+?T=(p'-?T+(2wr    -     -    -  (2). 

See  McUhemcUical  Magazine,  VoL  II.,  No.  5,  p.  69. 

In  (2)  the  valuer  of  p  and  q  may  be  chosen  at  pleasure,  but  to 
have  numbers  that  are  prime  to  each  other  p  and  q  must  also  be 
prime  to  each  other  and  one  odd  and  the  other  even. 

Examples, — 1.  Take  ;?  =  2,  5'=  1  ;  then  we  find 

3^4^  =  51 

2.  Take  /?  *=  3,  ^  =  2  ;  then  we  shall  have 

52+12«=13^ 

3.  Take  p  =  4,  ^  =  1  ;  then  we  get 

8^^+152=171 
And  so  on,  ad  lib. 


II. — We  can  obtain  from  (1)  any  nnmber  of  aquares  whose  sum 
is  a  square  by  simply  substituting  for  w  the  sum  of  two,  of  three, 
of  four,  etc.,  other  quantities. 

In  (1)  put  x  +  if  for  w  and  we  hare 

{x  +  y  +  sf={x  +  y  -  zy  +  Hx  +  y)s, 
=  (a:+ y  -  s)'  +  4xz  +  4y:, 
=  (a:  +  a  ~  y)' +  4a^  +  4i/s, 
=-{y+z-xy  +  ixy  +  4xz. 

Assume  x=p^,  y  =  q°,  2  =  *^,  and  we  have 

(?■  +  »■  + >^)"  -  (j' +  ?■-'')*+ (2p-)' + (art 

-(?"+.^-p')'  +  (2»»-)'  +  (2p?)'-  -  (8). 
three  sets  of  three  squares,  the  sum  of  each  of  which  is  (^'  +  q^  +  r*)', 
where  p,  5,  r  may  have  nny  integer  values. 

See  Jtfalkemalirai  Afagazint,  VoL  il..  No.  5,  p.  72. 


!s. — 1.  Take  ^  =  4,  ^=>2,  r=l;  tlien  we  have 

2I'=19'  +  8"  +  4'=l(;'  +  13"  +  4^=16'+Il=  +  8'. 
±  Takep  =  f),  5=3,  r  =  l,  and  we  get 
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Now  take  v  —  p',  or  —  q^y  2/  =  ^,  -  =  »*>  and  we  have 

-  (r  +  ?'+«"-  ^)*  +  i^pry  +  (2gr)«  +  (2r8)', 
=  (?>"-  +  r»  +«» -  g«)«  +  (2/>y)«  +  (2^r)«  +  {2q8)\ 
^{q^  +  r'+s'-py-\-{2jyqY-\-{2prf-^{2ps)\    (4), 

four  sets   of  fo%ir   square   numbers,  the  sum   of   each   set   being 
(p'  +  ^^  +  r'  +  8')',  where  p,  q^  r,  8  may  have  any  integer  values. 

Examples, — 1.  Take  /?  =  o,  ^  =  3,  r  =  2,  «  =  1 ,  and  we  find 

39«  =  37»+10»+   6«  +  4«  =  31»  +  20«+12'»+   4« 
=  30«+21«+12«  +  6«  =  30«  +  20«+lP  +  10^ 

2.  Take  p  =  5,  ^  =  4,  r  =  8,  «=1;  then  we  shall  have 

5P  =  49«+102-    8"  +  62  =  33'  +  30»  +  24«  +  65 
=  40«  +  24-  +  19*  +  82  =  40=  +  30'^+10'^  +  P 

3.  Take  />  =  7,  5'  =  5,  r  =  2,  /» =  1,  and  we  will  get 

79«  =  77^  +  14«+10»+   4»  =  71»+28'»  +  20«+   4* 
=  70« +  29«  + 20=+ 102  =  70«  + 282+19^  +  142. 
And  so  on,  ad  lib. 

IV. — In  the  same  way  we  might  find  formulas  for  five  squares 
whose  sum  is  a  square,  six  squares  whose  sum  is  a  square,  and  so 
on  ;  but  from  what  has  been  done  above  it  is  obvious  that  we  may 
write  at  once 

{a\  +a«j  +  a«3+  ...  +a\)«  =  (a», +  a'^2  +  a%+  ...  +aVi  -o'«)'  +  (2a,a„)« 

+  {2a^:f  +  (2a^,)2  + +  (2a_,a„)»  -         -     (5), 

one  set  of  n  square  numbers  whose  sum  is  a  square ;  and  we  can 
obtain  by  cyclic  permutation  (n  -  1)  other  sets,  the  sum  of  each  of 

which  is  equal  to  (o"i  +  a',  +  0*3  + +«'»)',  where  a,,  a»  a,. a„ 

may  have  any  integer  values  chosen  at  pleasure. 


Properties  of  aome  Groups  of  WaUaoe  Lines. 
Bt  R.  Tucker,  M.A. 

1.  T»ke  the  point  F  in  the  arc  AB,  and  let  ji.  ABP-0,  then  the 
trilinear  equation  of  the  Wallace  line  otF(p  say)  is 

rtaco8(C  -  e)cos(B  +  e)sme  -  60co8fBin  (C  -  fl)coB(B  +  8) 

+  cyco8{C-fl)8in(B-e)coBtf  =  0        -     (A) 

2.  (o)  The   Unea   At,    BQ,    CR   drawn  parallel    to    the    ndes 
BG,  CA,  AB  of  the  triangU  ABC. 

In  this  cose  p/  q,  r,  by  [g  17]  *  are  readily  seen  to  be  coucnrrent. 
To'find  the  point,  we  must  solve  the  equations 

for  P{0  =  C-  B),  for  Q(e  =  A), 
aacosBcoHCsin(B  -  C)  -  fi^cos(B  -  C)8iiiBcoaC 

+  i:ycoBBsinCcos(B  -  C)  =  0, 
-  a((cos(0  -  A)cosAainA  +  6/3co8Aain(C  -  A)cobC 

+  c7cos(C  -  A)sinCcoBA  =  0. 
The  point  is  given  by 
n/cos=Acoa{B  -  C)  =  /it/cos' Bcos(C  -  A)  =  7/co8'Cco8(A  -  B).  f 
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4.  Take  AP  =  BQ  =  BR  =  CS  =  CT  =  A V  and  suppose  they  sub- 
tend the  angle  6  at  the  circumference  and  let  the  Wallace  lines  of 
P,  Q,  R,  S,  T,  V,  I.e.,  JO,  y,  r,  »,  t,  v  intersect  in  a\  b\  c\  d\  e\  f\ 
then  [§  1 7]  angles  at 

a\  c\  e  =  20,  acute  angles  at  6'  =  C  -  2^, at  rf'  =  A  -  2^, and  at/'B  -  26. 

Then  '"»  «  ;  ^^  t  intersect  on  _L ''  from  A, 

t^  V  ',  p^  8         ,,         ,,    I,       ,,      x>, 

and  P,q\  r,v         „         „    „       „      C ; 

and  the  intercepts  on  the  respective  perpendiculars  are 

asin2^,         6sin2^,         csin2^. 

5.  I  get  these  results  from  the  equations  referred  to  BC,  BA  as 
axes.     They  are 

p.  2/cos(B  +  ^)  +  a;cos^  =  2Rcos^cos(B  +  ^)8in(C-^)            -  (i.) 

q.  t/cos( A  +  ^)  -  a;cos{C  -  (?)  =  2Rcos(C  -  ^)cos(A  +  ^)sin^  (ii.) 

r.  -  ycos(A  -  ^)  +  a;cos(C  +  6)  =  2Rcos(C  +  ^)cos(A  -  ^)sin^  (iii.) 

8.  ycosO  +  xcos(B  +  6)  =  2Rcos(B  +  ^)cos^sin( A  -  0)          -  (iv. ) 

t.  and  V.  may  be  similarly  obtained. 
p.  and  8.  intersect  in     ysinB  =  2Rcosdcos(B  +  ^)cosC, 

a:sinB  =  2Rcos^cos(B  +  ^)cosA, 
hence  they  intersect  on  the  X*"  from  B  at  m  (say), 
i.e,  X*"  from  m  on  BC  is       2Rcos^cos(B  +  ^)cosO, 
hence  wE  =  2R[sinAsinC  -  cos^cos(B  +  $)]. 

6.  Again  r,  a  intersect  in  d'  so  that 

d'D  =  2Rcos(B  +  ^)cos(C  +  6) ; 

hence         d'  Dcos(  A  +  0)  =/'Ecos(B  +  6>)  =  6Tcos(C  +  0), 

and  also  m/' 

=  2R[sin  AsinC  -  cos^cos(B  +  $)-  cos(C  +  ^)cos(A  +  $)] 

=  R[cos(C-A)+cosB-cosB-cos(B  +  2^)-cos(C+A+2^)-cos(C-A)] 

=  6sin2^. 

Hence  Id'  :  mf  :  nb'  =  a  :  h  :  c. 
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Again  mH  =  mE-EH-2Raiii^n(B  +  ^, 

*.«.       HZ  :  Hm  :  Hn  =  an{A  +  0)  :  Bin(B  +  *)  :  Bin(0  +  ^); 

and  H/'  -  3RBinfcin(B  -  0), 

.:  H</'  :  H/'  :  Hl>- =  aia{A  -  0)  :  sin(B-6')  :  sin(C-e). 

7.  By  the  cosine  method  we  readily  get 

b'm  =  a6in0  tmd  .-.  b'm  :  d'n  :  J'l  =a  \  h  \  c; 
also  h'l   =6sin9and  .'./'n  :  b'l    :  d'm  =  a  :  b  :  c. 

The  areas  of  jnh'lf'  and  md'nf  are  respectively 
K'ain=tf[28inAsinBsinC(l  +  2coB2fl)  -  (cos2C  -  cos2A)ain2e] 
and  R=sin'fl[28inA8inBsinC(l  +  2coB2tf)  +  (cos2C  -  coB2A)Hin2e], 
hence  area  at  hexagon  =4sinABinBsinCB'ain°d(l  +  2cos2fJ). 


8.  We  may  note  that  the  angles  are 

HM    -Hfl^A  +  0,      1  nmd-  =  Hnd'  =  A-0,  \ 

KI,-m  =  Hd-m  =  B  +  e,      i     and  HI/'  =Hnf  =  B  ■- 0,  \ 

H<£'«  =  H/h  =  G+0.     I  Elb'   =  Hm6'  =  0-0.  ) 

0,  The  intersection  of  }>,  v,  i.e.,  a'  lies  on  the  line 
y/6co8(B  -  C)  +  a:/ico3C  =  1 , 
which  cuts  BC  at  a  distance  from  B,  towards  C,  =  CD,  and  so  for 
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Again  since  l  bed=  right  angle  =2^  l  bed, 

and  oc  is  a  diameter,  .*.  e  is  centre  of  circle  abed. 
Hence  eg,  ewi  ||  to  be,  cd. 

We  have  aW  +  cN«  =  ONc'  +  2ca»  =  Gp^ 

11.  Let  ab,  be,  cd,  da  be  represented  by  a',  b',  c',  d'  respectively, 
and  take  l  cad  =  </>, 

then  c'  =  2  J2p&m<^,  d'  =  2  v2pcos</), 

a'  =  2p(sin<^  -  cos<^),    b'  =  2p(&in<f}  +  cos</>). 

From  the  figure  we  see  o'*  +  6'^  =  oc'  =  c'^  +  d'^, 

and  rectangle  bgdl «  ^a'b',     rectangle  b/dm  =  \c'd', 

.  *.  sum  of  rectangles  =  ahcd ; 

aW  =  d'^-¥p^-  2d'pco&U  -  x)  =  ^'[^  +  2(cos2<^  -  sin2<^)], 
cN'  =  p\3  -  2(cos2<^  -  sin2<^)]. 

12.  Let  h  be  the  mid  point  of  the  third  diagonal  kn, 
then  bh=^kn  =  dh^ 

hence,  since  we  know  that  eNA  is  a  straight  line,  h  is  on  the  Nine- 
point  circle. 

13.  PQRSTV  is  a  regular  six-side  in  the  circle  and  the  Wallace 
lines  are  indicated  by  p',  q\  r\  s',  t',  v'  respectively. 

The  angles  [§  17]  at/,  b,  d  are  each  30% 
and  at  a,  c,  e,  are  supplements  of  30°. 

By  [§  19]  p',  8  ;  q',  t' ;  r\  v  intersect  at  right  angles  in  g,  h,  k 
respectively,  on  the  nine-point  circle. 

From  the  symmetry  of  the  figure  ghk  is  an  equilateral  triangle, 
or  we  may  prove  this  by  finding  the  projections  of  gh  on  BC  and  at 
right  angles  thereto. 

The  projections  will  be  found  to  be  respectively 
hence  gh  »  R  \/3/2  =  p  J 37 
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14.  Since     Lleqh=  ^ki/h''60°,    .:  qh^qb  =  qii,  and  qh\l/g. 
Now  i.clk=  Lgkh  .'.  I  is  mid  point  of  wd,  aod  similarly  m  otbz, 
and  n  oijx. 

The    LrJ<,=  ^chj^  -qluj^  Lhgf, 

.:  efia  bisectod  in  A  and  =  2p  VST 
Also  q  is  mid  point  of  ct. 

15.  It  is  seen  that  the  arcs  ph,  qij,  tk  are  equal,  and  if  we 
suppose  the  l  they  subtend  at  the  circumference  to  be  ^, 

then  wd  =  2lh  =  4pcos^  =  xf=  xb. 

Since  hq  bisects  i.  ehg  and  is  \\  kg 

.'.  ch  =  ijh  9.11A  cto=gl, 
hence  ed=ef=ab  and  lic  =  de  =  af 

.:  bd/'ia  equilateral,  as  also  is  stv. 

[NoTB. — The  reader  is  requested  to  draw  the  fignrco.  The 
following  details,  which  refer  to  the  figures  which  accompanied  the 
paper,  will  render  the  text  more  intelligible  : 

Ing4,  A-60%  B  =  45°,  C  =  75°,  d=18'. 

vp  meet  in  a'  \ 

pq     „      „    '-'  I     angle  TO  =  100°, 

and  BO  on  to  fv  in/'.       I 
In§10,  A  =  Gr,  B  =  39\  0  =  8U",  #=20", 
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Fifth  Meeting,  March  \Uh,  1896. 


Dr  Peddie,  President,  in  the  Chair. 


On  Curve  Tracings. 
By  G.  Duthie,  M.A. 


Note  on  Four-DimensionaJ  Figures. 
By  J.  D.  HdPPNBR. 

By  assuming  that  multiplication  by  a  line  is  the  true  operation 
corresponding  to  the  passing  from  space  of  n  dimensions  to  space 
of  n  + 1  dimensions  we  may  arrive  very  simply  at  certain  well- 
known  results  in  geometry  of  higher  dimensions. 

A  finite  straight  line  may  be  symbolised  by 

l.a^  +  2a° 

which  indicates  that  the  line  consists  of  one  line  quantity  and  (  +  ) 
is  fixed  by  two  non-dimensional  quantities.  For  simplicity,  we 
may  write  the  above  symbol  in  the  form 

a  +  2. 

The  algebraic  square  of  this  quantity  is 

a^  +  4o  +  4 

and  this  is  also  the  symbol  of  a  geometrical  square,  having  1  area 

bounded  by  4  sides  and  4  points.     Raising  (a  +  2)  to  the  3rd  power 

we  obtain 

a^+6a5+12a  +  8 

which  represents  1  volume,  bounded  by  6  faces,  12  lines,  and 
8  points. 

Passing  on  to  a  higher  dimension,  we  obtain  as  the  symbol  of 
the  four-dimensional  figure 

(a  +  2)^  =  a*  -h  8a'  -h  24a«  -h  32a  -f- 16 

consisting  of  1  four-dimensional  region  bounded  by  8  cubes, 
24  squares,  32  lines,  and  16  points. 

The  method  admits  of  other  applications  and  of  obvious  exten- 
sion to  higher  dimensions. 


Siixlk  Meeting,  May  Slh,  1 


Dr  Peddie,  President,  in  the  Chair. 


Note  on  the  Formula  for  tan  (A+B). 
By  Professor  Stegoall. 

Figure  43. 
From  the  figure  we  have  at  once 
tonl^  +  tani^ 

tainOtaQifi  < 
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also  known  that  this  process  can  be  extended.    I  propose  to  examine 
various  results  connected  with  these  lines. 

Let  the  angular  coordinate  of  any  points  on  a  circle  be 
2(1,  2/3^  2y,  .  .  the  radius  a,  and  let  any  other  point  have  an 
angular  coordinate  rr  -26  :  the  chord  (a,  P)  is 

a;cos(a  +  P)  +  ysin(a  +  p)  =  acos(a  -  p) 

the  axes  being  through  the  centre  as  usual.     This  equation  may  be 
written 

{x  +  acos2^)co8(a  +  P)  +  {y-  asin2^)sin(a  +  P) 

=  2acos(a  +  ^)cos(^  +  ^)  -         -         -     (1) 

The  perpendicular  from  the  point  (tt  -  20)  has  for  equation 

(a;  +  aco820)8in(a  +  ^)  -  (y  -  asin20)cos(a  +  /?)  =  0         -     (2) 
and  the  line 

(a;  +  acos20)cos(a  +  p  +  y  +  6)-{-(y-  asin20)sin(a  ^/S  +  y  +  O) 

=  2acos(a  +  0)cos()8  +  0)co8(7  +  0)  -        -     (3) 

passes  through  the  intersection  of  (1)  and  (2).     But  its  symmetry 
at  once  shows  that  it  is  the  pedal  line  of  the  triangle  (2a,  2/3,  2y). 

Proceeding  to  a  fourth  point 

{x  +  ocos20)cos(a  +  ^  +  y  +  S  +  20) 
+  (y  -  asin20)8in(a  +  ^  +  y  +  S  +  20) 

=  2acos(a  +  0)cos(^  +  0)co8(y  +  0)cos(8  +  6)     -     (4) 
is  the  Simson  line  of  the  quadrangle  2a,  2^,  2y,  25,  and  so  on. 

If  we  choose  the  original  axis  of  a;  to  coincide  in  direction  with  the 
mean  of  the  angular  directions  2a,  2)3, 

a  +  i3  +  y+     .     .      =0 

and  our  line  becomes  in  the  general  case 

(x  +  acos20)cos(w  -  2)6  +  (y  -  asin20)sin(ri  -2)6 

=  2acos{a-\-6)cos(P+6)     .     .     . 

or  xcos(n  -  2)6  +  ysin(n  -  2)6 

=  2acos(a  +  6)co&(P -\- 6)    .  .    -acosn0 


/  'Zcos(a+6±p  +  6±y  +  6)  A 

=  «( ^ 2^iS cosn0)     .         -     (5) 


f) 


Now  in  the  case  of  a  truuigle,  if  0  Tariee,  this  gives 

.  ,      .    ,       /cos(9-2<i)+  .  .   -cob3( 

(-cos2a\      .,     /       2sin2uV         acos3i 
X ;^|costf  +  (j/ :;— 1= o— 

a  line  enveloping  a  three-cusped  hypocycloid  whose  centre  is  at  the 


SB-points  centre 

In  the  case  of  a  quadrangle 

xcoB2d-l-ysin2{^ 


(6) 


cos3(a  +  /3)  + 


M(2tf-2a)  + 


3acos4d 

+  —4— 

which  only  envelopes  a  four-cusped  hypocycloid  if 
coa2(a  +  ,8)+     .     .     +     .     .     =0. 
If  we  consider  the  given  point  as  fixed,  we  may  take  6->0,  and 
change  the  axes  so  that  it  is  at  the  origin.     The  Simson  line  now 
becomes  from  (4) 

xco&(a  +  fi  +  y+     ■     ■     )  +  yain(a  +  j8  +  y+     .     .     ) 
=  2«coscicos^coBycoB5     . 
and  if  2fl  be  the  inulination  of  the  mean  line  and  2a',  2/3",  2y,     .      . 


125 

For  a  quadrangle 


a 


•  • 


xco&iO  +  ysin4^  =  -j-  { cos2(a  +  ^)  + 

+  cos2(^-a)+      .     .     . 

+  C084^}. 

In  the  case  of  regular  figures  these  results  are  much  simplified, 
and  it  will  be  found  best  to  start  de  novo  from  the  equation  (4) : 
we  may  take  the  axis  of  a;  to  pass  through  a  comer  when  n  is  odd, 
and  thi*ough  a  mid  point  of  a  side  if  n  is  even  :  so  that 

n  odd,  a  =  — ,         p  =  — ,         y  —  — 

n  n  n 


•  • 


IT  ^     Sir  Sir 

«even,  a  =  _.        /3=-,        y  =  -     . 

The  lines  are  respectively 

arcosi ^^-^TT  +  (w  -  2)^  I  +  ysini ^-^ir  +  (n  -  2)^) 

=  -ocosl— ^— 7r  +  w^j  +  2acos^cos| vBX       .     .     .     . 

and  a«osl -^  +  (n  -  2)^1  +  2/sini  ~  +  (n  -  2)^  I 


=  -acos 


(¥-"«) -Ma -"HI-")  ■    ■  ■ 


But  by  a  known  trigonometrical  formula 

co8^co8(^  +  e)co8(^  +  <>)     •     •     «f'«tors(odd) 


=  (-1) 


5=^     cosn^ 


2 


cost 


2n-l 

whence  the  line,  in  either  case,  becomes 

a!JCOs(n  -  2)^  +  ysin(n  -'  2)^ 

1  -  2"-* 
=  acosn^  .  __        ...  (8) 

which  envelopes  an  n-cusped  hypocycloid. 
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In  the  next  place,  if  the  point  is  fixed,  transfer  to  it  as  or^  and 
we  get  as  in  equation  (7) 

arcosnfl  +  ysinnfl  =  2oco8(a  +  ^)coB(/3  +  9)    ,     . 

which  passes  through  the  fixed  point  x^a/'i""',  y  =  0 
Hence  the  Sirason  line  of  a  regular  polygon  with  respect  to  a  moving 
point  envelopes  a  hypocycloid  and  the  Simson  line  with  respect  to  a 
fixed  point  of  a  regular  polygon  that  elides  round  a  circle  passes 
through  another  fixed  point. 
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On  Deducing  the  Properties  of  the  Trigonometrical 
Functions  from  their  Addition  Equations. 

By  R.  F.  MuiRHEAD,  M.A.,  B.Sc. 

1.  Take  first  the  Addition -Formula  of  the  Tangent : 

^      .         .        tana:  +  tany 

tan(a;  +  y)  =  - — — ^  ...       I. 

1  -  tanas  tany 

Take2/  =  0,  .^^ ^  tana:  +  tanO  .         .         .     (^j 

•^       '  l-tanatanO  ^  ' 

Assume  that  1  -  tana;  tanO  is  not  zero  for  all  value  of  a;  -  -  II. 
and  we  have  tana;(  1  -  tana;  tanO)  =  tana;  +  tanO 

.-.  tanO(l+tan«a;)  =  0  -  -     (2) 

Assume  that  there  is  one  value  at  least  for  x  for  which 

tan'a;  4=  -  1      and  1  -  tana;  t^nO  ^4=  0         -         -  III. 

and  we  have  tanO  =  0 (3) 

rv     .      /         V     tana;  +  tan(  -  a;) 

Hence  0  =  tan(a;  -  oc)  = ; 

^         '  1  +  tan'a; 

.-.  tana;  =  tan (- as)      -  -         -     (4) 

hence,  writing  -  y  for  y  in  I. 

.       tana;  -  tanv  .  . 

tan(a:-y)=:; ^         -         -         -     (5) 

^       ^'     1  +  tana;  tany  ^  ' 

Again     tan(a;  +  A)  -  tanx  =  tanA(l  +  tan'a;)  -r  (1  -  tana;  tanA)      -     (6) 

By  taking  A  small  enougbi  the  denominator  may  be  made  positive, 
so  long  as  tana;  is  finite.  Hence  tan  (a;  +  A)  >  tana;  and  as  x  increases 
from  0,  tana;  increases  at  an  increasing  rate,  and  must  eventually 
become  =1 

Let  —  be  the  value  of  x  which  makes  tan—  =  1       -  .  IV. 

2  2t 


Then  tanR  =  tan(|+|l)  =  l±l  =  « 

„„        2tenR       „     /    1  «V     „ 

0  +  tana; 
Hence  tan(2R  +  a;)  =  — — ^  =  tana;      -         -         -     (7) 

Thus  tana;  is  periodic,  and  the  period  is  2R. 


Again 


tnn(3R  -x)  —  tMi(  -  «)  =  -  tansr. 


.     ,  ■     /Ti       ,      tanR  -  tana;         1 

And  tian(R-3!)  =  ; — — -= = 

1  +  tanR  tanx     tanx 

Hence  the  graph  of  tanx  might  be  roughly  sketched. 
2tan    ^ 


=  tnnl 


(r?)= 


1  -tan'— 
Hence  tan— =±^2-1     .-.tan— =^2-1 

In  tins  miinner  we  can  calculate  tan^;;;  where  m  is  . 
Hence  by  the  Addition  Formula  » 

any  integer,  and  in  thia  way  we  can  approximate  to  the  value  of 
the  tangent  of  any  tingle  between  0  and  R ;  and  then,  using  (4) 
and  (7)  to  that  of  any  a«gie  whatever. 

R  depends  on  the  unit  of  angular  measurement ;  or  vice  versa,  if 
R  lie  arbitrarily  chosen,  the  unit  of  lueasurement  depends  on  it. 

If  we  take  the  limit  when  t^  =  0  of  tana;/^;  to  be  =  1  as  in  radian 
measure,  we  get  from  (6) 
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Let  <^a;)  and  }p{x)  be  two  functions  of  x  such  that 

<K^ + y)  ^  4>{x)^{y)  +  ^(x)if>{y)     -       -       -     I. 

^(x+y)='^(x)jp{y)-'4>(x)4>(y)      .         -         -    II. 

so  that  0  and  ^  are  functions  having  the  same  Addition  Formulae 
as  the  sine  and  the  cosine  respectively;  we  shall  seek  to  deduce  from 
I.  and  II.  the  nature  of  </>  and  ^,  pointing  out  as  we  proceed,  any 
further  assumptions  that  we  make  as  to  the  nature  of  <t>  and  \^. 

Inl.  puty  =  0   .-.  </>(«)  =  </)(a;)^(0)  +  ^(a;)0(O) 

.-.  <^(l-^(0))  =  ^(x)</>(0)        -         .  (1) 

Similarly  from  II.      ^(a:)(l  -  ^(0))  =  -  <f>{x)<f>{0)      -         -         -     (2) 

Multiplying  across  and  transposing, 

[{^(x)}'+{,^(a;)}»{l-^(0)}<^(0)  =  0         -         -     (3) 

Assume  that  {4>xy  +  (4^y  is  not  =  0  for  all  values  of  a:    -         -  III. 

This  is  certainly  true  if  <^(.t)  and  t//{x)  are  real  and  not  both 
always  =0 

Hence  either  4>(0)  =  0  or  1  -  ^(0)  =  0 

Now  if  </>(0)  =  0  then  by  (1)  ^(0)  =  1  unless  <^(a;)  =  0  for  all  values 
of  X  or  tp{x)  =  00  for  all  values  of  x. 

And  by  (2)  ^(0)  =  1  unless  ^(x)  =  0  for  all  values  of  x  or  <l}(x)  =  «  for 
all  values  of  x. 

On  the  whole  then,  the  alternative  0(0)  =  0  involves  also  that 
^(0)  =  1  if  we  assume  : 

There    is    some   value    of    x    for  which    <^   or    ^   is    neither 
00  nor  0. IV. 

And  it  is  clear  that,  on  this  assumption,  the  equation  0(0)  =  0  can 
be  deduced  from  the  other  alternative  \^(0)  =  1.     Hence  finally 

'«0)  =  0  I (4) 

f(0)=l  /  ^  > 

Put  y  =  -  a;  in  I.  and  II.  and  we  have 

0  =  0(0)  «=  0(a;  -  a;) »  0(a;)^(  -  a;)  +  \^(a:)0(  -  x)  -     (5) 

1  =  ^(0)  =  if^(x  -  a;)  =  tf{x)if^(  'x)^i (x)0(  -  .r)  -     (6; 
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Eliminating  successively  ^(  -  x)  and  ^  -  x)  we  have 

^x)={{^f  +  (^xy)i.(~:c)  -         -         -     (7) 

i,{x)={i.)^y  +  {<PxY}i,(-x)  .         -         -     (8> 

Aaaunu:  (^)'  +  {^)''=l 

(Note  (hat  this  incluilea  ^numptio 

Hence  by  (7)  iind  (8),         <Ka;)  =  -  <t(  -  ar)  ■         ■         -     (9) 

^(x,=      ^i-x)        -  -         -         -(10) 

Hence   from    I.    Hiid    II.,    by   putting    -y  for  y,    we    have    the 
Subtraction  FornmUe  : 

,p{x.  -y)  =  ypxiy  +  ^.^y     / 
It  ifi  clcnr  that  at  this  stage  V.,  (9),  (10),  and  (11)  are  all  equiva- 
lent, so  that  any  one  of  tliem   being  assumed,  the  others  would 
follow. 

As  in  books  on  Elementary  Trigonometry  we  can  now  deduce 
from  I.,  II.,  and  (11)  all  the  formulae  for  functions  of  multiples  or 
submultiples  of  x,  and  such  formulae  as 

««)  +  ♦(!,). 2*(ii^)^(^. 

Assume  now  that  </i(j')  is  not  always  =0  and  is  real  and  con- 
tinuous, and    that  it   becomes   positive*   at  Srst  as   x  increases 
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Then  ^(R  -  re)  =  i^Ripx  +  <^R<^ 

=z     (foe 

Similarly  <^(  R  -  a)  =     ^ 

<^(2R-a;)=      i»(a;)    -         -         -         -         - 

^(2R-a;)=  -lf{x) 

0       =     </>(2R)  =  </>(4R)  =     </>(6R)=         -       (     (^^) 

0  =     ip(  R)  =  ^(3R)=     ^(5R)  = 

1  =  -  <^(3R)  =  </>(5R)  =  -  <f>{7R)  = 
1        =  -  v^(2R)  =  v^(4R)  =  -  ^(6R)  = 

Hence  </)(4R  +  a;)     =<f>x  and  \^(4R  +  a;)  =  ^     -         -         -         -(15) 

Thus  </>  and  \p  are  both  periodic  functions,  the  period  being  =  4R, 
and  it  is  clear  that  if  the  values  of  <f>  from  x  =  0  to  a;  =  R  were 
tabulated,  we  could  at  once  find  the  value  of  (^  or  ^  for  any  other  x 
by  means  of  (14)  and  (15). 

We  are  in  a  position  to  trace  the  </>  and  \^  curves  roughly,  and 
they  are  obviously  similar  to  sino;  and  co&r,  the  unit  angle  being 

—  of  a  right  angle. 
R 

The  actual  values  of  </>  and  tf  for  as  many  values  of  a;  as  we 
please  can  easily  be  calculated,  e.g., 

?-«-T    ■•'o-(»)*(|)-^(|) 

(R  V  1 

-^)=  i~7^i  *^^  ^®  must  take  the  upper  sign 

since  ^  is  positive  till  a;  =  R. 

(R  V       1 

By  repeated  application  of  the  formula 

we  can  get  the  value  of  ^(a;)  for  as  small  a  value  of  a;  as  we  please  : 
thence  finding  €f>{x)  for  the  same  value  of  x  by  means  of  V.,  we 
could,  by  the  Addition  Formulae,  interpolate  as  many  values  as  we 
pleased  of  </>  and  \p  between  the  values  found,  of  which  (16)  is  a 
specimen. 

Thus  we  have  shown  that  the  two  functions  defined  by  I.,  IT., 
III.,  IV.,  v.,  VI.  are  one-valued. 
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Since  the  sine  and  cosine  satiaff  tliese  asaamptions,  <^  and  ^ 
must  be  identical  with  them. 

If  we  sappose  the  sine  and  cosine  defined  geometrically,  then  to 
prove  their  identity  with  the  tuDctions  i^  and  ^  as  above  conditioned, 
it  would  only  be  necessary  to  prove  geometrically  the  Addition 
Equations  and  the  Subtraction  Equations  and  verify  the  assump- 
tions III..  IV.,  VI. 

R  is  arbitrary,  and  its  choice  determines  the  unit  of  angular 
measurement.  To  connect  B  with  the  limiting  value  of  <f>(x)jx  we 
might  use  the  formula 


=  *(R)  =  =-f(£)f(i)  ■ .  •  *§)*(?) 


/i+o    ;i+j/2    /I 

"V    2    'V      2      'V 


Ahh)    .M 


.-.  ^=  a  certain  number   xk,  where  X:  is  the  limiting  value  when 

2 
3;  =  0  of  <^x)jx.     The  number  referred  to  is  of  course  — .     Instead 

of  choosing  R  arbitrarily  we  might  choose  k,  and  so  fix  R. 


3.  In  order  to  prove  that  the  assumptions  III.,  IV.,  V.,  VI.  are 
all  necessary  we  should  have  to  show  that  if  any  one  is  omitted,  the 

ictions  i/i  unci  ip  miiy  be  iljlteront  froni  ilic  sine  iind  c 
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Thus  the  functions  <f>i  and  tpi  satisfy  the  condition  </>i^  +  ^,"  =  1 ,  and 
are  therefore,  as  we  saw,  identical  with  the  sine  and  cosine  of  x* 

To  find  the  nature  of  the  more  general  functions  (f>  and  \p  let  us 
put  4>(x)  ^/{x)4>,{x) 

then  by  (17)  we  get  ^(a?)  =y(i»)^i(«) 

Substituting  in  the  Addition  Formulae  we  get 

Hence,  as  in  the  proof  of  the  Exponential  Theorem, 

f(x)  =  a',  where  a  is  an  arbitrary  constant. 

Thus  the  most  general  functions  conditioned  by  L,  II.,  III.,  IV.,  VI. 
are  a'sina;  and  a'cosx.  The  special  case  a  =  0  giving  sina;  and  coso; 
is  got  by  introducing  either  V.  or  any  of  its  equivalents. 

If  we  drop  Condition  VI.  as  well  as  V.,  i.e.,  if  we  admit 
imaginaries,  the  present  mode  of  treatment  becomes  inconvenient. 

In  VI.  the  assumption  of  continuity  is  required  by  the  occur- 
rence of  ^(ic  +  -r-i  and  \^(^  +  -o-)  o^  ^^^  right  hand  sides  of 
equations  (12).     By  writing  (12)  in  the  form 

^{x  +  h)  -  ^x)  =  2^1-)  [^(x)vt(A)  -  <^(x)<^(y)}  etc., 

Z*    V  7 

we  see  that  if  0|-:r)~^ir  ^^^  ^  finite  limit,  the  functions  are  con- 


tinuous, i.e.,  if  (t>{x)  begins  by  being  continuous,  it  must  remain  so, 
and  \^  also. 


=  i<t>{x)-^yp(x)         I 


4.  The  Addition  Equations  I.  and  II.  can  also  be  discussed  as 
follows : 
Take  Ax)  = 

.  •.  /{x  +  y)  =  i(<l>x\py  +  \px<fyy)  +  \px\py  -  <f>x<l^ 

=  (}px  +  i<l>x)  {\fnj  +  i^yy) 

-fW(y) (19) 

Similarly  9{x  -h  y) = g{x) .  g{y) (20) 

Hence/(a;)  =  a'  and  g(x)  =  b'j  where  a. and  b  are  arbitary  constants. 


««)-«(»■-»■) 


*(')■ 


■  (21) 


(a-  +  h-) 


There  is  no  restriction  as  to  the  values  of  a  and  b,  as  we  can  verify 
by  substituting  in  T.  and  II. 

But  if  <it  and  1^  are  to  be  real  functions  of  x,  since  by  (21) 
a'  =  ^  +  ^i,  b'=>f'~^i,  it  follows  that  a  and  h  must  be  complex 
quantities  having  the  same  modulus,  say  A,  and  equal  and  opposite 
amplitudes,  ±B. 

Hence  i^*')  =  A'cosBa:,  ^a:)  =  A'sinBa:    -  -  (22) 

Although  this  result  agrees  with  the  genera]  result  obtained  by 
the  previous  method,  it  is  to  be  noted  that  we  have  not  proved 
exactly  the  same  thing.  Here  we  have  identified  A^^isBx  and 
A'sinBj;  as  defined  analytically  with  the  functions  tfi  and  if.  In  the 
previous  method  the  analytical  expressions  for  sine  and  cosine  were 
not  assumed. 
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On  the  Number  and  Nature  of  the  Solutions  of  the 

Apollonian  Contact  Problem. 

By  R.  F.  MuiRHEAD,  M.A.,  B.Sc. 

The  problem  of  describing  a  circle  to  touch  three  circles,  includ- 
ing the  nine  special  cases  when  one  or  more  of  the  radii  of  the  given 
circles  are  zero  or  infinite,  was  solved  by  Apollonius  of  Perga  in  a 
work  which  was  lost,  but  of  which  Pappus  has  given  some  account 
in  his  Mathematical  Collections.  Towards  the  end  of  the  IGth 
century  the  problem  was  again  taken  up  and  solved  by  F.  Vieta, 
and  since  that  time  it  has  formed  the  subject  of  investigations  by 
many  mathematicians,  from  many  different  points  of  view. 

The  question  as  to  the  number  and  nature  of  the  solutions  in 
the  different  cases  has  not  been  neglected,  and  many  authors  have 
given  more  or  less  extensive  tabular  summaries  of  the  number  of 
solutions  in  various  cases.  One  of  the  most  extensive  of  these 
tables  is  that  given  by  L.  Gaultier  de  Tours  in  his  paper  in  the 
Journal  de  VEcole  Polyt.,  Cahier  16,  published  in  1813.  There  he 
considers  the  problem  of  finding  a  circle  to  satisfy  three  given 
conditions  of  various  sorts.  He  distinguishes  33  varieties  of  the 
problem,  as  well  as  74  varieties  of  the  corresponding  problems  with 
reference  to  the  sphere,  and  tabulates  the  number  of  solutions.  This 
table  includes  the  ten  cases  of  the  Apollonian  problem. 

But,  as  this  author  points  out,  the  numbers  given  are  only  true 
for  certain  relations  between  the  data,  and  it  is  a  matter  of  difficulty 
in  some  cases  even  to  choose  the  data  so  that  all  the  theoretical 
solutions  shall  be  really  possible.  He  makes  no  attempt  to  classify 
the  cases  according  to  the  relative  positions  of  the  given  circles,  etc., 
and  so  far  as  I  know,  the  only  author  who  has  supplied  this  omission 
is  O.  Stoll,  who  has  treated  the  question  pretty  fully  in  the  Math. 
Ann,,  Vol.  VI.,  p.  613,  but  from  the  analytical  point  of  view.  This 
paper  will  be  referred  to  later. 

§1- 

Consider  first  the  problem  of  finding  the  number  and  nature  of 
the  solutions  of  the  Apollonian  Problem  in  the  special  case  when 
one  of  the  three  given  circles  is  a  point,  and  when  the  contacts  with 
the  circles  are  to  be  similar,  i,e.,  both  external  or  both  internal. 
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Let  there  be  two  mvituaHy  exduBive  circies  A  and  B  (Hg.  44) 
And  let  their  external  common  tangents  t,  X  be  drawo.  The  whole 
plane  is  divided  into  portions  X,  X,  Y,  Y,  Z,  Z,  A,  B.  Take  now 
a  circle  having  a  mutually  externa!  contact  with  A  and  B,  and 
imagine  it  to  pass  through  all  possible  positions  aucccsGively,  begin- 
ing  with  the  tangent  line  (  (which  is  a  circle  of  infinite  radius),  and 
ending  with  the  line  t' :  the  whole  of  the  spaces  X,  X  will  have 
been  swept  over  onee,  and  the  whole  of  the  spaces  Y,  Y  twice  over  ; 
that  is,  each  point  in  Y  lies  on  the  variable  circle  in  two  distinct 
positions. 

Again,  the  circle  touching  A  and  B  and  containing  both,  sweeps 
out  X,  X  once  and  Z,  Z  twice  over.  Note  that  the  points  within 
A  and  B  are  not  swept  over  at  all,  and  the  points  on  the  circum- 
ference are  traversed  once.  Or  we  maj  say  that  as  the  point 
moves  from  vtitluml  A  inwards,  the  two  contact  circles  which  pass 
through  it  become  coincident  wlien  it  reaches  the  circumference,  and 
imagiruir!/  when  it  has  passed  the  circumference. 

When  the  point  lies  on  a  common  tangent,  that  tangent  itself 
forms  one  of  the  contact  circles  in  question,  and  may  be  reckoned 
as  having  either  external  or  intenuU  contact  with  both  A  and  B. 

We  can  now  determine  for  each  gi^'eii  point  of  the  plane  the 
number  and  nature  of  the  solutions  of  the  problem :  To  draw  a 
circle  thrtmyk  this  given  })oinl  so  as  to  tonch  the  two  given  circles 
A  and  B  in  t/ie  same  manner,  i.e.,  both  externally  or  both  internally. 

We  shall  adopt  a  notation  for  distinguishing  the  different  kinds 
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§2. 

To  treat  the  corresponding  problem  when  the  contacts  are 
dissimilar^  we  must  take  the  internal  instead  of  the  external 
common  tangents.  By  dissimilar  contacts  we  mean  those  in  which 
one  is  external  and  the  other  internal,  i.e.,  one  is  denoted  by  a  and 
the  other  by  j8  or  y.  The  results  are  shown  for  the  three  cases  in 
Figs.  47,  48,  49. 

§3. 

We  now  combine  the  results  of  the  two  previous  §§,  and  thereby 
determine  the  number  of  solutions  of  the  general  problem  to  find  a 
circle  to  touch  two  given  circles  and  a  given  point,  there  being  no 
restriction  as  to  the  nature  of  the  contact.  The  resulting  diagrams 
are  given  in  Figs.  50,  51,  52. 

Note  that  when  the  two  given  circles  cut  one  another,  there  are 
two  solutions  wherever  the  given  point  may  be  ;  on  the  other  hand, 
when  A  and  B  do  not  cut  each  other,  there  are  f<nir  solutions  or 
none  according  to  the  position  of  the  given  point. 

§4. 

We  proceed  to  extend  the  above  method  to  the  general  Contact 
Problem  of  Apollonius,  in  which  there  are  three  circles  given,  and 
it  is  required  to  find  one  which  will  touch  all  three. 

In  doing  so  we  use  the  artifice  of  *^  parallel  translation  of 
circles" 

Take  first  the  case  in  which  A,  B,  and  C  are  the  three  given 
circles  in  decreasing  order  of  size,  and  where  A  and  B  do  not 
intersect,  and  let  us  seek  the  solutions  in  which  the  required  circle 
has  similar  contact  with  A  and  with  B. 

Let  A^  and  A^  be  circles  concentric  with  A,  having  radii  equal 
respectively  to  the  difierence,  and  the  sum,  of  the  radii  of  A  and  C. 
Similarly  for  Bq  and  Bj ;  and  let  Cq  be  the  centre  of  the  circle  C. 
To  any  circle  which  touches  A,  B,  and  C  externally,  and  whose 
contact  is  therefore  of  the  nature  aaa,  there  is  a  corresponding 
parallel  circle  passing  through  Cq  and  touching  Aq  and  Bq  externally. 
Conversely,  for  every  circle  touching  Aq  and  Bq  externally  and  pass- 
ing through  Cq,  there  is  a  parallel  circle  of  smaller  radius  touching 


A,  B,  and  C  externally.  And  for  every  circle  touching  A,  and  B, 
externally  and  passing  tlirough  Cq,  there  ie  a  circle  touching  A  aud  B 
externally  and  C  internally,  which  may  be  denoted  by  aay. 

The  general  rule  for  the  nature  of  the  contact  of  the  reqaired 
circle  with  C  ia  that  if  the  radius  of  the  circle  passing  through  C, 
has  to  be  increased  to  get  the  concentric  circle  touching  C,  that 
circle  will  contain  C.  If,  however,  the  radius  has  to  be  decreased 
(algebraically)  the  contact  circle  will  exclude  or  be  contained  by  C, 
according  as  the  radius  of  the  circle  passing  through  Op  is  greater  or 
leas  than  that  of  C. 

The  results  are  shown  in  Fig.  53,  and  the  corresponding  results 
for  circles  which  have  diasimUar  contact  with  A  and  B  are  showu 
in  Fig.  54.  In  these  figures  the  dotted  lines  represent  A,  Bg  A,  B, 
and  their  commoQ  tangents,  and  they  are  the  boundaries  of  the 
various  portions  of  the  plane  considered.  The  symbol  Zyyo.-\-  2yyy, 
for  example,  indicates  that  if  the  centre  of  C  is  iu  the  portion 
bounded  by  dotted  lines,  and  thus  marked,  then  there  are  four 
circles  which  will  touch  A,  B,  and  G,  the  contacts  with  A  and  B 
being  similar — two  of  these  containing  A  and  B  and  excluding  C, 
the  remaining  two  containing  all  three  given  circles. 

We  may  note  that  the  ring-shaped  spaces  between  the  two 
circles  have  two  solutions  in  either  of  the  figures  5S,  54,  while  the 
external  apace  has  four,  and  the  internal  spaces  none,  so  that  on 
the  whole  there  will  be  in  this  variety  of  the  figure,  8,  4,  or  0 
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This  has  been  pointed  out  by  O.  Stoll  in  the  paper  above  referred 
to,  as  well  as  the  importance  of  the  common  tangents  in  the  geome- 
trical interpretation  of  his  results. 

Figures  53  and  54  in  combination  show  the  number  and  nature 
of  solutions  of  the  Apollonian  Problem  for  the  case  in  question  :  but 
it  must  be  noted  that  these  figures  would  vary  not  only  in  shape 
but  in  topologic  nature  for  different  relative  positions  of  the  circle. 
Thus  the  circle  Aj  and  Bi  might  intersect,  or  the  exterior  centre  of 
similitude  of  Aq  and  Bq  might  lie  without  Bj,  etc. 

The  number  of  possible  different  cases  of  these  figures  is  very 
great.  And  if  we  drop  the  restrictions  that  A  does  not  cut  B  and 
that  C  is  the  least  of  the  three  circles,  the  number  of  different 
diagrams  to  which  this  method  would  give  rise  is  enormous. 

We  may  however  consider  the  question  from  a  different  point  of 
view,  from  which  it  will  appear  that  in  most  of  the  different  cases 
the  number  and  nature  of  the  solutions  can  be  told  almost  at  a 
glance  by  certain  simple  considerations,  leaving  a  residue  to  which 
the  foregoing  method  is  more  appropriate. 

§5. 

The  topologically  different  relative  positions  of  three  circles  in  a 
plane  may  be  classified  as  follows  into  14  cases,  special  cases  being 
for  the  present  excluded. 

Division  I.     Circles  not  intersecting. 

a.  All  three  circles  mutually  exclusive. 

j8.  One    contains    the    other    two,   which    are    mutually 
exclusive. 

y.  One  contains  another  and  excludes  the  third. 

8.  One         „  „        which  contains  the  third. 

Division  II.    One  pair  only  intersect  one  another. 

a.  The  third  circle  excluded  by  both  of  these. 

/J.     „       „        „       containing       „      „      „ 

y.     „       „        „       contained  by  „      „      „ 

6.      „       „        „       contained  by  one  of  these  and  not  by 

the  other. 
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Division  III.     One  pair  only  do  not  intersect. 
a.  Tliis  pair  mutually  exclusive. 
fi.  One  of  tlie  pair  contains  the  other. 

Division  IV.     Each  circle  intersects  both  the  others. 

a.  No  circle  contains  a  crossing  point  of  the  other  two. 

(Ko  area  common  to  all.) 
yS.  One  only  contains  two  crossing  points  of  the  others. 

(The  area  common  to  all  is  two-sided.) 
y.  One  only  doe^  not  contain  two  crossing  points  of  the 

others.     (The  common  area  four-aided.) 
S.  Each   contains   one   crossing  point  of   the  other  two. 
(The  common  area  three-sided.) 
[This  clossiiication   agrees  with    that   obtained   by  Stoll    from 
analytical    considerations,   except   that    he    does    not    distinguish 
between  the  tour  cases  of  Division  IV.,  while  he  distinguishes  two 
cases  of  ITI.  p,  according  to  the  relative  size  of  the  radii.     He  gives 
a  table  showing  the  mtiiAer  of  solutions  for  each  of  his  cases,] 

Now  the  shapes  of  the  different  portions  of  plane  space  in  these 
figures  are  of  seven  different  kinds,  which  can  contain  from  0  to  8 
contact  circles,  thus  :  according  as  a  space  (which  may  or  may  not 
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Claw  A.  Two  of  the  given  circleB  touch  each  other.  There  are 
1 6  cases  which  may  be  clasBitied  as  Al.,  A'^,  or  A3.,  according  as  the 
number  of  points  of  intersection  is  0,  2,  or  4.  We  shall  denote  by 
Al.  a,  /3,  y,  S,  t,  {,  7},  A2.  a,  fi,  y,  S,  t,  A3,  a,  ^,  y,  5  the  sixteen 
cases  shown  in  Figures  69  to  85,  respectively. 

In  general  such  cases  are  limiting  ones,  separating  cases  of  inter- 
secting circles  from  those  which  have  fewer  intersections,  or  none. 
Thus  Al.  a  separates  cases  I.  a  and  II.  a  of  §5,  and  has  6  solutions 
(the  mean  of  8  and  4).  Two  of  these  are  circles  which  touch  the 
two  given  touching  circles  at  their  point  of  contact,  each  represent- 
ing two  solutions  in  the  general  case  I.  a  which  coincide  for  this 
limiting  case,  and  disappear  in  II.  a.  The  other  four  are  the  same 
as  the  solutions  of  II.  a. 

Tablb  II. 


Kefereuce  Nu. 


Cases  Separatod. 

Naof 

I.  u  and    II.  a 

6 

I.^and    11.^ 

6 

I.  y  and    II   5 

2 

I.  y  and    II,  a 

2 

r.  3  «i,u  II. /j 

■2 

143 


Table  II.  gives  a  summary  of  the  corresponding  results  for  this 
and  the  other  cases  of  Class  A. 

One  way  of  tracing  the  change  through  a  special  case  from  one 
general  case  to  another,  is  to  treat  it  from  the  point  of  view  of  §  1, 
taking  for  A  and  B  the  circles  which  do  not  touch 

The  nature  of  the  solutions  in  each  case  can  be  worked  out  on 
the  same  principles  as  have  been  employed  above.  Or  we  might 
deduce  them  from  Table  I.  For  example,  A 1/3  separates  I.  ^ 
from  II.  p.  The  solutions  2/3aa  +  2/3yy  are  common  to  both,  and 
therefore  belong  also  to  Al^  ;  while  the  solutions  2/3ya  +  2/^ay, 
which  exist  in  I.  /J  but  not  in  II.  ^,  reduce  to  j8ya  +  /3ay  in  Alj8. 

Class  B.  The  three  given  circles  concurrent  in  one  point.  Here 
there  are  three  cases  as  shown  in  Figures  86,  87,  88.  Each  case 
has  5  solutions,  one  being  a  point  circle  coincident  with  the  point 
of  concurrence,  which  is  the  degenerate  representative  of  four 
circles  in  the  more  general  case.  These  three  cases  are  respectively 
intermediate  between  IV.  a  and  IV.  8,  IV  j8  and  IV.  y,  and  IV.  j8 
and  IV.  8. 

Consider  now  the  doubly  special  cases. 


§7. 

1 

Table  III. 

Reference  No. 

Figure. 

Cases  Separated. 

No.  of 
Solutions. 

1 

CI.  a 

89 

Ala  and  A2a 

5 

P 

90 

C      Al^  and  A2/? 
\or  Al?;  and  A2€ 

5 

y 

91 

AIt;  and  A2y 

5 

8 

92 

f      Aly  and  A2a 
\or  A18  and  A2y 

3 

C2.  a 

93 

A2a  and  A3y 

r> 

^ 

94 

r      A2y  and  A3y 
\or  A2j8  and  A3/^ 

5 

y 

95 

A2€   and  A3y 

5 
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Class  C.  One  given  circle  touchea  both  of  the  others.  L  The 
other  two  intersect.     2.  They  do  not. 

The  various  cases  are  given  in  Table  III. 

Note  that,  as  before,  the  number  of  solutions  is  the  mean  of  the 
numbers  corresponding  to  the  two  more  general  cases  separated. 
In  eacli  case  the  circle  which  touches  each  of  the  other  circles  is 
itself  one  of  the  solutions  and  really  represents  two  eotneuient 
KolulioTii,  as  also  do  the  other  solutions  where  the  circle  sought 
has  common  contact  with  two  of  the  given  circles.  Thus  in 
Figure  06  which  indicates  the  solutions  of  case  CI.  a,  the 
circles  3,  4  and  B  each  represent  two  solutions  of  the  more 
general  case  I.  a. 

Class  D.  Combining  the  conditions  of  classes  A  and  B.  Two 
cases,  shown  in  Figures  97  and  98.  In  either  case  the  number 
of  solutions  is  3,  including  the  point  circle  coinciding  with  the 
point  of  concurrence,  which  is  the  degenerate  representative  of 
6  circles. 

Class  K.  The  three  given  circles  concurrent  in  two  different 
points.  One  case.  Figure  99,  where  the  only  two  solutions  are  the 
two  point-circles  at  the  intersections,  each  of  which  represents  four 

circles  of  the  general  case  IV. 


e  gcn« 

Class  F.     Trthhj  Special  Case.     The  three  givt 
point  of  contact-     Fif;urea  100,  101. 


circles  have  a 
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Table  IV. 

Given 

Given 

Given 

Greatest  Possible 

Circles. 

Lines. 

Points. 

No.  of  Solutions. 

(1) 

2 

1 

0 

8 

(2) 

1 

2 

0 

8 

(3) 

0 

3 

0 

4 

(4) 

2 

0 

1 

4 

(5) 

1 

1 

1 

4 

(6) 

0 

2 

1 

2 

(7) 

1 

0 

0 

2 

(8) 

0 

1 

2 

2 

(9) 

0 

0 

3 

1 

Thus  the  maximum  number  of  solutions  is  2*~"  where  n  is  the 
number  of  given  points,  except  in  Case  (3)  where  we  may  say  that 
four  of  the  circles  have  gone  off  to  infinity,  and  in  Case  (6)  where 
in  general  the  lines  intersect  one  another  and  not  tlie  point,  so  that 
it  belongs  to  Class  11.  which  has  only  ludf  the  maximum  number  of 
solutions  of  the  general  case. 

All  these  9  cases  are  susceptible  of  discussion  by  the  method  of 
§§  1,  2,  3,  4. 

If  in  Fig  44  of  §  1  we  imagine  the  greater  circle  to  become 
infinite,  then  the  external  common  tangents  become  coincident  with 
a  line  parallel  to  A  touching  B  on  the  side  remote  from  A.  The 
regions  X  X  disappear,  the  closed  space  Z  vanishes,  and  the  open 
space  Z  goes  to  infinity,  and  the  whole  of  the  space  between  A  and  B 
belongs  to  Y  Y,  so  that  if  C  lies  in  this  region,  the  solutions  are 
denoted  by  2aa,  while  if  C  lies  elsewhere  there  is  no  solution. 

Taking  the  corresponding  case  of  g  2,  viz..  Fig.  47,  we  see  that 
a  similar  result  comes  out,  the  solutions  for  the  space  between 
A  and  B  being  denoted  by  2ay,  t.e.,  there  are  two  contact  circles 
containing  B.  Thus  in  Case  (o)  when  the  line  and  circle  do  not 
intersect,  there  are  two  contact  circles  which  exclude  B,  and  two 
which  contain  B. 
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Note  that  in  treating  a  line  as  a  circle  of  infinite  radius  we  may 
arbitrarily  choose  either  side  of  the  line  to  be  the  inferior :  bat  in 
order  to  apply  the  previous  results,  we  must  consistently  keep  to 
the  choice  made. 

We  might  arrive  at  the  results  just  found  more  directly,  by 
observing  that  the  variable  circle  which  touches  A  and  B  and 
excludes  B  passes  over  every  point  of  the  region  lietween  the  two 
twice  over,  as  also  does  the  variable  contact  circle  which  contains  B. 


Taking  cases  (1)  to  (9) 

In  (1)  we  note  that  the  various  cases  are  as  a  rule  special  cases 
separating  one  case  of  Table  I.  from  another,  though  some  of  them 
are  special  forms  of  a  single  case  of  Table  I.  The  results  are  shown 
in  Table  V. 
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Case  (2).  Here  I.  can  only  exist  in  a  sublease,  i.e.,  when  the 
lines  are  parallel.  There  are  4  solutions  if  we  have  II.  (or  III.), 
t.c,  if  the  lines  are  not  both  cut  by  the  given  circle,  and  8  solutions 
if  we  have  IV.,  i.e.,  if  both  lines  cut  the  given  circle.  The  nature 
of  the  contacts  is  obvious  in  the  several  varieties  of  this  case. 

Case  (3).  This  belongs  in  general  to  IV.,  but  four  of  the  circles 
have  gone  off  to  infinity,  leaving  only  four  solutions,  the  in-  and 
escribed  circles  of  the  triangle. 

Case  (4).     This  has  already  been  treated  in  §§  1,  2,  3. 

Case  (5)  When  the  line  and  circle  do  not  intersect,  we  have  as 
at  the  beginning  of  this  §,  four  solutions  (2a+2y)  or  none;  and 
when  the  line  and  circle  do  intersect,  two  solutions  (2a  or  2/^ 
according  as  the  point  is  without  or  within  the  given  circle). 

Case  (7).  We  might  treat  this  by  §§  1,  2,  taking  B  to  be  a 
point-circle,  in  which  case  the  interior  region  Z  vanishes,  as  in 
Fig.  114.  Thus  if  C  lies  in  7,  there  are  two  solutions  (2a) ;  if  in  Z, 
2y  ;  if  in  X,  a  -I-  y.  In  other  words  there  are  two  exterior  contact 
circles  if  A  is  met  by  BC  produced  but  not  by  BC,  two  interior 
contacts  if  BC  cuts  A  twice,  and  one  of  each  if  neither  BC  nor  BC 
produced  cuts  A,  and  none  if  the  circumference  of  A  separates 
B  and  C. 

The  same  results  could  be  got  by  considering  the  variable  circle 
passing  through  B  and  C. 

Cases  (6),  (8),  (9)  are  all  obvious. 

Each  problem  of  §  8  might  be  considered  under  the  special  con- 
ditions of  Classes  A  to  F  and  thus  give  rise  to  yet  more  special 
cases ;  and  there  would  be  no  difiiculty  in  applying  the  same 
principles  as  we  have  used  alx)ve  to  determine  the  number  and 
nature  of  their  solutions. 

There  are  also  many  other  kinds  of  special  cases,  e,g.,  when 
intersecting  lines  become  parallel,  etc. 

On  the  other  hand  the  above  methods  may  be  applied  to  the 
corresponding  Contact  Problem  for  Spheres  instead  of  Circles.  In 
place  of  the  common  tangent  lines  of  two  circles,  of  §§1,  2  we 
should  have  to  consider  the  common  tangent  planes  of  three  spheres. 


Seventh  Meeting,  June  12tA,  1896. 


Dr  Fbddib,  President,  in  the  Chair. 


Vorlesungen  iiber  Oeschichte  der  Mathematik, 
von  Moritz  Cantor.     Dritter  B(md. 

Erate    Abtheilung  1608-1699(1894). 
Zweite  Abtheiluag  1700..i728  (1896). 
A  Review  :  with  special  reference  to  the  Rise  of  the  InfintteBimal  Calculut 
and  the  Newton- Leibnitz  CoDtroverey. 

By  Professor  Gbobgb  A.  GibeoH. 

The  gigantic  task  which  Mr  Cantor  has  undertaken  in  writing  a 
history  of  matliematics  down  to  the  year  17.50  is  approaching  its 
accomplishment,  the  first  two  of  the  tlirce  parts  forming  the  third 
and  concluding  volume  being  now  published.  How  great  is  the 
debt  of  gratitude  that  the  niat)ieniatical  public  owe  to  him  for  the 
erudition  and  thoroughness  he  has  brought  to  bear  on  the  work, 
only  those  can  guess  wlio  have  attempted  to  follow  out  some 
line   of   historical   investigation.     His    history   is   totally  different 
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examination  of  the  various  chapters  in  these  two  parts  would 
demand  more  space  than  our  Proceedings  can  afford,  even  if  I  were 
competent  to  make  it,  and  I  propose  therefore  to  deal  mainly  with 
the  rise  of  the  Differential  and  Integral  Calculus  and  the  contro- 
versy between  Newton  and  Leibnitz  in  regard  to  the  invention.  It 
would  seem  as  if  every  document  of  importance,  so  far  as  these  are 
ever  likely  to  be  found,  were  now  before  the  world ;  and  the  judgment 
of  the  mathematical  public  respecting  the  controversy  might  be 
expected  to  be  formed  in  as  definite  a  way  as  the  nature  of  the 
dispute  admits. 

It  is  now,  I  think,  generally  recognised  and  in  any  case  it  is 
emphasised  by  Mr  Cantor  that  the  second  half  of  the  seventeenth 
century  was  ready  for  the  instrument  that  we  denote  by  the 
Infinitesimal  Calculus  and  that  the  writings  of  men  like  Cavaliori, 
Format,  Pascal,  Wallis  contain  many  processes  and  results  that 
would  now  be  classed  as  characteristic  of  that  Calculus.  The  ques- 
tion therefore  that  naturally  arises  is,  what  was  the  gain  to  mathe- 
matics from  the  work  of  Newton  and  Leibnitz  in  the  field  of  the 
infinitesimal  calculus  ?  As  regards  the  controversy  between  the  two, 
there  is  the  further  question,  did  the  one  derive  from  the  other 
ideas,  suggestions,  or  results  that  were  of  importance  for  the 
development  of  his  system  ? 

In  the  closing  paragraphs  of  his  second  volume  Mr  Cantor  has 
stated  that  the  half  century  from  1615  to  16G8  may  be  considered 
to  be  that  of  the  discovery  of  the  Infinitesimal  Calculus  ;  first, 
problems  of  the  Integral  Calculus  were  treated,  next  problems  of 
the  Differential  Calculus,  then  problems  in  which  both  appeared, 
but  the  intrinsic  connection  between  the  two  branches  was  only 
dimly  perceived.  The  task  that  devolved  upon  the  mathematicians 
who  succeeded  these  pioneers  was  to  make  explicit  this  connection 
and  to  provide  an  instrument  of  research  in  the  shape  of  an  appro- 
priate notation  and  algorithm.  On  p.  125  of  Vol.  III.  Mr  Cantor 
repeats  this  summary,  and  lays  stress  on  the  discovery  of  a  notation 
as  the  condition  for  further  advance,  while  apparently  considering 
as  of  less  importance  the  appreciation  of  the  relation  between  the 
two  branches.  At  any  rate,  throughout  the  analysis  and  discussion 
of  the  writings  of  Newton  and  Leibnitz  it  is  the  presence  or  absence 
of  a  notation  and  an  algorithm,  "  of  a  grammar  of  the  language  " 
that  he  most  frequently  insists  upon. 
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The  predecessorE  of  Newton  and  Leibnitz  had  f^ven  inany 
examples  of  infiDtteBlmal  operations ;  those  of  the  differential 
unlculus  Appeared  for  example  in  the  drawing  of  tangents,  and  in 
the  investigation  of  maxima  and  minima ;  those  of  the  integral 
calculus  in  quadratures,  &c. ;  while  the  inverse  method  of  tangents 
was  closely  related  to  differential  equations.  In  the  beginning  of 
our  study  of  the  Calculus  now-a-days  we  learn  first  the  simpler 
operations  of  differentiation  and  we  usually  (unfortunately)  advance 
pretty  far  in  the  differential  calculus  before  broaching  the  integ^l ; 
but  when  we  do  come  to  integration  we  treat  it  as  the  inverse  of 
differentiation.  Now  this  inverse  character  of  differentiation  and 
integration  had  to  be  seen  before  there  could  be  much  of  an  integral 
calculus ;  in  other  words,  only  thus  could  the  essential  identity  of 
problems  in  the  direct  and  inverse  method  of  tangents  and  in  quad- 
ratures be  perceived.  I  fully  agree  with  Mr  Zeuthen  (Bulletin  de 
I'Acad.  Roy.  de  Daiiemark,  1895,  No.  2)  that  the  recognition  of  this 
inverse  character  is  a  fundamental  condition  for  the  rise  of  the 
Calculus,  as  a  system ;  and  Mr  Cantor,  while  not  forgetful  of  it, 
has  perhaps  laid  too  much  stress  on  the  invention  of  notations  and 
algorithms. 

Again  in  the  development  of  a  calculus  that  was  to  go  much 
beyond  the  earlier  results  there  was  one  essential  instrument,  vie, 
the  binomial  theorem  for  any  index.  Without  this  theorem  and 
the  explicit  use  of  fractional  and  negative  indices  the  algorithm  of 
"rfect  and   a(lv£ 
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of  series  as  forming  for  Newton  an  indispensable  adjunct  to  his 
calculus.  Integrations  in  finite  form  are  important,  but  without 
infinite  series  the  structure  of  the  Calculus,  whether  viewed  theo- 
retically or  practically,  would  be  stripped  of  some  of  its  most 
valuable  features.  In  considering  then  the  contributions  of  Kewton 
and  Leibnitz  to  the  development  of  the  Calculus  we  must  look  not 
merely  at  the  formal  side — the  construction  of  a  notation  and 
algorithm,  but  also  at  the  material — the  discovery  of  the  results 
that  make  it  valuable. 

Mr  Cantor  in  view  of  the  miserable  controversy  about  the  inven- 
tion of  the  Calculus  and  the  influence  on  it  of  the  personal  circum- 
stances of  the  two  great  rivals  narrates  the  story  of  their  life  in 
unusual  detail. "^  In  this  country  we  are  perhaps  more  familiar 
with  the  personal  characteristics  of  Newton  than  with  those  of 
Leibnitz,  f  As  regards  the  latter,  it  is  perhaps  too  often  forgotten 
that  the  study  of  mathematics  was  not  the  principal  pursuit  of  his 
life  and  that  at  what  may  be  called  critical  periods  be  was  often 
overwhelmed  with  duties  of  a  totally  difierent  kind.  Nor  did  he 
owe  much  of  his  mathematical  skill  to  his  University  training  ; 
the  account  of  one  of  his  teachers,  Erhard  Weigel  (pp.  36-7)  is  a 
startling  revelation  of  the  state  of  mathematical  instruction  in  the 
German  Universities  of  the  period.  As  I^eibnitz  himself  says,  he 
was  when  he  came  to  Paris  in  1672  self-taught  in  mathematics  and 
had  only  a  superficial  acquaintance  with  the  higher  branches.  His 
introduction  in  1673  to  Huygens  was  the  turning-point  in  his 
mathematical  career  and  he  always  gratefully  recognised  how  much 
he  owed  him  for  direction  and  stimulus.  I  feel  obliged  to  add  that 
I  think  Leibnitz  possessed  in  a  pretty  high  degree  faults  that  are 
too  often  inherent  in  the  self-made  man  ;  his  self-consciousness  is 
excessive  and  the  self-satisfied  tone  in  which  he  speaks  of  his  achieve- 
ments, though  at  times  amusing,  is  frequently  offensive.  In  this 
respect  he  presents  a  striking  contrast  to  Newton. 

The  writings  of  Newton  that  are  of  most  importance  for  our 
purposes  are  (1)  De  Analyai  per  aequationes  numero  terminorum 
infinitaSy  sent  to  Collins  in  1669  but  first  published  in  1711  ; 
(2)  De  Quadratura  curvarum,  published  in   1704  ;   (3)  MetJwdus 


*  The  statement  on  p.  65  that  the  binomial  theorem  was  engraved  on  Newton's 
tombstone  seems  to  be  a  mistake. 

t  According  to  Mr  Cantor  we  should  write  Leibniz. 
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Flmvionwn  et  SerUrum  infinitartim,  published  in  173G.  Besides 
these  are  three  letters,  one  to  CoUins  in  1672  that  may  be  called 
"  the  tangent  letter  "  and  two  to  Oldenburg  (to  ^be  communicated 
to  T^eibnitz)  tlie  first  dnted  13th  June  1676  and  tlie  second  24th 
October  of  the  same  year.  (1)  was  printed  in  ITIl  in  the  form  in 
which  it  was  sentto  Collins  but  it  was  probably  drawn  up  in  1665-6. 
Whether  (2)  and  (3)  underwent  revision  before  publication  can  not 
be  definitely  decided,  but  it  seems  certain  that  tlie  substance  of  (S) 
dates  back  to  about  1666  and  in  any  case  not  later  than  to  1676 
while  (3)  was  probably  written,  nearly  as  we  have  it,  in  1671.  The 
reasons  urged  on  p.  165  in  favour  of  a  revision  of  (3)  are  not, 
I  think,  well  founded  (see  Mr  Zeuthen  I.e.),  though  Afr  Cantor  is 
on  stronger  ground  when  he  argues  (p.  171)  for  an  addition  later 
than  1673. 

To  what  extont  Collins  made  known  tlie  contents  of  the  De 
Analy$i,  it  seems  difficult  to  determine  ;  the  letters  from  Collins 
printed  in  the  Commercinm  Epielolicvm  contain  several  of  the  series 
and  intimate  that  Newton  has  a  general  method,  applicable  to 
quadratures,  rectifications,  drawings  of  tangents,  Jfc,  hut  they  give 
no  clue  to  what  that  method  is.  James  Gregory  in  replying  (19th 
February  16T1)  to  one  of  Collins's  letters  says  he  thinks  he  knows 
Newton's  general  mctliod  to  Bonie  extent  and  communicates  certain 
series  of  his  own,  among  them  that  for  tan-'r;  Collins  (Slat  February 
1671)  writes  that  Gregory  "  has  very  recently  fallen  upon  the  same 
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also  considered.  *    "Newton  further  remarks  that,  by  assuming  any 
equation  whatever  between  z  and  x,  y  may  be  found  in  the  same 

X 

way  ;  e.g.,  if  z  =  'J{a^  +  a^),  then  y  =  —====  . 

B.  If  the  expression  for  y  is  not  a  simple  sum  of  powers  of  x, 
it  is  expanded  in  series  and  to  each  term  the  general  rule  is  applied. 
To  obtain  the  series,  the  binomial  theorem  (or  rather  divisions  and 
root  extractions)  is  applied  if  y  is  an  explicit  function  of  x)  but 
when  y  is  an  implicit  function  it  is  expanded,  in  ascending  or 
descending  powers  of  a;,  in  the  now  well-known  manner,  and  the 
question  of  convergence  of  series  is  not  passed  over. 

C.  Newton's  principle  of  "  moments  "  is  stated  and  applied  to 
finding  the  length  of  a  circular  arc  ;  this  section  seems  to  me  to  be 
one  that  the  first  readers  of  the  tract  would  find  very  difficult. 

D.  The  number  and  the  importance  of  the  series  obtained  are 
very  striking ;  besides  the  binomial  theorem,  there  are  the  series 
for  sinaj,  coso;,  sin~^a?,  e*,  log(l+a:),  in  fact  all  the  important 
elementtiry  series.  The  expansion  of  y  when  given  as  an  implicit 
function  of  x  and  the  reversion  of  series  are  very  importtmt  methods 
which  are  sketched  in  a  most  instructive  manner. 

In  the  tract  the  general  method  of  measuring  "  the  quantity  of 
curves "  is  professedly  "  briefly  explained  rather  than  accurately 
demonstrated,"  but  the  closing  sections  return  to  the  proofs.  It 
would  be  too  much  to  say  that  they  meet  modern  demands,  but  they 
are  the  work  of  one  thoroughly  imbued  with  the  spirit  of  accuracy 
characteristic  of  the  anqient  geometers. 

It  seems  to  me  beyond  all  question  that  Newton  has  here  made 
a  new  departure ;  the  relation,  as  we  would  say,  of  integration  to 
differentiation  is  clearly  expressed  and  the  method  is  general  because 
it  embraces  problems  which  were  formerly  solved  each  by  its  own 
special  method.  It  is,  as  Mr  Cantor  says,  quite  true  that  there  is 
no  trace  of  the  differentiation  of  products  and  quotients,  nor  is  there 
any  special  notation  ;  but  there  is  a  working  system  such  as  had  not 
yet  appeared,  shedding  a  new  light  on  the  old  problems  and  capable 
of  results  of  the  most  important  kind.  In  fact,  what  we  under- 
stand by  the  "  Calculus  "  has  now  been  discovered,  and  the  whole 


*  Mr  Cantor's  phrase  (p.  151)  "perhaps  also  negative "  is  not  justifiable. 
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style  of  the  arrangement  and  composition  proves  that  Kewton  has 
only  given  a  sample  at  the  stores  in  bis  possession. 

Next  I  should  say  something  of  the  other  two  treatises,  but  as 
regards  the  relation  of  Newton  to  I^ibnitz  these  do  not  occupy  the 
same  position  as  the  first  one.  It  is  important  however  to  notice 
that  they  completely  bear  out  all  the  claims  Newton  puts  forward 
in  the  tangent  letter  and  in  the  letters  to  Oldenburg.  The  Z>e 
Quadralura  is  as  much  a  treatise  on  integration  as  on  what  we  call 
quadrature,  and  is  a  very  thorough  piece  of  work,  containing  as  it 
does  standard  forms  and  groups  of  integrals  which  prove  how  fully 
Newton  had  realised  the  importance  of  his  method  and  the  necessity 
of  having  the  standard  results  at  command.  I  think  Mr  Cantor 
has  dwelt  too  much  on  the  Blips  Newton  occasionally  made  ;  they 
bulk  too  largely  in  the  History.  Mr  Cantor's  admiration  for  New- 
ton's work  is  sincere  and  I  can  hardly  think  he  is  quite  aware  of 
the  impression  hia  frequent  reference  to  the  slip  (for  I  thick  it  is  a 
slip)  regarding  the  relation  of  fluxions  and  increments  will  leave  on 
readers  of  his  book.  Again  his  criticism  (p.  1C5)  of  Newton's  pro- 
cedure in  making  the  fiuxional  equation  homogeneous  seems  to  me 
unreasonable,  nor  I  think  does  MrZeuthen  quite  meet  the  objections. 
It  seems  to  me  from  Newton's  repeated  observations  in  the  Methodus 
fltisnonum,  that  a  fiuxional  equation  is  for  him  simply  meaningless 
unless  it  is  liomogeneous  in  the  fluxions,  exactly  as  Leibnitz  argues 
n  differentials.  There  ia  an  apparent  arbitrariness 
in,  but  tlte  real  meaning  of  the 
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fluxion  of  an  expression  in  the  Methodus  Fliixionum  (Opuscula  I., 
p.  5o).  In  both  cases  he  speaks  of  *'  any  arithmetical  progression 
whatever  " ;  the  meaning  of  this  phrase  is  not  quite  clear  (but  see 
Op.  I.,  61),  though  the  correct  progression  is  used  in  the  example. 
The  peculiar  phrase  noted,  though  making  the  rule  less  clear  and 
even  inaccurate  for  the  particular  example,  may  have  been  used  in 
view  of  the  rest  of  the  letter  in  which  Newton  says  that  the  rule  is 
a  mere  corollary  of  a  general  method,  and  is,  unlike  Hudde's  method 
for  maxima  and  minima,  applicable  even  when  the  equation  contains 
surds,  while  extending  also  to  more  difficult  problems  in  curv^ature, 
areas,  &c.  From  this  letter  I  do  not  think  any  one  could  learn 
more  of  the  method  of  tangents  than  he  might  from  Sluse  or  Hudde ; 
there  is  only  this  other  information  that  Newton  claimed  to  be  able 
to  do  more  than  these  two.  It  is  a  bold  statement  that  '^  in  this 
letter  the  method  of  Fluxions  was  sufficiently  described  to  any 
intelligent  person." 

Reading  the  two  letters  to  Oldenburg  and  the  tangent  letter  in 
the  light  cast  on  them  by  the  De  QuaJratura  and  the  Methodus 
Fluxionuni  one  can  hardly  doubt  that  by  1676  Newton  was  in 
possession  of  his  new  analytical  methods  almost  as  he  left  them. 
With  him  notation  and  algorithm  are  of  very  secondary  import- 
ance, and  it  was  only  after  much  fluctuation  that  he  adopted  the 
notation  he  actually  published ;  the  superiority  of  the  Leibnitzian 
calculus  in  this  respect,  though  denied  by  Newton  and  his  immediate 
successors^  must  be  held  as  proved  by  the  subsequent  development 
of  the  higher  mathematics.  On  the  other  hand  that  development 
owed  much  to  Newton's  work  in  the  field  of  infinite  series  where  he 
was  an  acknowledged  master,  Leibnitz  himself  always  admitting 
Newton's  merits  here  even  when  embittered  by  the  priority  contro- 
versy. It  is  not  easy  to  determine  how  far  Newton  himself  distin- 
guished between  the  method  of  fluxions  and  the  method  of  infinite 
series,   and  it  was  always   a   sore   point  with   Leibnitz   that   the 

• 

English  adherents  of  Newton  turned  the  priority  dispute  on  matters 
of  series  in  which  he  granted  Newton's  priority  and  pre-eminence. 
In  their  own  day  and  for  long  after,  a  distinction  was  recognised, 
though  infinite  series  formed  an  important  element  in  many  applica- 
cations  of  the  calculus  and  were  really  essential  to  its  progress. 
The  restriction  of  the  calculus  to  operations  which  were  effected  on, 
or  resulted  in,  expressions  in  finite  form  is  very  arbitrary ;  but  that 
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some  such  restriction  waa  made  is  implied  in  the  manner  in  which 
writers  of  that  time  spoke  of  the  subject.  Newton,  however,  after 
laying  down  in  clear  terms  the  fundamental  principle  of  the  fonna- 
tion  of  fluxions  and  of  returning  in  the  simpler  cases  from  the 
fluxions  to  the  fluents  proceeds  to  apply  that  principle  by  a  syste- 
matic use  of  infinite  series,  but  is  also  on  the  watch  for  closed 
expressions  as  particular  cases.  The  integration,  as  we  would  now 
say,  of  the  binomial  diflerential  (stated  in  the  2nd  letter  to  Olden- 
burg and  proved  in  the  De  Quadratura)  is  a  remarkable  instance. 

Whether  Newton  fully  realised  the  importance  of  hia  work  on 
fluxions  and  series  before  the  brilliant  results  of  Leibnitz  and  the 
two  Bemoullis  showed  the  importance  of  the  method,  can  not  be 
definitely  settled  ;  that  he  valued  it  liighly  is  clear  from  the  letters 
to  Collins  and  Oldenburg,  but  it  would  almost  seem  aa  if  the 
enormous  labour  he  bestowed  on  series  had  produced  a  sort  of 
reaction.  This  feeling  comes  out  in  the  two  letters  to  Oldenburg 
and  still  more  strongly  in  his  communications  with  Wallis,  where  he 
spoke  of  himself,  Wallis  says,  as  harum  rerum  ]>erlaesue,  leaving  to 
others  who  might  have  the  leisure  and  the  will  an  open  tield  in 
which  to  exercise  themselves.  (Letter  to  Leibnitz,  January  16th, 
1699.)  His  aversion  to  controversy  prevented  him  from  publishing 
an  account  of  his  methods,  as  he  had  intended  to  do,  in  1G71  ;  bst 
no  one,  I  suppose,  will  question  that  his  method  of  fluxions  is 
essentially  the  same  as  the  diflerential  method  of  Leibnitz  and  that 
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prominent  place  in  his  conceptions  and,  as  he  wrote  at  a  later  date 
(1693),  only  repeating  a  remark  found  in  a  manuscript  dated  26th 
March  1676,  ''one  part  of  the  secret  oi  analysis  consists  in  the 
characteristic,  that  is  to  say  in  the  art  of  employing  well  the 
symbols  we  use."  His  earliest  work  was  in  the  theory  of  com- 
binations and  a  little  later  he  is  found  working  at  numerical 
series.  Early  in  1673  he  visited  London  but  did  not  on  this 
occasion,  it  would  seem,  make  the  acquaintance  of  Collins.  When 
in  London  he  met  the  mathematician  Pell  and  in  the  course  of 
conversation  mentioned  a  method  he  had  of  treating  series,  which 
he  called  the  method  of  "  generating  differences  "  ;  but  Pell  pointed 
out  that  it  was  already  known.  On  getting  the  book  by  Mouton 
which  Pell  referred  to,  Leibnitz  found  the  correctness  of  Pell's  state- 
ment. In  order  however  to  clear  himself  from  any  possible  charge 
of  plagiarism  he  addressed  a  formal  letter  to  Oldenburg  explaining 
how  he  had  come  upon  his  own  method  and  pointing  out  that  he 
went  further  than  Mouton.  This  incident  was  afterwards  adduced 
in  proof  of  Leibnitz's  plagiarising  propensities,  though  I  hardly 
think  with  reason.  At  a  later  period  Leibnitz  always  declared  that 
his  studies  in  the  method  of  generating  differences  gave  him  a  clue 
to  his  differential  method. 

In  London  he  got  Mercator's  Logarithmotechnia  (published  in 
1668)  and  the  study  of  this  work  and  of  other  works  recommended 
to  him  by  Huygens  led  him  to  what  he  calls  a  general  method  of 
transformation  by  means  of  which  any  given  figure  is  "  transmuted  " 
into  an  equivalent  one  involving  an  equation  of  no  higher  degree  at 
most  than  the  third.  I  cannot  say  I  think  he  has  proved  what  he 
claims  for  this  method  of  "  transmutation "  (as  he  calls  it)  but  at 
any  rate  it  enabled  him  to  find  series  for  the  areas  of  sectors  of 
central  conies.  One  of  these  series  is  the  same  as  Gregory's  series, 
and  here  again  a  charge  of  plagiarism  has  been  made.  But  Leibnitz's 
mode  of  proof  is  that  of  Mercator  rather  than  that  of  Newton  and 
a  letter  of  Huygens  shows  that  Leibnitz  sent  him  the  series  (for  7r/4) 
before  he  had  any  means,  so  far  as  we  know,  of  seeing  Gregory's 
series.  Such  coincidences  are  very  unfortunate  for  Leibnitz  in  view 
of  the  later  dispute,  but  Mr  Cantor's  discussion  proves,  it  seems  to 
me,  Leibnitz's  honesty  in  the  two  cases. 

The  most  important  part  of  Leibnitz's  mathematical  studies 
during  his  residence  in  Paris  from  1673  to  1676  consists  in  his 
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researches  on  the  borderlands  of  the  catcnlun.  Since  the  most  con- 
vincing proofs  of  Leibnitz's  independence  are  the  contents  of  his 
notelxKiks  of  this  period,  it  is  a  painful  but  a  necessaiy  duty  to  state 
that  a  falsification  of  date  has  been  detected  in  one  of  his  MSS., 
1675  being  altered  to  1G73.  Mr  Cantor,  with  his  usual  fairness, 
mentions  this  (p.  1T6)  and  assumes  that  it  is  the  act  of  Leibnitz 
himself.  At  the  same  time  I  think  the  conclusions  he  draws  are 
sound  ;  — ( I )  that  the  detection  of  one  falsification  would  induce  a 
careful  scrutiny  of  the  other  dates  and  as  no  further  tampering  has 
been  noticed  we  may  conclude  that  the  other  dates  are  genuine ; 
and  (2)  that  the  date  of  1675  is  definitely  established. 

Assuming  then  the  genuineness  of  these  MSS.,  I  think  we  may 
iiold  it  as  proved  that  before  he  had  any  information  regai-ding 
Newton's  methods  and  before  his  second  visit  to  London  in  1670 
Leibnitz  was  already  on  the  tracks  of  his  general  method.  It  may 
l>e  noted  in  passing  that  the  procedure  of  the  earlier  analysts  for 
drawing  a  tangent  lay  in  finding  the  subtangent.  The  right-angled 
triangle  formed  by  an  infitiite^imal  arc  and  the  difierences  of  the 
abscissae  and  of  the  ordinates  of  the  ends  of  the  arc  is  called  by 
Leibnitz  "  the  characteristic  triangle  "  and  is  fundamental  with  him  ; 
it  is  obviously  similar  to  the  triangle  formed  by  tangent,  subtangent 
and  ordinate.  Whether  he  got  the  idea  of  this  triangle  from  his 
study  of  Pascal  (as  he  always  maintained)  or  from  Barrow,  does 
not  much   matter— except  as  another  instance    of   his  duplicity  ; 
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tangents  provided  their  differences  are  known"  (MS.  of  date 
26th  June  1676).  In  a  MS.  of  the  following  July  the  solution  of 
De  Beaunc's  problem  is  found. 

It  seems  to  me  characteristic  of  these  MSS.  that  the  results  are 
usually  got  by  beginning  with  known  problems,  solved  or  unsolved. 

Leibnitz  then  may  fairly  be  said  to  have  laid  the  foundations  of 
his  calculus ;  I  do  not  think  however  he  had  gone  very  far  in  the 
actual  development  of  it.  Further,  I  do  not  think  that  anything 
in  the  MSS.  referred  to  above  could  be  due  directly  to  any  com- 
munications from  Oldenburg  or  Tschirnhaus  :  I  accept  Mr  Cantor's 
conclusions  on  this  point. 

We  now  come  to  Newton  s  first  letter,  sent  off*  by  Oldenburg  on 
26th  July  1676.  Along  with  this  was  sent  a  reaumi  oi  the  tangent 
letter  which  did  not  contain  the  example  but  stated  Newton's  claims 
for  his  general  method,  in  particular  that  it  did  not  stick  at  surds. 
Newton's  first  letter  contained  the  binomial  theorem  and  the  state- 
ment of  the  use  of  fractional  and  negative  indices ;  the  method  of 
expanding  implicit  functions ;  several  of  the  series  of  the  De  Ancdysi : 
and  several  examples  of  quadratures  and  rectifications  by  series. 

I  do  not  think  Mr  Cantor  has  given  due  weight  to  the  help  this 
letter  might  have  given  to  Leibnitz ;  so  far  as  I  can  judge  his 
algorithm  made  little  progress  till  he  became  familiar  with  the 
binomial  theorem  and  was  sure  of  his  fractional  and  negative  indices. 
His  efforts  to  secure  expressions  in  finite  form,  which  Mr  Cantor 
thinks  characteristic  pf  Leibnitz,  could  have  but  little  success 
without  such  instruments.  And  further,  Leibnitz's  characteristic 
of  working  from  given  problems  was  provided  with  a  splendid  field 
to  exercise  in. 

To  this  letter  Leibnitz  replies  on  the  27th  of  August.  He  first 
explains  his  method  of  transmutation — not  a  lucid  exposition  by 
any  means.  He  then  proceeds  to  give  series  which  occur  in  Newton's 
letter  and  seems  to  claim  that  he  had  found  them  for  himself. 
Towards  the  end  he  mentions  that  he  has  lately  solved  De  Beaune's 
problem — which  passed  the  skill  of  Descartes  but  which  he  had 
solved  within  an  hour  by  the  help  of  a  certain  analysis.  He  adds 
however  that  in  this  field  he  has  not  yet  effected  much,  though  he 
knows  it  to  be  of  the  greatest  moment. 

In  the  letter  his  symbols  do  not  carry  their  signs  with  them, 
and  indeed  for  several  years  he  did  not  grasp  the  generality  of 
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method  which  Newton  in  his  reply  shows  him  is  to  be  gained  by 
letting  the  symbols  inclnde  the  signs.  But  what  are  we  to  say 
about  the  aeries  which  he  seems  'to  claim  as  having  also  been 
discovered  by  himself  and  of  which  he  gives  no  proofs  If  he  did 
discover  them  for  himself,  I  cannot  but  think  he  was  enabled  to  do 
it  by  means  of  the  theorems  Newton  had  given  (without  proof,  as 
Mr  Cantor  insists)  in  the  letter  to  which  Leibnitz  was  replying.  If 
he  did  thus  discover  them,  he  gives  a  strong  proof  of  his  ability  to 
profit  by  comparatively  obscure  suggestions  and  at  the  same  time 
discloses  an  unfavourable  feature  of  his  character  in  not  saying  that 
such  was  the  origin  of  them.  As  Newton  referred  to  this  matter  in 
his  next  letter,  in  somewhat  reproachful  terms,  it  was  incumbent  on 
Leibnitz  to  put  him  right  on  his  method  of  procedure. 

However  that  point  may  be  settled,  Newton  was  evidently 
greatly  pleased  with  Leibnitz's  communication  and  drew  up,  under 
date  24th  October  1G76,  a  very  long  letter  in  reply,  but  when  the 
reply  reached  Leibnitz  has  been  subject  of  dispute.  In  the  end  of 
October  he  was  in  London  for  about  a  week  and  it  is  probable  that 
on  this  visit  he  saw  at  Collins's  the  MS.  of  the  Oe  Ana/ysi  and  made 
those  extracts  from  it  that  are  now  amoughisdocuments  in  the  Royal 
Library  at  Hanover.  That  he  should  have  seen  at  Collins's  a  letter 
addressed  to  himself,  under  cover  to  Oldenburg,  and  not  have  taken 
possession  of  it  seems  quite  incredible  and  until  tliere  is  evidence  to 
the  contrary  I  think  we  must  assume  that  he  got  his  first  acquaints 
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to  reply  on  the  day  he  received  it.  Unfortunately  the  word  hodie 
on  Leibnitz's  own  draft  (a  genuine  hodie,  not  of  later  insertion)  was 
omitted,  through  some  unexplained  cause,  on  the  copy  that  was 
current  in  England,  and  Mr  Cantor  dwells  at  great  length  on  the 
probable  effects  of  the  omission. 

In  his  answer  Leibnitz  makes  his  first  open  use  of  his  differential 
notation  and  shows  by  examples  that  he  is  in  possession  of  a  method 
of  tangents  that  does  not  stick  at  surds.  The  actual  calculations 
are  however  affected  with  blunders  in  differentiating  the  surds  that 
can  hardly  be  set  down  as  slips  of  the  pen,  though  the  preliminary 
explanations  of  obtaining  tangents  by  differences  are  quite  clear ;  the 
underlying  princi[^e  was  indeed  quite  common  property  by  this  time 
and  the  really  new  application  was  to  surd  quantities.  Newton  had 
claimed  that  he  had  surds  in  his  power  and  Leibnitz  wanted  to  show 
that  he  also  had  a  method  that  did  not  stick  at  surds.  Mr  Zeuthen 
has  an  ingenious  theory  that  Leibnitz  owed  his  solution  to  a  gene- 
ralisation of  the  solitary  example  that  occurs  in  the  De  AncUyai, 

X 

namely  that   if  «=  >y(a'  +  a^),  y=         — -^ ,     If  this  be  correct, 

then  Leibnitz  had  a  marvellous  power  of  profiting  by  suggestions, 
but  I  hardly  think  that  this  theory  is  sufficient.  It  is  perfectly 
clear  in  any  case  that  Leibnitz  had  very  little  command  over  frac- 
tional indices ;  he  still  used  the  old  notation  for  roots  of  quantities  ; 
and  there  can  be  little  doubt,  as  Mr  Cantor  supposes,  that  he 
thought  d{  ^x)  =  dxln(  ^x)  without  seeing  that  this  contradicts  the 
rule  he  had  previously  given,  namely,  d(x^)  =  zxi^^dx.  But  the 
mistakes  in  differentiating,  which  must  soon  have  been  discovered 
and  actually  were  so,  hardly  affect  the  principle  of  the  method, 
which  is  that  the  differential  dx  must  come  outside  the  root.  Now 
Leibnitz  himself  in  a  letter  to  de  I'Hospital  (of  a  much  later  date, 
it  is  true,  27th  December  1694)  expressly  says  in  explaining  the 
origin  of  his  calculus,  that  "  he  saw  that  the  differential  quantities 
would  necessarily  come  outside  the  fraction  or  vinculum  " ;  and  com- 
.  paring  this  statement  with  C  (above)  I  am  disposed  to  believe  that 
he  had  guessed,  even  before  seeing  the  De  Analysi,  that  his  method 
would  extend  to  surds.  He  had,  as  I  believe,  worked,  up  till  this 
period,  very  little  with  the  more  complex  surd  expressions  ;  but  he 
may  well  have  reached  the  fundamental  principle,  either  by  substi- 
tution as  in  the  letter,  or  by  direct  use  of  the  binomial  theorem.    It 
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IB  perhaps  worth  noting  that  Eeill,  in  bis  letter  to  Sloaae,  insiBts 
on  the  help  Leibnitz  got  from  the  binomial  theorein  for  the  exten- 
sion of  his  results  beyond  those  of  Sluse  and  uses  the  same  expression 
as  is  found  in  the  letter  to  de  I'Hospit«l,  nanieljr,  "  where  we  see 

that  the  differential  qnantity  — cbaf-'dx  always  remains  outside  the 

vinculum  " ;  I  fancy  it  was  this  property  that  first  struck  Newton 
himself. 

Leibnitz  does  not  refer  in  this  correspondence  to  hie  having  seen 
the  De  AtuUyai  when  in  Xiondon,  and  Mr  Cantor  very  justly  censures 
his  silence,  while  trying  at  the  same  time  to  explain  it.  His  con- 
tinned  silence  cannot  but  rouse  suspicion  and  though  his  future 
frequent  appeals  to  Newton  to  publish  his  general  method  induce 
one  to  believe  that  he  was  not  conscious  of  making  any  unfair  use 
of  the  lights  he  had  obtained  from  Newton,  it  is  not  altogether 
unreasonable  that  suspicions  should  so  long  have  been  entertained 

Newton  sent  no  reply  to  this  letter  of  Leibnitz,  and  henceforward 
they  work  apart.  Up  to  this  point  Leibnitz  has  shown  great  capa- 
city and  has,  I  think,  given  ample  proof  that  the  seeds  of  his  new 
calculus  are  germinating  in  his  mind  and  that  he  has,  independently 
of  Newton,  got  upon  the  right  track.  But  he  is  a  mere  tyro  as 
compared  with  Newton,  and  has  given  very  little  of  actual  mathe- 
matical results  for  the  rich  fund  that  Newton  supplied.     How  the 
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calculi  genua.  The  differential  dx  is  not  defined  as  an  infinitesimal, 
but  is  arbitrary  and  such  that  dyjdx  expresses  the  ratio  of  the  ordi- 
nate of  a  curve  to  the  subtangent.  Rules  are  stated  but  not  proved 
for  the  differentiation  of  constants,  sums,  products,  quotients,  powers, 
roots ;  he  uses  substitutions  for  complex  expressions ;  and  he  men- 
tions a  test  for  maxima  and  minima.  It  is  clear  that  the  paper 
excited  considerable  attention,  as  in  a  work '"'  published  at  London 
in  1685  by  John  Craig,  a  Scotchman  resident  at  Cambridge,  the 
method  of  Leibnitz  is  approvingly  referred  to  and  used.  In  1686 
Leibnitz  has  another  paper  in  the  Acta^  entitled  De  geometria 
rec&ndita  et  ancUysi  indivisibUium  cUque  infinitorum^  and  liere  the 
integral  sign  appears  for  the  first  time  in  print.    It  is  perhaps  worth 

f        dx 
noticing  that  he  gives  the  equation  y=  J(2x''a^)+  I -77^ ~^ 

which  occurs  in  the  De  Analyst^  and  adds  "  this  equation  perfectly 
expresses  the  relation  between  the  ordinate  y  and  the  abscissa  x^ 
and  from  it  all  the  properties  of  the  cycloid  may  be  proved ;  and  in 
this  way  the  analytical  calculus  is  carried  forward  to  those  lines 
which  have  hitherto  been  excluded  for  no  other  reason  than  that 
they  were  believed  unsuited  for  it."  It  is  not  unfair  to  conclude 
that  he  may  have  been  indebted  in  the  same  way  to  other  results  of 
Newton  for  the  illustration  of  his  calculus ;  not  that  there  is  any- 
thing to  complain  of  in  this,  but  it  does  show  that  he  is  not  so 
independent  of  Newton  as  he  seems  to  make  out. 

He  also  introduces  in  this  article  his  distinction  between  trans- 
cendent and  algebraical  quantities  and  points  out  that  his  calculus 
is  also  applicable  to  the  former,  the  equation  just  cited  being  an 
illustration. 

A  historical  summary  that  Leibnitz  gives  is  noteworthy  because 
of  the  language  of  hearty  commendation  in  which  he  speaks  of 
Newton  and  of  what  Newton  has  "  excogitated  " ;  he  believes  that 
if  Newton  would  only  publish  what  he  has  by  him  he  would  without 
doubt  open  up  new  avenues  to  the  great  advance  of  science. 

In  1687  appeared  the  Principia,  That  Newton  made  no  explicit 
use  of  fluxions  in  this  work  is,  to  my  mind,  sufficiently  explained  by 
the  reasons  usually  advanced ;  but  of  more  importance  for  present 


*  Id  this  work,  Meihodus  figurarum    .    .    .    quadraturaa  dcterminandif  the 
binomial  theorem  appeared  in  print  for  the  first  time. 
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purposes  is  the  celebrated  scholium  in  which  Newton  states  that  in 
letters  which  passed  between  him  and  Leibnitz  ten  years  before,  he 
had  mentioned  that  he  was  in  possession  of  a  general  method  for 
tangents,  ttc,  which  did  not  stick  at  surds  but  had  concealed  it 
under  an  anagram,  and  that  Leibnitz  in  reply  had  said  he  too  hftd 
fallen  upon  a  method  of  that  kind  and  communicated  it,  the  method 
of  Leibnitz  hardly  differing  from  his  own  except  in  the  form  of 
words  and  notations.  The  plain  meaning  of  this  declaration  in 
my  opinion  is,  that  at  the  time  of  writing  the  Principia  Newton 
believed  he  had  concealed  the  principle  of  his  method  by  means  of 
the  anagram,  and  that  Leibnitz  had  hit  upon  his  in  some  other  way. 
In  the  second  edition  of  the  Principia  (1713)  another  difierence  in 
the  methods  is  noted,  namely,  "the  idea  of  the  generation  of 
quantities " ;  whether  tliis  addition  was  due  to  Cotes  or  Newton 
can  not  be  decided ;  its  importance  can  not  be  questioned.  But  in 
the  third  edition  (1726),  when  Leibnitz  was  dead  and  the  dispute 
for  the  time  dying  away,  the  scholium  was  completely  altered; 
Leibnitz's  name  was  omitted  and  the  tangent  letter  to  Collins  took 
the  place  of  the  former  correspondence. 

Mr  Cantor  considers  the  scholium  of  the  first  two  editions  as 
admission  by  Newton  of  I^eibnitz's  independence,  and  I  do  not 
myself  see  in  what  other  light  it  can  be  read ;  the  contention  of  the 
Rec.nsio  does  not  seem  to  nie  to  touch  the  point  in  dispute.  Newton 
afterwards  believed  that  Ijeibnitz  had  practically  appropriat«d  his 
;  but  that  latur  belief,  w  hetLuf  well   or  ill   founded,  J 
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the  leading  ideas  of  his  fluxional  method,  and  here  for  the  first  time 
the  fluxional  notation  appears  in  print.  On  seeing  these  letters 
John  Bernoulli  concluded,  as  he  wrote  to  Leibnitz,  that  Newton*s 
method,  as  mentioned  in  the  Principia^  does  not  really  differ  from 
that  of  Leibnitz  and  suggests  that  Newton  may  have  constructed 
his  calculus  after  seeing  that  of  Leibnitz.  Leibnitz  puts  him  right 
on  the  matter,  but  the  letter  shows  that  Bernoulli  had  put  the 
natural  interpretation  on  the  scholium. 

The  first  public  charge  against  Leibnitz  in  reference  to  the 
calculus  was  made  by  Nicolas  Fatio  de  Duillier  in  a  tract  Lineae 
brevissimi  descensus  investigation  published  in  1699  under  the  sanc- 
tion of  the  Royal  Society.  Fatio  asserts  that  Newton  had  discovered 
the  calculus  many  years  before  Leibnitz ;  '*  nor  will  the  silence  of 
the  more  modest  Newton  or  the  arrogance  of  Leibnitz,  who  every- 
where attributes  the  discovery  of  this  calculus  to  himself,  deceive 
any  who  have  gone  through  those  documents  which  I  myself  have 
turned  over."  Fatio  probably  refers  to  the  Oldenburg  letters,  but 
where  he  saw  them  we  do  not  know. 

Leibnitz  was  naturally  incensed  at  the  accusation,  especially  as 
it  seemed  to  bear  the  mark  of  the  approval  of  the  Royal  Society, 
and  he  applied  to  Wallis  to  help  him  in  the  matter.  (Wallis's 
correspondence  with  Leibnitz  was  always  of  the  most  friendly 
character,  though  he  was  neither  nostras  nor  apud  nos.)  Wallis 
answered  that  he  had  seen  but  not  read  Fatio's  book,  and  that  he 
disapproved  of  the  attack  whether  it  proceeded  from  Fatio  or  any 
one  else.  The  approval  of  the  Royal  Society  was  due  to  an  over- 
sight, as  would  be  seen  from  the  accompanying  letter  of  Sloane,  the 
Secretary.  Leibnitz  then  publicly  replies  to  Fatio's  charges  in  the 
Acta,  for  May  1700,  and  in  the  course  of  his  answer  appeals  to  the 
Principia  as  proof  that  Newton  himself  recognised  his  independence. 

That  Newton  should  not  have  known  of  this  attack,  in  which 
the  Secretary  of  the  Royal  Society  had  to  intervene,  is  all  but 
incredible ;  the  reasons  for  his  silence  can  only  be  guessed  at.  In 
the  letters  to  Wallis  and  in  the  preface  to  the  De  Quadraturay 
published  in  1704,  that  is  on  occasions  both  before  and  after  Fatio's 
impeachment  of  Leibnitz  when  the  opportunity  of  referring  to  the 
new  calculus  which  was  being  cultivated  so  assiduously  on  the  Con- 
tinent presented  itself,  he  acts  as  if  for  him  that  calculus  did  not 
exist.     In  spite  of  the  provocation  he  had  received  by  Leibnitz's 


nrtido  in  the  Ada  for  1C89,  Teniamen  de  molwum  eoeU»lium  cotuw, 
the  tone  of  his  letter  to  Leibnitz  in  October  1693  in  extremely 
friendly.  Whether  he  sympathised  with  Fatio  in  his  attack  or  not, 
it  ifi  impoEsible  definitely  to  say.  Up  till  this  time  his  conduct  seems 
to  me  beyond  reproach,  and  seeing  that  he  set  such  great  store  by 
his  method  of  fluxions  as  to  secure  his  claims  to  the  discovery  by 
enshrining  its  leading  principles  in  the  anagrams  of  the  Oldenburg 
letters  as  well  as  in  the  scholium  of  the  Prineipia,  it  remains  a 
mystery  why  he  did  not  step  forward  after  the  publication  of 
Leibnitz's  reply  to  Fatio.  The  article  of  1689,  referred  to  above, 
may  possibly  have  aroused  his  suspicions  (though  the  letter  of  1693 
is  rather  against  that  hypothesis)  and  he  may  not  have  felt  so  sure 
of  Leibnitz's  straiglitforwardness  as  to  give  a  favourable  answer  to 
his  appeal,  while  his  known  dislike  of  controversy  would  restrain 
him  from  pushing  his  own  claims.  By  his  silence  however  he  put 
himself,  I  think,  in  an  unfavourable  position  for  bringing  home  to 
Leibnitz  at  any  later  time  a  charge  of  unwarranted  borrowing. 

If  Leibnitz  felt  hurt  at  Newton's  silence,  he  took  a  veiy 
dishonourable  form  of  revenge  by  referring  as  he  did  to  Newton  in 
his  review  in  the  Acta  for  January  1705  of  the  De  Quadratura; 
however  much  ^grieved  he  may  have  been,  and  I  think  he  had 
good  grounds  for  complaint,  at  Newton's  silence  in  the  aSair  of 
Fatio,  he  only  demeaned  himself  by  speaking  as  lie  did  of  Newton. 
Tlie  general  tone  of  the  article  is  favourable  enough,  though  through- 
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In  seeking  to  explain,  though  not  to  justify,  the  review,  Mr  Cantor 
says  all  in  Leibnitz's  favour  that  can  be  said  and  his  plea  is  not 
without  weight;  Leibnitz  wished  to  make  Newton  speak  out  by 
making  him  feel  how  keenly  a  man  suffers  under  an  unjust  reproach. 
This  at  any  rate  is  the  best  that  can  be  said  for  liim,  whatever 
weight  we  may  attach  to  it. 

From  this  review,  which  Newton  does  not  seem  to  have  heard 
of  at  the  time  of  its  appearance,  sprang  the  bitter  controversy, 
though  the  immediate  occasion  was  given  by  John  Keill,  Professor 
of  Astronomy  at  Oxford,  who  in  an  article  in  the  Phil,  Trans, 
Vol.  XXVI.  issued  in  1710)  inserted  a  sentence  to  the  effect  that 
Newton  was  the  first  inventor  of  the  arithmetic  of  fluxions,  which 
Leibnitz  had  later,  with  a  mere  change  of  name  and  notations, 
published  in  the  Acta  Ertiditorum, 

Leibnitz  as  Fellow  of  the  Society  received  his  copy  of  the  Phil, 
TnvM,  when  at  Berlin  in  1711,  and  immediately  wrote  to  Sloane 
demanding  that  Keill  should  withdraw  his  imputations.  On  the 
22nd  March  1711,  at  a  meeting  of  the  Royal  Society,  with  Newton 
in  the  chair,  a  part  of  the  letter  was  read.  Newton  was  at  first 
displeased  with  KeilFs  action,  but  at  a  meeting  held  a  fortnight 
later  Keill  directed  Newton's  attention  to  the  unfair  account  of 
the  De  Quadratura  in  the  Acta  for  1705,  and  Newton  thereupon 
explained  how  the  matter  stood,  giving  the  time  of  his  own  earliest 
researches.  Keill  was  then  requested  to  draw  up  a  statement  on 
the  matters  in  dispute.  At  the  sitting  of  12th  April  Newton 
referred  to  his  letters  to  Collins ;  and  Keill,  who  was  present,  was 
again  asked  to  investigate  the  matter  and  defend  the  President's 
rights.  Finally  on  the  24th  of  May  Keill's  answer  was  read,  and 
on  the  31st  Sloane  was  instructed  to  forward  Keill's  defence  to 
Leibnitz. 

KeilFs  letter  is  addressed  to  Sloane.  He  begins  by  saying  that 
he  does  not  wish  to  deny  to  Leibnitz  anything  that  is  justly  his, 
and  he  did  not  mean  that  Leibnitz  knew  of  Newton's  name  and 
notations  for  his  calculus  ;  but  he  undertakes  to  prove  that  Newton 
was  the  first  inventor,  and  that  in  his  letters  to  Oldenburg  and 
through  him  to  Leibnitz,  he  had  given  such  clear  indications  that  a 
man  of  ordinary  sagacity  could  not  fail  to  deduce  Newton's  method. 
The  review  in  the  Acta  is  alleged  to  be  the  reason  for  Keill's  action ; 
for  if  it  were  right  for  the  Leipzigers  to  credit  to  Leibnitz  the 


diBcoveries  made  b;  others,  the  British  (Eeilt  was  Scotch  !)  might 
fairl;  demand  bock  what  had  beeo  taken  from  Newton. 

I  think  Keili'8  letter  is  a  much  abler  impeachment  of  Leibnita 
than  Mr  Cantor  admits.  That  Newton  is  the  first  inventor,  Mr 
Cantor  himself  allows ;  and  it  seems  to  me  that  Keill  seizes  with 
remarkable  skill  on  the  portions  of  the  letters  from  which  Leibnitz 
might  profit.  But  what  Keill  refuses  to  see  is  that  only  a  man  far 
advanced  on  the  way  to  a  calculus  could  avail  himself  of  Newton's 
communications  as  Leibnitz  might  have  done  ;  unless  Leibnitz  had 
previously  discovered  the  fundamental  features  of  the  calculus,  the 
information  given  hy  Newton  would  not  have  borne  the  fruit  Keill 
supposed  it  to  do. 

How  far  Eeill's  ignorance  of  the  fact  that  Newton's  second 
lettor  was  answered  immediately  after  its  receipt  is  to  be  held 
accountable  for  the  firm  position  he  takes  up  is  difficult  to  decide. 
If  this  ignorance  be  so  important  as  Mr  Cantor  thinks,  then  it  must 
count  for  a  good  deal  in  the  judgment  we  form  as  to  the  bitter 
feelings  that  Newton  and  his  supptorters  entertained.  Aa  regards 
the  later  developments  it  should  be  noted  that  Newton  in  bia  letter 
to  Conti  of  February  36th,  171G,  expressly  deduces  from  a  remark 
in  the  first  letter  of  Leibnitz  to  Conti  the  conclusion  that  Leibnitz 
hod  seen  the  second  lettor  at  Collins's.  However  improbable  it  is 
that  Leibnitz  then  saw  the  letter,  he  gives  no  contradiction  to 
Newton's  assertion  ;  though  in  justice  to  Leibnitz  it  should  be 
added  that  he  refused  to  discuss  the  details  of  letters  till  he  had 
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apparently  declined  to  take  action.  On  the  6th  of  March  the 
Society,  "since  Leibnitz  had  appealed  from  Keill  as  homine  novo 
to  the  Society  itself,"  ordered  that  the  older  documents  should  be 
consulted,  and  appointed  certain  Fellows,  who  seemed  more  com- 
petent to  examine  them,  to  inquire  into  the  matter  and  to  report 
what  they  found  in  the  old  writings,  along  with  their  opinion."  At 
first  the  Committee  consisted  of  Arbuthnot,  Hill,  Halley,  Jones, 
Machin  and  Burnet,  but  later  Bobartes,  Bouet  (the  Prussian 
minister),  De  Moivre,  Aston  and  Brook  Taylor  were  added. 

Mr  Cantor  discusses  the  composition  of  the  Committee  and 
recognises  the  competence  of  Halley,  Machin,  and  Jones ;  also  of 
De  Moivre  and  Brook  Taylor,  but  as  they  were  only  chosen  a  week 
before  the  Report  was  submitted,  he  considers  their  presence  as 
merely  ornamental.  There  is  no  evidence,  he  thinks,  that  the 
others  were  fit  to  judge  in  the  case.  *  It  is,  by  the  way,  only  by 
straining  the  meaning  of  the  words  that  the  Committee  can  be 
described  as  composed  of  "  gentlemen  of  various  nations,"  as  Newton 
maintained  it  was. 

On  April  24th  the  Report  was  submitted.  Its  main  points 
are : — I.  Leibnitz's  visits  to  London  and  correspondence  with 
Collins ;  Collins's  liberality  in  communicating  what  he  had  from 
Newton  and  Gregory.  II.  Leibnitz's  appropriation  of  Mouton's 
differential  method  and  the  want  of  evidence  that  he  had  any  other 
before  his  letter  of  21st  June  1677,  a  year  after  the  tangent  letter 
had  been  sent  to  Paris  to  be  communicated  to  him,  "  in  which  letter 
the  method  of  fluxions  was  sufficiently  described  to  any  intelligent 
person."  III.  Evidence  that  Newton  had  invented  his  method 
before  1669.  IV.  The  differential  method  is  one  and  the  same 
with  the  method  of  fluxions,  excepting  the  name  and  mode  of 
notation ;  the  attribution  to  Leibnitz  of  the  calculus  was  due  to 
ignorance  of  the  correspondence  with  Collins  and  Oldenburg.  The 
Committee  reckon  that  Newton  was  the  first  inventor,  and  Keill, 
in  asserting  the  same,  had  been  no  ways  injurious  to  Leibnitz ; 
and  they  recommend  the  publication  of  documents,  f 

*  De  Moigan  says  Burnet  was  a  son  of  the  Bishop  and  a  pupil  of  John  Craig 
(Phil  Mag,  [4  S]  IV.,  p.  325,  Notef  (1862). 

t  Mr  Cantor  has  misunderstood  the  last  clause  of  the  Latin  version  of  the 
Report ;  it  obviously  means,  *'a8  also  whatever  else  fit  for  elucidating  this  history 
might  occur  in  the  A.E.'* 
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The  Society  accepted  the  recommendation  and  undertook  the 
cost  of  publication,  though  it  did  not  formally  assent  to  the  judg- 
ment of  the  Committee.  The  collection  of  documents,  now  known 
aa  the  Commercium  EpUtolicum,  was  sent  in  name  of  the  Society  to 
mathematicians  in  various  countries,  and,  lat«r  on,  25  copies  were 
directed  to  be  sent  to  a  bookseller  in  Holland,  to  be  disposed  of 
by  him  for  behoof  of  the  Society.  The  Society  apparently  took  no 
special  pains  to  let  Leibnitz  hare  a  copy  without  delay. 

The  most  important  documents  in  the  book  are  : — The  Dt 
Analt/»i ;  letters  between  Newton  and  Collins,  between  Collins, 
Gregory  and  other  mathematicians,  between  Newton,  Oldenbuig 
and  Iieibnitz,  between  Wallis  and  Leibnitz ;  extracts  from  Fatio's 
Liii«M  hrev.  dese.,  from  the  review  of  the  De  QwtdreUwra;  the 
letters  between  Leibnitz  and  Sloane,  between  Keill  and  Sloans; 
and  finally  the  Report  of  the  Committee,  in  the  original  English 
and  in  a  Latin  translation  where  "  to  any  intelligent  person " 
appears  as  "  idoneo  fuirum  rerum  cognUori."  The  original  English 
is  probably  the  rashest  assertion  ever  made  on  a  mathematical 
subject,  and  the  lAtin  version  is  certainly  needed  to  interpret  it. 
Apparently  the  Committee  attributed  more  to  the  intelligence  of 
the  English  readers  of  the  Report  than  they  did  to  that  of  the 
foreign  mathematicians. 

It  would  be  too  much  to  expect  that  the  Committee  should  not 
have  strong  leanings  in  favour  of  Newton,  and  hod  they  confined 
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Leibnitz,  are  not,  I  think,  unjust ;  but  to  any  one  reading  the 
book,  the  cumulatiTe  impression  of  the  notes  and  comments  on  the 
work  of  a  man  who,  it  must  be  remembered,  had  had  no  chance  of 
giving  his  own  version,  would  be  all  but  certainly  one  of  his  com- 
plete depravity. 

It  is  difficult  to  make  out  who  actually  drew  up  the  foot-notes 
and  the  connecting  narrative,  for  the  original  English  Report  only 
speaks  of  Extracts  from  Letters  and  Papers  as  being  presented 
to  the  Society ;  Halley,  Jones  and  Machin  seem  to  have  acted  as 
editors  of  the  Commerciumy  but  the  book  was  ordered  to  be 
delivered  to  each  member  of  Committee  to  examine  it  before  its 
publication.  A  note  appended  to  the  passage  of  Leibnitz's  letter 
to  Sloane,  in  which  he  refers  to  Newton,  reads,  "Newton  and 
Leibnitz  are  neither  fit  judges  nor  witnesses.  On  the  old  documents 
the  judgment  must  be  based.''  The  natural  inference  from  this  note 
is  that  the  Committee  had  consulted  Newton  just  as  little  as 
Leibnitz.  But  this  inference  would  not  be  correct,  for  one  portion 
at  least  of  the  connecting  narrative  (Cantor,  p.  300)  is  from  a 
manuscript  of  Newton,  drawn  up  by  him,  in  all  probability,  about 
the  beginning  of  1712  and  therefore  not  an  "  old  document."  If 
Newton  had  merely  placed  his  old  MSS.  at  the  disposal  of  the  Com- 
mittee there  would  be  little  fault  to  find  with  the  foot-note  trans- 
lated above,  though  it  would  be  unfair  not  to  have  requested  the 
same  information  from  Leibnitz ;  but  Newton's  manuscript  was 
written  specially  in  view  of  the  controversy,  and  the  foot-note 
directly  suggests  what  the  Committee  knew  to  be  not  true. 

I  do  not  wonder  that  Newton  felt  deeply  insulted  by  the  terms 
of  Leibnitz's  paper  in  the  Acta,  for  in  the  two  Oldenburg  letters  he 
had,  while  refraining  from  any  exposition  of  his  method  of  fluxions, 
been  exceedingly  generous  in  his  communications;  and  whether 
Leibnitz  gained  much  or  little  from  them  for  his  calculus,  his  later 
work  must  have  convinced  him  that  Newton  had  anticipated  him 
on  many  points.  Indeed  before  the  Fatio  incident  Leibnitz  had 
frequently  stated  as  much.  But  however  much  I  sympathise  with 
Newton  (if  I  may  venture  to  use  such  a  phrase)  I  cannot  see  that 
his  conduct  in  the  controversy  raised  by  Keill  is  at  all  worthy  of 
him ;  his  claims  were,  in  my  judgment,  so  indisputable  that  he  might 
well  have  put  the  most  generous  construction  on  the  work  of 
Leibnitz  and  have  passed  by  his  insinuations  with  the  contempt 
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they  desen-ed.  And  besides,  the  keenness  with  which  he  felt  the 
insinuations  of  Leibnitz  might  have  led  him  to  see  bow  Ldbnitz  most 
have  suffered  under  the  charges  of  Fatio — accusations  that  Iielbnitx 
refuted  by  reference  to  Newton's  own  published  statement,  inter- 
preted in  a  way  that  Newton  did  not  challenge, 

The  controversy  that  followed  on  the  publication  of  the  CotTt- 
mercium  Bpiglolicum  is  far  from  pleasant  reading.  Leibnitz  had 
good  grounds  of  complaint,  and  his  multifarious  occupations  left 
him  little  time  or  opportunity  for  effective  reply.  He  was  for  a  con- 
siderable time  absent  from  Hanover,  and  he  refused  to  diacnsa  details 
of  dates  and  documents  till  he  had  an  opportunity  of  examining 
his  papers.  But  he  only  increased  the  suspicions  attaching  to  him 
by  his  wild  charges  against  Newton  and  by  the  introduction  of 
matter  wholly  foreign  to  the  dispute.  The  Charia  volant  of  1713, 
with  its  extracts  from  the  letter  of  an  eminent  mathematician, 
merely  made  matters  worse  for  him,  and  the  mediation  of  Chamber- 
layne  and  Conti  was  of  no  avail.  Mr  Cantor  in  referring  to 
Newton's  charge  that  Leibnitz  had  borrowed  from  Barrow  (p.  311) 
does  less  than  justice  to  Leibnitz's  acuteness ;  Leibnitz  answers 
Newton  in  practically  the  same  terms  as  Mr  Cantor  does  himself. 
(Letter  to  Conti  of  9th  April  1716.)  The  letters  produced  by  the 
mediation  contain  passages  in  which  Leibnitz,  with,  justice,  insists 
on  the  unfairness  of  charging  one  with  plagiarism  who  has  developed 
theories  beyond  the  stage  which  the  original  authors  reached,  but 


173 

abroad.  The  narrative  is  written  from  the  point  of  view  of  the 
foot-notes,  and  contains  one  assertion  that  is  not  expb'citly  made  in 
the  Commercium  itself,  namely,  that  Leibnitz  saw  Newton's  second 
letter  on  his  second  visit  to  London.  Such  an  assertion  might  have 
some  reasonableness  after  Newton's  letter  to  Conti  of  26th  February 
1716,  but  there  are  no  grounds  apparent  for  such  a  positive  state- 
ment at  the  time  when  the  "  Account "  was  written.  It  seems  as 
if  the  assertion  can  have  been  at  best  only  a  guess;  and  it  was 
grossly  unfair,  to  say  the  least,  to  introduce  into  what  professed  to 
be  an  account  of  the  Commercium  an  important  piece  of  evidence 
like  this  without  express  mention  that  it  was  new  and  with  proof  of 
its  truth.  The  ''  Account "  states  in  positive  terms  that  the  Society 
could  only  proceed,  in  the  way  of  answer  to  Leibnitz's  letter,  by  an 
examination  of  old  documents,  and  could  not  accept  either  Newton 
or  Leibnitz  as  a  witness.  But  it  has  been  pointed  out  above  that  the 
Committee  quoted  from  one  recent  manuscript  of  Newton,  and  while 
their  actual  quotation  occurs  in  the  connecting  narrative  supplied 
by  the  editors  and  is  not  presented  as  a  paper  in  the  case,  it  never- 
theless inevitably  suggests  that  Newton  had  more  to  do  in  the 
preparation  of  the  Commercium  than  the  Committee  give  its  readers 
to  understand.  The  suggestion  can  only  be  confirmed  by  the  know- 
ledge, which  is  now  certain,  that  the  author  of  the  Account  in  the 
Transactions  of  the  Society  was  Newton  himself. 

In  1716  Leibnitz  died  without  publishing  his  own  Commercium, 
and  in  1722  a  new  edition  of  the  Commercium  of  1712  was  issued, 
with  a  new  preface,  a  Latin  translation  of  the  "  Account,"  and 
an  Appendix  containing  the  opinion  of  the  eminent  mathematician 
quoted  in  the  Charta  volaua  of  1713  with  an  Annotatio  on  this 
opinion.  With  the  exception  of  these  additions,  the  new  issue  is 
represented  as  a  reprint  of  that  of  1712,  retaining  even  the  original 
title  page  before  the  older  portions.  But  it  is  as  a  matter  of  fact 
not  a  simple  reprint;  there  are  several  changes,  most  of  them  of 
no  great  importance,  though  unwarrantable  according  to  modem 
notions,  in  a  professed  reprint ;  but  one  addition  has  reference  to  a 
document  (the  tangent  letter  of  1672)  that  has  a  prominent  place 
in  the  Committee's  Report.  The  Collectio  of  Collins  which  con- 
tained that  letter  in  full  is  now  said  to  have  been  sent  to  Leibnitz 
on  26th  June  1676.  Recent  inquiries  have  made  it  all  but  certain 
that  the  Collectio  was  never  sent  but  only  an  abridgement  which 
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did  not  contain  the  example  b}r  which  the  method  of  drawing 
tangents,  as  the  Commereium  (p.  100)  saya,  was  expounded. 

The  author  of  the  new  introduction  and  of  the  Annolatio  was 
Newton.  The  opening  sentence  of  the  Annotalio  might  be  made 
to  bear  the  interpretation  put  on  it  bj  M.  Lefort  in  his  edition  of 
the  Gommercium,  namely,  that  the  writer  of  it  Buggeata  that  Keill 
was  the  author  of  the  JUcensio ;  it  is  possible  to  put  another  inter- 
pretation on  it,  but  no  interpretation  is  likely  to  make  this  part  of 
the  case  much  better  for  Newton.  Sir  David  Brewster,  in  his 
Life  of  Newton,  speaks  thus ; — "  It  is  due  to  historical  tnith  to 
state  that  Newton  supplied  all  the  materials  for  the  Commercium 
Ejiistolieum  and  that,  though  Keill  was  its  editor  and  the  Commit- 
tee of  the  Royal  Society  the  authors  of  the  Report,  Newton  was 
virtually  responsible  for  its  contents." 

Mr  Cantor  remarks  in  his  closing  words  on  the  controversy  that 
it  had  no  proper  continuation  and  that  till  the  present  century  the 
conviction  of  Leibnitz's  plagiarism  from  Newton  was  all  hut 
universal.  The  publication  of  Leibnitz's  papers  has  changed  the 
attitude  of  the  mathematical  public  ;  tliough  whether  that  change 
is  so  complete  as  Mr  Cantor  says,  is  doubtful.  The  adherents  of 
Newton  were  right  in  contending  that  Newt«n  was  first  in  posses- 
sion of  the  calculus ;  it  is  equally  true  that  it  was  Leibnitz  who 
first  made  it  accessible  to  mathematicians.  How  much  Leibnitz 
derived  from  Newton  can  never  be  definitely  settled  ;  I  think  all 
the  evidence  shows  that  he  was  on  the  lines  of  his  calculus  before 
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Pul)licadn  pelo  Dr  F.  (iiiMR9  Trixrika. 
Vol.  XIL— Noa.  3,  4,  5. 
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